Quantifying uncertainty:

probabilitg

Probability enables us to quantify 1_he \ik(—.rhh()ud
of events occurring and evaluate risk. 'I'hllq e
chapter looks at the language of pl.obab\ll}y,ml

to quantify probability a.nd 111{7 basic tuobsl.lz
need to solve problems involving probability.

How can a geneticist

quantify the chance thata

child may inherit the same
colour of eyes as his father?
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Concepts
" Representation
m Quantity

@

Microconcepts

= Uncertainty and'random behaviour

@ Trial, outcome, equally likely outcomes and
relative frequency

m Sample space and event

@ Theoretical probability

m Venn diagrams, tree diagrams, sample
space diagrams and tables of outcome

m Compound events |

m Exclusive, independent and dependent

L events .

ajury understands evidence
based on probabilities? .

#,80
B\

“ip & Tl ]

«32% chance of rain tomorrow.”

How can you reach a common
agreement on how t0 interpret
and apply statements like this?

How can a lawyer make sure that. ||
f“.
iy

science) and Amos Tversky (cognitive and mathe-
matical psychologist) spent decades collaborating
and researching together. Below is an adaptation of
one of the questions they set to students:

Two taxi companies operate in Mathcity: Blackcabs
and Yellowrides.

85% of the cabs in the city work for Blackcabs and
are coloured black.

The rest of the cabs in the city work for Yellowrides
and are coloured yellow.

A taxi was involved in a hit and run accident at
night. A witness told police that the taxi involved
was yellow. The court carried out a series of tests on
the reliability of the witness, asking her to identify
the colour of a random sequence of taxis. The
witness correctly identified each one of the two
colours 80% of the time and failed 20% of the time.

1 What is the probability that the taxi involved in
the accident was yellow?

2 Karolina carries out a traffic survey in Mathcity.
She sits at an interchange and notes the colour
of the first six cabs that pass her. What number
of yellow cabs is she most likely to observe?

e What types of diagram can help represent the
problem?

e What assumptions did you make?.

Before you start

paniel Kahneman (Nobel Prize winner in economic

skills

Write down any similar inquiry questions you
might ask if you were asked to predict the
reliability of the witness if 50% of the cars in
the city were Yellowrides or if another taxi
company Blue Taxis also operated in Mathcity.

What questions mightyou need to ask in these
scenarios?

Think about the questions in this opening problem
and answer any you can. As you work through the
chapter, you wilt gain mathematical knowledge
and skills that will help you to answer them all.

p —

You shiould know how to:

| 1 Find simple probabilities.

eg A number is chosen at random from the
set of natural numbers {1,2,3, ..., 100}.

Find the probability of choosing a cube

Skills check

1 A number is chosen at random from the set
| {1,2,4,5,9,10,11,16,17,25,26,27}

Find the probability that the number is:

Click here for help
Lwith this skills check

c

a prime b odd ¢ asquarenumber.
number.
The cube numbers in the set are 1, 8, 27 2 A student collects this data:
and 64. Probability of a cube number
4 Smoker | Non-smoker
1 004 Male 12 47
Female 6 51

A person is chosen at random from the
survey. Find the probability that they are:

female b a male smoker

a non-smoker.




QUANTIFYING UNCERTAINTY: PROBABILITY

5.1 Reflecting on experiences
in the world of chance. First
steps in the quantification of

probabilities

Probability is synonymous with‘uncertainty, likelihood, chance
and possibility. You can quantify probability through three main
approaches: subjective, experimental and theoretical.

You may judge that you are more likely to get to school on time if
you take a particular route, based on your experience with traffic.
Subjective probabilities are based on past experiences and opinions
rather than formal calculations.

Investigation 4

We use subjective probability in everyday life every time we make a
judgement of how likely something is to occur. For example, you may judge
that you are more likely to getto school on time if you take a particular route,
based on your experience with traffic. We justify subjective probabilities to
ourselves through a mixture of past experiences, opinions and intuition.

How likely do you judge these outcomes to be?

| C: There will be a finan- I|
cial crisis in Asia during
| the next 10 years. |

E: The world will | F: The sequence 999999
be free of all dic- | is found somewhere in
tators within the | the first 1000 digits of pi.
next 10 years.

| G: The team win;ingthe | H: Humans will
FIFA World Cup in 2030 will | land on Mars by

| be from the Americas. | 2050.

|

[ n e T =
A: There will be a financial | B:1t will rain

| crisis in Europe dutingthe | tomorrow.

| next 10 years.

| D: Choosing one digit at
random from the decimal

| expansion of L you get 6.

L If you cut a strip of
paper into three lengths |
atrandom, they can form |

| | atriangle. |

Display your answers by plotting them on this probability scale:

— 1 —
0 0.5 1
(impossible (just as likely (certain to
1o occur) to occur as not) oceur)

Compare, contrast, discuss and justify your answers within a small group.
You may find disagreements with others, based on your opinions, experience
or beliefs.

When is it easier to reach a common agreement on theva
probability?

lue of a subjective
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Do you rely on intuition
to help you make
decisions?

Experimental probability

you should use these terms when discussing and quantifying
probabilities:

p—
Experiment: A process by which you obtain an observation. g

Trials: Repeating an experiment a number of times.
Outcome: A possible result of an experiment.
Event: An outcome or set of outcomes.

sample space: The set of all possible outcomes of an experi
denoted by U. xperiment, always

|

These terms are illustrated in the following example:

Frin wants to explore the probability of throwing a prime number
with an octahedral die. She designs an experiment that she feels i
efficient and bias-free. Erin places the die in a cup, shakes it, turns 1‘[Sh
cup upside down, then reads and records the nuniber thrOV\;n )

Erin repeats her experiment until she has completed 50 trials. Sh
knows that the outcome of each trial can be any number frorii )
U= {i, 2,3,4,5,6,7,8) and that the event she is exploring can be
described as a statement: “throw a prime with an octahedral die”

set of outcomes that make the statement true: {2, 3, 5,7} e

Enn can either Write P(throw a prime) to represent the probability of
er event occurring or P(A) if A denotes the set {2, 3,5, 7).

-
=y

HINT

Acrucial assumption in many
problems is that of equally
likely outcomes.

Aconsequence of the
geometry of the shapes shown
here is that they form fair dice.
Each outcome on a fair die is
equally likely as any other.

O 4

EXpe:iVI?li t? ?uanlt)ifg {)robabihty is with relative frequency, also known as
ntal probability. The general formula f f
B vy Lropabiliy. Th or the relative frequency

Relative frequency of A = Frequency of occurrence of event A in # trials

n
This i
1s also known as the experimental probability of the event A.

Thegrets HE .
. rzet@al proba.blhty gives you a way to quantify probability that does
quire carrying out a large number of trials.

International-

mindedness

Probability theory was
first studied to increase
the chances of winning
when gambling. The

earliest work on

the subject was by
Italian mathematician
Girolamo Cardano in the

16th century.
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QUANTIFYING UNCERTAINTY: PROBABILITY

The formula for the theoretical probability P(A) of an event A is:

o Show that for this experi = = . n .
3 periment, P(A) T 0.417. Add a horizontal line with equation y=0.417 to

P(A) = n_((;% where 71(A) is the number of outcomes that make A happen
n

|‘ and n(U) is the number of outcomes in the sample space.
! ‘ Whenever P(A) represents a subjective, experimental or theoretical
| ] probability, then 0 SP(A) < 1.

your graph. Press F9 [spreadsheet] or Ctrl+R (TiNspire] to carry out another 100 trials.
4 Repeatuntil you have seen each of these three scenarios:

o The experimental probability is always greater than the theoretical probability.

« The experimental probability is always less than the theoretical probability.

o The experimental probability is often equal to the theoretical probability.

You may wish to adapt your spreadsheet so that it carries out 1000 tri i
trials. Examine th i
spreadsheet and the features on your graph. SER MR Sl

11 Investigation 2

| 1 Imagine throwing a fair 12-sided die 15 times. Let A be the event “throw a prime number”.

5 m What s the set of all possible values of theoretical probabilities?

||| 2 Use technology to show the sequence of experimental probabilities of A after 1,2,3, ..., 100 throws. You 6 What relationship does your graph have with the line y = i?
! should be able to create a graph like one of these: ] . ) 12
7 Iz!ml Whatis th i .
| . q is the relationship between relative frequency and theoretical probability in the short
12-sided dice: experimental and theoretical probabilities (100 trials) E_ :
11 = " . . .
; 8 [IZ=H{EWN Whatisth i .
|‘ | g~2 ] ol P e e relationship between relative frequency and theoretical probability in the long
1 .0 L]
i I 0.7 4 k= & % D g 0
| ‘ ol Q 0.6 W 9 M In the short term, does random behaviour involve predictability or unpredictability?
0.5 s D . .
| 2, 03 10 M In the long term, does random behaviour involve predictability or unpredictability?
| 0.3 ] 11 m'm How may we interpret and apply th ifi
| 0.2 0.0 — T T — probability of an event? j BRlGMIEnReRgpenttizelouvheltrmdlalfenthel b Epistieal
0.1 4 0 20 40 60 80
-8 0 1 T T T 1 Trials
I 0 20 40 60 80 100 |
i
¥ — - : —— —— Example 1
I | | Frequency of occurrence | Relative frequency 7
] I 0 | Number of trial (n_) | Outcome i1 Event ‘ in 7 trials | in 71 trials Find the probability of each event and determine which event is least likely. -§- %
1 i | |. 1 | 2 '! Prime = 1 | 1 T: throw a factor of 24 on a four-sided die. % 5
l 4 ' | 2 ; 11 . Prime | 2 | 1 0: throw a prime on an eight-sided die. &8
| : 3 | 5 i Prime i 3 1 D: throw at least 11 on a 12-sided die. .
|ﬁ II ' ‘ | 4 9 Not prime 3 ' 0.75 C: throw at most 3 on a three-sided die.
|| : | 5 | 4 I Notprime | 3 | 0.6 I throw a multiple of 5 on a 20-sided die.
\ r' | 6 ' 2 ' Prime | 4 0.666667 All the dice are fair and are numbered from 1 up to the number of sides on the die
| 7 4 " Notprime | 4 0.571429 ]
| | _ | 0 P"{[“ ! p— | I n(T) =n({1,2,3,4}) = 4 =n(U) B . :
. | 8 8 Not prime | 4 | 0.5 : very element of (1,2, 3, 4} is a factor of 24.
I } - — + — SO —
| H | 9 =1 Prime___| 5 | 0555556 (=1 . prpy < M0 _4 _ ,
, [ ! | | (T) = =—=1, so Tis certain to
| | 10 12| Notprime | 5 | 05 nu) 4
| | | happen.
‘ ‘ 11 6 | Notprime | 5 | 0454545 R(0) = n((2,3,5,7)) = 4
;\ 12 = \ Notprime | 5 | 0.416667 . ) =4, 7} =8
i | 12 | 1 Notprime | 5 | 0.416667 0P(0)===05
"\ | 14 | 3 | Prime | 6 . 0.428571 ) < i1
B ! B - . = | =n 1 ES = “
||| | 15 : 11 Prime J ? ' 0.466667 ({11,12}) =2, n(U) =12 at least 11” means “11 or more”
| | - - ©
| Continued on next page
i
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2 .
P(D)=—=—=—=0.16
oPD)=137%

n(C) =n({1,2,3}) =3, n(U) =6

3
s0 P(C) = == 0.5

n(I) =n({5,10,15,20}) = 4, n(l) =20

4
P()=—=0.25
so P(I) v

Hence, D is the least likely event.

QUANTIFYING UNCERTAINTY: PROBABILITY

“3t most 37 means “3 or less’

’

Just as theoretical probability gives you a way to predict long-term b

of relative frequency, a simple rearrangement gives

how many times an event is likely to occur in a given nu

Example 2

a A fair coin is flipped 14 times. Predict the av
times you expect a head to be face up.

ehaviour
you a way to predict
mber of trials.

erage number of

b Statistical data built up over 5 years shows that the probability

of a student being absent at a school is 0.05
students in the school.

. There are 531

Predict the number of students that you expect to be absent on

any given day and interpret your answer.

¢ State the assumptions supporting your answer for part b.

a 14x0.5=7.
Seven heads are expected.

b 531 x0.05=26.55.50, Note that

around 26 or 27 students
are expected to be absent.

¢ This assumes that absences
on all days of the year are
equally likely.

The expected number of
occurrences is nP(4).

cannot actually be absent.

26.55 students

| eerciess [

TOK

Play the game of the St
Petersburg Paradox and
decide how much you
would pay to play the
game.

4 ll,ml

1 A letter is picked at random from th.e letters
of RANDOM. Calculate the probability that
it is a letter from MATHS.

2 This dartboard has 20 sectors each of equal

arca.

210

It a dart lands in a numbered sector at random,
find the probability that the number is:

a atleast4 b more than 6
¢ less than 30 d no more than 14
e prime f square

g a solution to the equation x* = 3.

A survey was carried out in a small city
centre street one Saturday afternoon.
Shoppers were asked about how they
travelled that day. The results are shown
in the table below.

Mode of transport Car Bus Foot
Male 40 59 37
Female 33 41 29

One shopper is randomly selected.

a Find the probability that this shopper
travelled by car.

One male shopper is randomly selected.

b Find the probability that this male
shopper travelled by foot.

¢ 1300 shoppers visit the town in one
week. Estimate the number of shoppers
who travelled by bus.

A personal identification number (PIN)
consists of four digits. Consider the

PIN 0005 equal to the number 5, etc. Find
the probability that a PIN number is:

a equal to 0000

b less than 8000 and more than 7900
¢ divisible by 10

d atleast 13.

5 Take a narrow strip of paper 20 cm long.

Use your calculator to generate a random
decimal length between 0 and 20 and cut
the strip into two strips at this length. Label
the two strips H and T. Toss a coin. If the
coin shows heads choose strip H. Measure
its length and use your calculator to find a
place to cut it at random into two strips.

Can you make a triangle with your three
pieces?

I
T ]

Make a guess on the probability scale as to
how likely it is that a triangle can be formed
following this process. Use your classmates’
results to quantify the experimental
probability.

A health professional is investigating the
theoretical probability that a randomly
chosen female smokes is 0.17. She organ-
izes a survey and asks 11278 females if
they smoke or not. Using her theoretical
probability, determine the number of
females she would predict to be smokers.

A multiple-choice test consists of 10 questions.
Each question has five answers. Only one of
the answers is correct. For each question, Jose
randomly chooses one of the five answers.
Predict the expected number of questions Jose
answers correctly.

o
)
o
o
O
=
=

=

Developing inquiry skills
There are four outcomes in the first opening scenario:

Ataxi is yellow and is identified as yellow.
Ataxiis yellow and is identified as black.
Ataxi is black and is identified as yellow.
Ataxi is black and is identified as black.

Are these equally likely outcomes?

In 1000 trials, how many occurrences of
€ach outcome would you expect?
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QUANTIFYING UNCERTAINTY: PROBABILITY

5.2 Representing combined
probabilities with diagrams

You have taken the first steps in the quantification of probabilities,
experienced random experiments and investigated how to make
predictions in the world of chance by application of formulae.

Probability situations themselves have a structure that you can
represent in different ways, for example in problems where two or
more sets are combined in some way.

investigation 3

1 For each situation, think about how best to represent the situation with a diagram.
Compare and contrast your diagrams with others in your class then solve the problems.
Situation 1 '

In a class survey on subject choices, Isabel, Clara, Coco, Anastasiia and Fangyu all state that they study
biology. Isabel, Clara, Fangyu and Tomas all study chemistry whereas Barbora, Coco and Achille study

neither biology nor chemistry.
2 Find the probability that a student chosen randomly from this class studies both biology and chemistry.

3 Create your own probability question using your representation of the situation and have another
student answer it.

4 Situation 2 6
One example of a Sicherman die is a fair cubical die with this net: lT‘ l AL B ﬂ
It is thrown together with a fair octahedral die whose faces are numbered
3

1,2,3,4,5,6,7 and 8.
5 Find the probability that the number obtained by adding the two numbers thrown on each die is prime.
6 Find and describe a pattern in your representation of this situation and acquire some knowledge from

your pattern.

ll Conceptual
probabilities?

What advantages are there in usinga diagram in problem-solving with combined

Two frequently used representations of probability problems are Venn
diagrams and sample space diagrams.

International-
mindedness

A well-known French
gambler, Chevalier

de Méré, consulted
Blaise Pascal in Paris
in 1650 with questions
about some games of
chance. Pascal began
to correspond with his
friend Pierre de Fermat
about these problems,
which began their
study of probability.

AVenn diagram represents the sample space with a rectangle. Within the
rectangle, each eventis represented by a set of outcomes in a circle oran
oval shape and is labelled accordingly.

A sample space diagram is a useful way to represent the whole sample space
and often takes the form of a table.

212

Example 3

In a class survey, Rikardo, Malena, Daniel, Mari i
, ; , , Maria, India and James reported th
. . t
erlllx:ilronelge;taﬂlsyséems. and societies (ESS). India, Pietro, Mathea andI;{aneen se;lii(lihtiis E[l}lldy
study geography (G). Rikardo and James were the only ones who reported that they studicgi

Spanish (S) whereas Sofia and Yulia studied :
B the data in a Venn diagram. none of the subjects mentioned in the survey.

e

. .
e Each set is represented by a italic capital
a
Rikardo e fetter
James Daniel
i o U rePresents the entire sample space. In set
Mathea terminology, this is called the universal set
Sofia  yulia Haneen .
- D
This diagram can be simplified to show the
G number of students in each region.
ESS
2
Example 4

Use the Venn diagram in Example
3t -
oo e Venn ¢ p o find the probabilities that a student chosen randomly

a studi
; Smd%es EES ‘ b studies ESS but not Spanish
ies all three subjects d studies exactly two of the subjects.
n(ESS
a P(ESS)= (ESS) _2+3+41 _6 P(ESS) represents the “Probability of choosing
n(U) 11 11 a student at random from the set ESS”.
b £
. There are a total of four students within the
ESS oval but outside the Spanish oval.
c 0
The diagram clearly shows that there are no
3 . students who study all three subjects.
d =
o The diagram clearly shows that two
students Rikardo and James study Spanish
and ESS, whereas one student India —
studies both geography and ESS. These are
the only three students who study exactly
two of the subjects surveyed.
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Example 5

It is claimed that when this pair of Sicherman dice is throwlr} 5 | ]
and the two numbers obtained added Loget'hcr, the pmbabaluz l - I =3 TJ [ : l e ‘
of each total is just the same as if the two dice were nu mbere

with 1,2, 3,4, 5 and 6. Verify this claim.

QUANTIFYING UNCERTAINTY: PROBABILITY

pa |2

Sample space diagram for the total of two
die numbered 1, 2, 3, 4, 5 and 6:

1|2 |3|4|5|6
0 2 31415 6 | 7
2131415 6 7|8
31415 6 Ie 8 |9
4 |5 6 14 8| 9110
5|6 7189 |10]|11
6 | 7 g | 9|10 11|12
Sample space diagram for the two
Sicherman dice:
[ [1]2l2]3]|3]|4
1(2]|3|3|4]4]5
3/4|5|5|6][6]7
4|s|sl6|?]|7]8
s{e6|7|7?|8)[8]83
6|7 |8|8|9]|9]|10
g | 9|10|10|11|11]12
1
In both tables, P(T=2) =P(T=12) = eV
2 1
P(T=3)=P(T=11)= ==
3 1
P(T=4)=P(I'=10)= — =1
4 1
P(T=5)=P(T=9)= =7
P(T=6)=P(T=8):—5—
36
6 1
andP(T=7)=£——6—

The probability of each total is the same for
each pair of dice, so the claim is true.

Form a sample space diagram for each
experiment. Enter each total in the table as

shown.

Then find the probability of each outcome in
the sample space, representing the total as T.

State your conclusion.

Once time has been invested in drawing a diagram, it can be used to

quantify many different probabilities.
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Do ethics play a role in .
the use of mathematics:

{ Alex throws a fair tetrahedral (four-sided)
dice and a fair octahedral (eight-sided)
dice. He defines M as the product of his two
numbers. Find:

a P(Mis odd) b P(M is prime)
¢ P(Mis both odd and prime)

Bethany has two fair six-sided dice, which
she throws. She defines N as the product of
her numbers. Find:

d P(Nisodd) e P(Nismore than 13)
f P(Nis afactor of 36)

Bethany and Alex can see that the proba-
bility that M is odd equals the probability
that N is odd. Try to find more events that
have the same probabilities for each of their
experiments. Find at least one such event.

2 A survey of 127 consumers found that 81
had a tablet computer, 70 had a smartphone
and 29 had both a smartphone and a tablet
computer.

a Find the number of consumers surveyed
who had neither a smartphone nor a
tablet.

b Find the probability that when choosing
one of the consumers surveyed at
random, a consumer who has only a
smartphone is chosen.

¢ In a population of 10000 consumers,
predict how many would have only a
tablet computer.

3 Ina class of 20 students, 12 study biology,
15 study history and 2 students study
neither biology nor history.

selected at random from this class studies
both biology and history.

a Find the probability that a student

b Given that a randomly selected student
studies biology, find the probability that
this student also studies history.

These dice compete in the “Dice World
Cup”. A pair of dice is thrown and the
highest number wins. The semi-finals are
A vs B and C vs D. The winners of each
semi-final go in to the final.

A B
4] [3]
‘4|4uo] [3|333
4 3
¢ D
2] [1]
B|522] [5‘51 5
2 1

Construct sample space diagrams to find the
probabilities of the outcomes of each semi-final.

The dice in the previous question are called
non-transitive dice. Show that A is likely to
beat B, that B is likely to beat C and that C
is likely to beat A. You may wish to explore
the meaning of the term transitive and try to
design your own non-transitive dice.

Two cubical dice are rolled in a game. The
score is the greater of the two numbers.
If the same number appears on both dice,
then the score is that number. Find the
probability that the score is at most 4.

Developing inquiry skills

In the first opening scenario, imagine 100 trials. How many
outcomes would you expect in each area shown on this diagram? |

Cab yellow?
Yes No
S Yes ?? ??
(3]
8 -
B
8 ’ No ?? ??
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QUANTIFYING UNCERTAINTY: PROBABILITY

5.3 Representing combined
probabilities with diagrams

In Section 5.2, you |

and formulae

ound probabilities by representing combined

events in a sample space diagram or a Venn diagram. There are other
ways to find probabilities of combined events, which can add to your

problem-solving skills.
In this section, you will use Venn diagrams 1o investigate and represent laws
of probability and you will use these symbols, language and definitions:
; 3 =
Symbol applied Informal Formal definition
Name to events language
Intersection ANB AandB Events A and B both occur
Union AU B AorB Events A or B or both occur
Complement A’ NotA EventA does not occur
- . EventA given that
Bonlruch AlB AgivenB event B has occurred
Example 6

A student is chosen at random from this

clas

s. If E is the event “the student takes

ESS” and G is the event “the student
takes geography”, then find these
probabilities and interpret what they
mean:

a
[

P(ENG)and P(GNE) b P(EUG)and P(GU E)
P(E) d P(E|G) and P(G|E)

2

P(EmG)zP(GmE)zﬁ is the

probability that a randomly chosen
student studies both ESS and

geography.

2+3+1+3 9 .
Z .~ ~=—"sthe

11 11
probability that a randomly chosen
student studies ESS or geography or

both.

P(EUG) =

5
P(E") = T is the probability that a

randomly chosen student does not
study ESS

16

Only one student takes both ESS
and geography. This example
illustrates that E m G means
exactly the same as G N E. In fact
this is always true.

Similarly, E U G means the same as
G U E hence P(EU G) =P(GU E) is
always true.

There are 5 students outside the ESS
6 5
oval. P(E")=1— 1 = N is another

way to find the probability required. b

Since it is given that G has occurred, International-

the sample space is now G, not U.

mindedness

1+3

1 |
d P(E |G) =——= E the probability

that a randomly chosen student
studies ESS given that he/she Y G The g scientst
studies geography. s L
} , : £ Huygens, a
owever, P(G IE) _ _1 5 teacher of Leibniz,
2+3+1 6 published the first

book on probability

Only 1 student studies ESS and '
in 1657. |

These are not equal since the
information given changes the sample
space. This example shows that
P(EIG) = P(GIE) is not generally true.

geography, hence P(E ]G) = l Notice
4

6

how this contrasts with P(E) = —.
11

Just as arcas of mathematics like trigonometry or sequences have
formulae, 50 do§s probability. In this investigation, you will consider
some relationships that you can generalize as laws of probability.

investigation 4
The following Venn diagrams represent how
m . . .
o p any students study art or biology in four different classes,

Fillin the probabilities for each Venn diagram and investigate your answers

‘1%2|3!4 s e 7 | s 9‘10
. , |
VennDiagram | P(4) | P(4') | P(B) |P(4NB) | P(AUB) P(AIB)lP(A)+P(B>L(A)XP(B) by +p(p) | DA
; ! : —P(An B) P(B) v
Class of 2019 i - - 25
m . ' ga
[ | o =
z8
@ - | | =
A . B ‘ ‘ | a
Class of 2018 I ‘ |
U
I 6 |
A s 8 | ‘
=l | ! 2 | |
Class of 2017 ‘ ‘ |

@

Continued on next page
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QUANTIFYING UNCERTAINTY: PROBABILITY

@ Examine your results.
Answer these questions and discuss Yyour answers in a group.

What relationship exists between the probabilities in columns 1and 2?
This relationship is true in general. Why?

What relationship exists between the probabilities in columns 5and 9?
This relationship is true in general. Why?

What relationship exists between the probabilities in columns 6and 10?

'M Which Venn diagram shows “mutually exclusive events”, ie ones that cannot accur together?

N O 1 A~ W N

PRI Which Venn diagram shows “independent events”, ie events for which the outcome of one is
unaffected by the outcome of the other?

8 M What is the difference between mutually exclusive and independent events? Can
mutually exclusive events be independent? Why orwhy not? :

For events A and B, the following laws apply:

e P(AU B)=P(4) +P(A)—P(AN B)

. P(AlB) _ P(ANB)
P(B)

e This can be rearranged to give the multiplicative law of probabilities:
P(A N B) =P(A|B)P(B).
Two events A and B are mutually exclusive if they cannot both occur. Hence:

e Knowing thatA has occurred means you know that B cannot, and that
knowing that B occurs means you know that A cannot.

e P(ANB)=P(BNA)=0

e P(AuU B)=P(4) +P(B) Reflect W\

Two events A and B are independent if the occurrence of each eventdoes complementary

not affect in any way the occurrence of the other. Hence: events independent
e Knowing that A has occurred does not affect the probability that B does, events?

and knowing that B occurs does not affect that probability that A does. Are complementary
e P(A|B)=P(4)and P(B|4) =P(B) events mutually
e P(AN B)=P(4) x P(B) exclusive?
e If A and Bare notindependent, they are dependent. Canlmt'JtuaIIg ]

ts be
If events A and A’ are complementary then A’ is the set of outcomes that ?Xc RELERMEY
independent?

are notin the event A:
e Aand A’ are mutually exclusive.

e P(A)+P(4)=1

Can non-mutually
exclusive events be
independent?
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you can use the laws of probability to justify other statements.

Example ? —)
Marcelo is playing in a cricket match and a game of hockey at the weekend (\//

The probability that his team will win the cri i
‘ ¢ cricket match is 0.2, and the probabili inni
the hockey match is 0.6. Assume that the results in the matches are indipendérlltty R

a Find the probability that Marcelo’s team wins both matches
b Find the probability that M 1 i i |

e y arcelo’s team wins the cricket match or the hockey
c

Determine if winning the crick i
. et match and winni
exclusive. Justify your answer. e e e S e

a P(CnH)= =
( )=0.2x0.6=0.12 Let C be the event “wins the cricket match”

and H be “wins the hockey match”.

Since you are given that € and H are inde-
pendent, you can use P(C " H) = P(C) X P(H).

b P(CUH)=0.2+0.6-0.12=0.68 Apply the formula.

¢ C(and H are not mutually exclusive

Wri
because P(C  H) # 0. rite a complete and clear reason.

Example8 (,-\

Let H and G be events such that P(H) = : P(G) = 3 _13 / )
.

(H) 3 (G) 7andP(HuG)_21_ N

Find P(H N G) and P(H|G) and hence, determine if H and G are independent

P(H =
(HU G) =P(H) +P(G) —P(HN G) Write down the appropriate formula.

1 3
S0 —==+--PH
= (H N G),

hence P(H m G)= l
7

1

P
p(i|c) = 20 G) Write d i
; rite down the appropriate formula.

P(G)

N wWN =

Since P(H|G) = P(H), H and G are

independent. Write a complete and clear reason.
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QUANTIFYING UNCERTAINTY: PROBABILITY

1 For these pairs of events, state if they

are mutually exclusive, independent or

neither.

a A =throw a head on a fair coin
B = throw a prime number on a fair die
numbered 1, 2, 3, 4, 5, 6.

b C=it rains tomorrow, D = it rains today

¢ D =throw a prime number on a fair die
numbered 1, 2, 3, 4, 5, 6, E = throw an
even number on the same die.

d F=throw a prime number on a fair die
numbered 1, 2, 3, 4, 5, 6, G = throw an
even number on another die.

e G =choose a number at random from
(1,2, 34,5678 9, 10} thatis at
most 6, H = choose a number from the
same set that is at least 7.

¢ P(A)=P(4) P(B) + P(AN B)
d Hence, P(A N B) =P(A)(1-P(B)) so A
and B are independent.

3 Daniel throws a fair dice numbered with {1,

2, 3, 4, 5, 6} five times.

a Write down the probability that Daniel
throws the sequence

i 4,1,3,5 2 i 1,1,1,1,1
iii 6,5 4,3, 2
b Find the probability that he throws at
least one 3.

¢ Daniel simulates this experiment with a
spreadsheet. Predict how many times in
10000 trials he would expect to throw
the sequence 1, 1, 1, 1, 1.

d Find the probability that he throws a

5.4 Complete, concise and
consistent representations

You can use diag.rams as a rich source of information when solving
problems. Chopsmg the correct way to represent a problem is a skill
worth developing. For example, consider the following problem:

InTOK it can be useful to draw
adistinction between shared
knowledge and personal
knowledge. The IB use aVenn
diagram to represent these
two types of knowledge.

If you are to think about
mathematics (or any subject,
in fact i

Let A fepresent thf.: event “An art student is chosen at random from this three f]e,;::;;?lilffgfeﬁ'thfh
group” and B “A biology student is chosen at random from this group”. diagram? iy

N

In a class of 15. students, 3 study art and 6 study biology of which 1 studiesl
art. A student is chosen at random. How many simple probabilities can you
find? How many combined probabilities can you find?

HINT

If you represent the problem only as text, the simple probabilities P(A) = 0
5

dP(B) = > -
and P(B) = 5 can be found easily, but calculating these do not show you the

whole picture of how the sets relate to each other.

Developing inquiry
skills

Which of the events in the first opening
scenario are independent? Which are
mutually exclusive?
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Hence, the probability that a randomly chosen student studies
neither biology nor artis P(A'NB') = l The simple probability
15

P(B)=P(4n B =Ll _2
( B)+P(A'NB) = . + 5 = o is represented as a union of two

Mutually exclusive events in the Venn diagram.

The Venn dia
‘ gram can be used to find all the simpl i
tonditional probabilities. I
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1 fi :
§ M= choose a number at random from Yafhtz;e (all five nEmbers arelzqktllal) W
(1,2,3,4,5 6,7, 8 9, 10} that is no e After how many throws would he o . ,
a5 1= choose a number from expect to have thrown 3 Vahtzees? nggriisent this information as follows in a Venn diagram to see more
| the same set that is 4 or more. 4 Events G and H are such that P(G) = 0.3 and
g S=choose a Spanish speaker at random B =108 u The rectangle represents the sample space
from a set of students represented by a Find P(G U H) when G and H are 8 U for which P(U) = 1, the total probabilit
this set, T = choose a Turkish speaker at mutually exclusive; The di ' p iy
; e
random from this set. b Find P(G U H) when G and H are 4 1agr1am allows u; to find -
T independent. : P(B|A) = 3 P(B’|A) = = etc easily. 3 8
' =
& cp ¢ Given that P(G U H) = 0.63, find P(H 1 G). 3 g 2
i 5 Achille and Barbora throw a fair octahedral 50
die until one of them throws an eight. The Venn di = “3
. s . nn diagram can be adapted to sh
2 Use a Venn diagram to confirm that a Find the probability Barbara wins on one B the distribution of the total prgbabﬂity iI(l)VfVOllr
. M 3 t. .
a A= (AN B)uU (AN B)and that of her ‘ﬁrst i.wo thlm./vs, if she .throvvs firs ) regions that represent mutually exclusive
(AN B) and (A N B') are mutually b Investigate if throwing first gives ' 1 5
exclusive events. Barbora an advantage in this game. - cvents: (AN B) = X P(A'NB)=—,
b P(A)ZP((AHB)U(AF\B')) 6 P(4)=0.35 P4V B)=0.75 and 15 5
P(AIB) = 0.35. Find P(B). P(ANB')= & and P(A'n B') = Y
3 - , 15




QUANTIFYING UNCERTAINTY: PROBABILITY

A tree diagram representation of this problem is as follows: C Repeatfor,, n,, n, and 7, dice with distinct colours ¢, ¢,, ¢, and c,, respectively. '
| The total probability of 1 is distributed 3 m Hence, fill in the table:
i 3_~BPAN B)=P(A)P(BIA)=é along the branches of the tree using the ; —
A < multiplication law of probability. How many probabilities would be found,
S~ B P4 B) = PP | A) =2 - . How many probabilities would be found | added and their total subtracted from 1
PB4 =3 i The probability at the end of a branch is and added from the tree diagram using a complementary events
found by applying the mllﬂtlphcatlon law Number of dice | representation representation.
. N L !
BIA) = % . of probability. For examp N 5 | > 5
' B)=PAPBIA) =— . - i
B P(A"  B) = P(A")P(B|A") 3 P(AﬁB)=P(A)P(BIA)=—X-:_' 3
A ] 5 3 15
s T BPA N B) =PARE ) = pt
P 1AY== 5
k | '
. B)+P(A'n B) ! + L_2
N . 1 — M = —— —_——= —
Notice that the simple probability P(B) = P(4 N B) + P 15 3 5 4 Can you generalize forn,, 7,, ..., n, dice with distinct colours ¢, c,, ..., e
can be found from summing the probabilities at the end of two 5 Why is it useful to calculate probabilities for the complementary event in some
branches of the tree diagram. Stuatons?
A tree diagram is another way to represent all the possible outcomes of an :
event. The end of each branch represents a combined event. The complementary probability law P(4) = 1 — P(A’) may be more efficient International-

in some situations.

1 A bag contains 12 green socks,
8 yellow socks and 7 red socks.
Two socks are drawn at random
without replacement. Find the
probability that the two socks
have the same colour.

mindedness

In 1933, Russian
mathematician
Andrey Kolmogorov
built up probability
theory from
fundamental
axioms in a way
comparable with
Euclid’s treatment
of geometry. His

Choosing an appropriate diagram to represent a probability problem is
an important stage in the problem-solving process.

A strawberry is selected at
random.

a Find the probability that the
strawberry passes QCI.

Investigation 5

Maria considers an experiment in which a bag contains 7, dice of colour ¢, and 1, dice of colourc,. Two dice
are chosen with replacement.

Maria works out the probability of choosing two dice of different colour in two ways after drawing a tree

diagram.

o
=
o
o
)
=3
=

=

pue sa11snels

b Given that a strawberry
passes QCI, find the

g : . n 1, G, S 2 A jewellery box contains 13 gold probability that it came from "=‘PPT03(.?h forms
Method one: P(two dice have different colours) = ey X o + vy carrings, 10 silver earrings and 12 supplier D. the basis for the
_ titanium earrings. Two earrings ¢ In asample of 2000 modern t'_‘?‘" y
Method two: P(two dice have different colours) = 1-P(two dice have same c010u12 = are d_rawn at ra‘ndom with N strawberries, find the expected ;f |Iorobabnl|t'g. )
1- | gm g oy vl replacement. Find the probability number of strawberries that AR ASTE
n+n, m+n, nt+n, nThH that they are made of different would fail QCL is available in an
. . - metals. English translation
Maria reflects on the methods and decides that there is not a significant difference in terms of efficiency . d The supgmarket wants the titled Foundations
because in the first method she finds and adds two probabilities whereas in the second she finds two 3 A supermarket uses two suppli- probability that a strawberry of the Theory of
probabilities and subtracts their sum from 1 using complementary events. grs ofl.stracwberr%gs, Cﬂz;gd Df g.aszeshQCI to be 0.93.f Probability.
w I e the percentage o
i ds butfor#z_, n_ and n, dice with distinct colours ¢ , ¢ andc,, upplier C provides o O in .
i e)fplores TS R E D 2 3 e ’ the supermarket’s strawberries. strawberries that should be
respectively. X ol The strawberries are examined supplied by D to achieve this.
iliti d added using method one? A tree diagram may be useful to i . . .
Pl Pfotab'“ft'es P el - ; (I(lzél(iu?thitsyfccfl)llrllt;(‘)[lhgsggg/tl(())rfl 4 Chevy plays a game in which she
LRI ) the s tfawberries suoplied ; throws a pair of fair cubical dice
2 How many probabilities would be found, added and their total subtracted from 1 using method two? ) Pp Yy numbered {1, 2, 3, 4, 5, 6} 24
: C pass QCI and 95% of the . . .
strawberries from D pass QCI times. Find the probability that
) she throws at least one double six.
223
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QUANTIFYING UNCERTAINTY: PROBABILITY

both ways, discuss and then
state who used the most
efficient method.

5 A factory produces a large
number of electric cars. A car
is chosen at random from the

roduction line as a prize in a .
P 5 prize ! 6 a Inafive-a-side football
competition. The probability
: ) match, there are 10 players
that the car is blue is 0.5. The .
s on the pitch plus the
probability that the car has five . -
. - referee. Find the probability
doors is 0.3. The probability that .
. that they all have different
the car is blue or has five doors .
) . e birthdays. (Assume all
is 0.6. Find the probability that birthdavs are equally likely.)
the car chosen is not a blue car y quatly Y
b Find the smallest number

with five doors.
Pietro solves this problem with of people ‘needed Dl T
) . football pitch so that the
a Venn diagram but Maria o
probability of at least two of

solves it with a tree diagram. them sharing a birthday is
They both get the correct ceater than 0.5
answer. Solve the problem & e

Chapter summary (2%

Three perspectives on probability:

o Subjective probability is derived from an individual’'s personal
judgment about whether a specific outcome is likely to occur.

e For experimental and theoretical probability, you use the following
terminology:
o Experiment: A process by which you obtain an observation

Trials: Repeating an experiment a number of times
Outcome: A possible result of an experiment
Event: An outcome or set of outcomes

Sample space: The set of all possible outcomes of an experiment,
always denoted by U

e We write P(A) to represent the probability of event A occurring,

o o O ©

’ e Experimental probability is given by
Relative frequency of A= Frequency of occurrence of event A in # trials
| n
' : - , n(A) :
| e The theoretical probability of an event A is P(4)= ﬁ where n(A) is
n

the number of outcomes that make A happen and 7(U) is the number
of outcomes in the sample space.
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TOK

During the mid-1600s,
mathematicians Blaise
Pascal, Pierre de Fermat
and Antoine Gombaud
puzzied over this simple
gambling problem:

o ° WheneygrP(A) represents a subjective, experimental or theoretical
probability, then 0 < P(A4) £ 1.

o The expected number of occurrences of A =nP(A).
Three probability diagrams:

« AVenn diagram represents the sample space with a rectangle. Within
the rectangle, each event is represented by a set of outcomes in a

Which is more likely: circle or an oval shape and is labelled accordingly.

rolling at least one six
on four throws of one

die or rolling at least one
double six on 24 throws
with two dice?

o Asample space diagram is a useful way to represent the whole
sample space and often takes the form of a table. It is especially
useful when the situation involves combining two sets in some way to
form a sample space.

o Atree diagram is a useful way to represent two or more combined
events, often involving choices and conditional probabilities.

« Notation used to represent probabilities of combined events:

Name Symbol applied to Meaning
events
Intersection ANB Events A and B both occur
Union AUB Events A or B or both occur
Complement A EventA does not occur
Conditional AB EventA given thatevent B has
occurred

Probability laws which are always true:
P(A U B)=P(A)+P(B)-P(A N B)

P(A|B) = P(‘;(—;B)

P(A)+P(4')=1

Types of combined events and the special cases of probability laws that
follow:

Type of event Consequences

fr:/:n::sazr:lnar:iB;re mutually exclusive if | P(A N B)=P(BN A)=0

y ot both occur. P4 UB)= (A) +P(B)
Events A and B are independent if the P(A]B) =P(4)
occurrence of each event does not affect B(Bl4) =P(B)
In any way the occurrence of the other. Eﬁ)ﬁ(B)) dUet
The events A and A” are complementary.
Hence, A and A’ are mutually exclusive. Pla)+P(4)=1

° Thg complementary probability law P(4) = 1 —P(A’) can give you a
quick way to solve problems.

o
=)
o
o
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Developing inquiry skills
Apply what you have learned
in this section to represent
the first opening problem with
atree diagram. :
Hence, find the probability that

a cab is identified as yellow.
Apply the formula for
conditional probability to find
the probability that the cab
was yellow given that it was
identified as yellow.

Chapter review

1 Band Care independent events. (B €)= 0.1
and P(B N C') = 0.4. Find P(B" L C).

2 L7 B
2 PX)= 3 P(X|Y)= BY P(X1Y) =0.8

a Find P(Y).
b Determine if X and Y are independent
events.

Find the probability of the outcome
“throw at least one six” when a fair
cubical die is thrown 1, 2, 3, 4, 5, ..., 7
times.

b Hence, find the least value of n for
which P(throw at least one six in 7
throws) is 99.5%

4 A packet of seeds contains 65% green
and 35% red seeds. The probability that

QUANTIFYING UNCERTAINTY: PROBABILITY

How does your answer compare to your original subjective judgement?

5 Rach odd number from 1 to 57 where n

a Complete the following Punnett square

to show the possible outcomes of

pairs of chromosomes that can be
inherited: 10

Chromosome inherited
from mother

X X
Chromo-
some X XX
inherited
from Y XY
father

b Hence, show that the probability that a
child is born female is 0.5.

= Exam-style questions
Click here for a mixed E_H\ 8 P1i: A box contains 16 chocolates, of which
review exercise =% } ™

3 are known to contain nuts.

Two chocolates are selected at random. =

is odd is written on a piece of paper and Find the probability that

placed in a box. a exactly one chocolate contains

a Calculate how many pieces of paper nuts (3 marks)
there are in the box. b atleast one chocolate contains
b Find the probability in terms of # that a nuts. (3 marks)

paper selected at random from the box P2: Hamid must drive through three sets of
shows a number that is divisible by 5. traffic lights in order to reach his place
of work. The probability that the first

ix blue and n
A company fleet has six blu set of lights is green is 0.7.

white cars. Two cars are chosen without
replacement. The probability that two The probability that the second set of

lights is green is 0.4.

The probability that the third set of
lights is green is 0.8.

blue cars are chosen is l Find the value
7

of n.
The genes in human chromosome pairs
determine if a child is male or female.
Males have an X and Y chromosome
pair and females an X and X pair.

It may be assumed that the probability
of any set of lights being green is
independent of the others. .

a green seed grows is 0.85 and that a red

seed grows is 0.74. A seed is chosen at

random from the packet.

a Calculate the probability that the seed
grows.

b Calculate the probability that the seed
is green and grows.

¢ Calculate the probability that the seed
is red or it grows.

226

Inheriting the XY combination causes
male characteristics to develop and XX
causes female characteristics to develop.-
Sperm contain an X or Y with equali
probability and an egg always contains
only an X. An infant inherits one
chromosome determining gender from
each parent.

a Find the probability that all three
sets of lights are green. (2 marks)

b Find the probability that only one
set of lights is green. (3 marks)

¢ Given that the first set of lights
is red (ie not green), find the
probability that the following two
pairs of lights will be green.
(2 marks)

d Find the probability that at least one
set of lights will be green
(3 marks)
P1: Jake and Elisa are given the same
mathematics problem.

The probability that Jake can solve it is
0.35.

If Jake has solved it, the probability that
Elisa can solve it is 0.6, otherwise it is
0.45.

a Draw a tree diagram to illustrate the
above situation, showing clearly the
probabilities on each branch.

(3 marks)

b Find the probability that at least
one of the students can solve the
problem. (2 marks)

¢ Find the probability that Jake solves
the problem, given than Elisa has.

(4 marks)
P1: A and B are events such that P(4) = 0.3,
P(B) = 0.65 and P(AUB) = 0.7

By drawing a Venn diagram to
illustrate these probabilities, find:

a P(4A'NB) (2 marks)
b P(AUB) (2 marks)
¢ P(AnBY (2 marks)

P1:In a survey, 48 people were asked
about their holidays over the past year.
It was found that 32 people had taken
a holiday in Europe, and 25 people had
taken a holiday in the USA.

Everyone surveyed had been to at least
Europe or the USA.

a Determine how many people had
taken a holiday in both Europe and
the USA. (2 marks)

b Find the probability that a randomly
selected person had been to Europe,
but not the USA. (3 marks)

¢ Explain why the events “taking
a holiday in Europe” and “taking
a holiday in the USA” are not
independent events. (3 marks)

o
S
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o
o
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13 P2: The Venn diagram illustrates the

- number of students taking each of the
three sciences: Physics, Chemistry and
Biology.

Physics Chemistry
2
Biology

A student is randomly chosen from the
group.
Find the probability that

a the student studies Chemistry or

Biology (2 marks)
b the student studies neither Physics
nor Biology (2 marks)

¢ the student studies Physics, given

that they study Chemistry
(2 marks)

d the student studies Biology, given
that they study Physics
(2 marks)
e the student studies Physics, given
that they do not study Biology.

(2 marks)

14 P1i: A and B are independent events, such
- that P(4) = 0.3 and P(B) = 0.5.

Find the following probabilitics.

a P(ANB) (2 marks)

b P(AUB) (2 marks)

¢ P(B'NA4) (2 marks)

d P(BlA") (3 marks)

228

QUANTIFYING UNCERTAINTY: PROBABILITY

15 P2: The Venn diagram below shows the
probabilities for three events
A, Band C.

a Justify that events B and C are not

independent. (2 marks)
b Explain why events A and C are
mutually exclusive. (2 marks)
¢ Determine whether events A and B
are independent. (4 marks)
d Determine whether events A’ and ¢’
are mutually exclusive. (2 marks)
e Find P(ANC). (2 marks)

16 P2: At a local sports centre, members can

either play tennis or squash.

The probability that a member plays
tennis is 0.8.

Given that a member plays squash,
the probability that they play tennis
is 0.8.

The probability that a member does not

play squash is 0.1.
The information is illustrated by the

following Venn diagram, where a, b,c
and d are probabilities:

Tennis Squash

Find the value of a and the value

of c. (5 marks)
Find the value of b and the value
of d. (3 marks)

Find the probability that a
randomly chosen member plays
only one sport. (2 marks)

Find the probability that a
randomly chosen member plays
tennis given that they do not play
squash.

(2 marks)

Find the probability that a

randomly chosen member does not
play squash, given that they do not
play tennis. (2 marks)

Let S be the event that a member
plays squash, and let T be the
event that a member plays tennis.
Determine whether:

i events S and T are mutually
exclusive (1 mark)

ii events S and T are independent.
(2 marks)

Rajigeqoud
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Approaches to learning:Critical thinking

Random walking!

Exploration criteria: Mathematical
communication {B), Personal engagement (C),
Use of mathematics (E)

18 topic: Probability, Discrete distributions

coin.
qail () represent a left step and a head (H) represent a right step.

his 2 total of 10 times,

ate the average number of steps taken.

¢t a spreadsheet with the results from the whole class.

. e the average number of steps taken from these results.
ilﬂ s this changed the result?

* ou know the actual average number of steps required?
could you be certain what the average is?

ulate probabilities
¢l a tree diagram that illustrates the probabilities of falling into the
‘within five steps.

ur tree diagram to answer these questions:
t is the probability associated with each sequence in which the man falls
the ditch after a total of exactly five steps?
hat is the probability that the man falls into the ditch after a total of exactly
ps?
s the minimum number of steps to fall into the ditch?
is the maximum number?
is the probability that the man falls into the ditch after a total of exactly
2 steps?

why all the paths have an odd number of steps.

‘be the number of the steps taken to fall into the ditch.,

—
The problem
( fI_and complete this table of probabilities:

Jown the number of tosses/steps it takes for the man to fall into the ditch.

A man walks down a long, straight road. With each step he either moves
(1 |2 |3 [4 [5 & |7 [s8.y9 [1o[1L |12

left or right with equal probability. He starts in the middle of the road. If he
moves three steps to the left or three steps to the right, he will fall into a

x)

ditch on either side of the road. The aim is to find probabilities related to
the man falling into the ditch, and in particular to find the average number
L of steps he takes before inevitably falling into the ditch. D

at the numbers in your table.

U see a pattern?

you predict the next few entries?
Nulation
 there is an infinite number of values of x, calculating

ected number of steps to fall into the ditch would
Ly complicated. ‘

Explore the problem

Use a counter to represent the man and a “board” to represent the

scenario:
TAILS HEADS t.Ii‘-l"l-'lalive approach is to run a computer
Wiation to generate more result y
s s, and to calculate Extension
h START # i o these results ‘
.41; e = code infany tomputerlanguage Once you have a code written you could easily
d.edthat will run this simulation as many times e el
ded. iati
. What variations of the problem can you think of ?
? T i ;
. i teéililrol;\{ you to improve on the average You may also be able to devise your own
5 ividually and as a class. probability question which you could answer

fh_ this would not be a proof, it is convincing if using simulation.
H Simulations are recorded.
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