iv Perform a %2 goodness of fit test at the 10% level to test the
null hypothesis H: This new data fits the B(40,0.5)
distribution.

State the number of degrees of freedom, the p-value and the conclusion
of the test.
e You will now test if this data fits the normal distribution N(20,10).

i If Y~N(20,10), calculate P(21.5 < ¥ < 24.5).

i Hence, Copy and complete the table below to show the
expected frequencies when 100 values of a variable which
fits the normal distribution N(20, 10) are measured.

[7 marks]

T

1y y<15.5 | 15.5<y<18.5 | 18.5<y<2L5 | 21.5 <y<24.5 | 24.5<y
Expected il 5 73 24.1 365
| frequency

ii Perform a 2 goodness of fit test at the 10% level to test the
null hypothesis H,: This new data fits the N(20,10) distribution.

State the number of degrees of freedom, the p-value and the conclusion
of the test.
f Copy and complete the following conjecture by filling in the gaps.

Forn____andpnotcloseto 1 or 0, the binomial distribution can be
approximated by the distribution with the same and ]
even though the binomial is a discrete distribution and the is

a distribution.
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[6 marks]

[1 mark]
[Total 30 marks]

Answers

Chapter 1 Exercise 1C 3 a
Skills check 1 a i 9%x10* i 9.936x10
) b i 101! i 5.068 x 101!
1 a i 0.69 i 28.71
2 a 9.4x10° i
iii 77.98
b 8.35x103
b i 0.694 ii 28.7
i 7o c 5.24x1071° .
L] 5
1 d 3.87x107 = y——rt
2 a 2~3=l b 27523 15 = b 8l.6m
8 3 a i — ii 15-x2 4 a
3 a x*=9"+13"=250,x=5V10 5 h
b i 7! - 7!
b 72=x>+5,x>=24,x=2/6 b7 -
. i 1 - 450 m
Exercise 1A 2 Lem
‘ i 233 5 1.62m
1 i 7.3 m (accuracy of the least 6 1300m
accurate measurement) d i 25 i 25-3-2x
i 7.27m 3" # I
4 a 240, 339, 480 8 a 1.20 9
2 79 cm (to2s.f) w2
b Rate of growth is
. Exercise 1E
Exercise 1B increasing. When ¢ = —,
2 1 a i
1 a 23.5-24.5mm we have the number of
b 3.25-3.25m bacteria after one and a half
h .
¢ 1.745-1.755 kg ous
160
d 1.395-1.405g 5 a ,0 b 1100
2 a 0.09% 2 R :
~ 6 0.24mm Bem €
b 8847.5-8848.5m 2 el ii 1 possibility as we have all
3 a 044 (2st) : 3 angles and 1 side
-3
b 27% (2 5.1) 8 2x10 il o=47° AB=14.8 cm,
¢ Uncertainty much larger for  Exercise 1D BC=10.7 cm
the measurements done by b i E
group 1. 1 a 0=288°v=8an, w=4cm 5
4 66x10°km (2s.f) b 0=56% y=18.2 cm, 62 cm
x=6.88 cm 7o B
5 Max 0.35 min, 0.30 ¢ z=57cm, o0=56° f=34° D~ 14.7 ¢m ~IF
6 a Actual 10°C, approx 9°C 2 i 736m
8 TR : ii 2 possibilities, ambiguous
. ii 4.25m case of sine rule
a 7.20m<r<7.21 m(3 S.f.) iii 6.96 m iii a=62.6° ﬁ=95-4°

b 0.005m

DE=16.5cmor o= 153°
B=5°DE=1.44 cm
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i 2 1=62.7cm 4 a 873m? b Lateral area of the 14 675 17 a 34° b 64°
| 3 a 209m b 27 ¢ $432 modified cylinder is 15 a 209 cm?2 ¢ 1120 |
4 2
b 13min 5 19.60cm? [2n—;n+2jrh=(;n+2jrh. b 65.5¢m d 1400cm? ‘
¢ 24min 6 a V=1400m3 A =750 m2 16 22.5cm e 840cm?
(251 Lateral area of the cone is
|{ 4 a 096n - nrh
i 3 4= . For them to b 1
b 24cm b V= 2ng cm?, A =240 cm2 Sino 0 be equal, ‘
d % (2 s.1.) s
G I 5 a 18cm? $inf = ——,0 =50°
7 a V=396m3 2 5 Chapter 2
ii 1 possibility — properties b 41cm? B 3" *
| of isosceles triangles 6 1.1 cm2 , s Skills check
| . i 0= 64° B = 52° 8 V=213cm’ A=24cm 1
| el il 7 59.9m? 9 a BM=EEF=115-178 28 m, 1 Mean = 19.2, median = 19, mode = 22 '
il | | Chapter review |
| 2 374m Exercise 1H . e .~ KM =186.47285m, Exercise 2A |
' 3 PQ=59m, QT=46m, i ate e M =51.853975°, ‘
1 a 35000cm . - ~ 1 Student answers.
PT=17m bUisza i RED V =38.146025
! 4 381 km bearing 177° b 1500 cm? c i 20 i 1.99 2 Use quota sampling; take » students’ marks at random, from each
| ¢ 3150 cm3 (3 s.f) 402 i 0248 b BF=+2BM=162.88668 m, of the five year groups
c 5 382m I : : VF =219.176 09 m, i
[ A . e i 0.2 ii 0.248 F=41.997 23° .
| 3 a i l1.4x102°m? 2 a 5.6% ,\_ ’ ’ X 112(3|4[5|6|7|8|9(10|11|12|13|14(|15]16
! - V =48.00277°. =
i 1.0868 x 102! m> b Not enough time fo) [10]8|16(13]21|9|10]|9|5| 4 |a|3|[3]2]|1]2
} 35 .3 ¢ VE=VF=219.176 09 m,
| fii 8.661x 107 m 3 x=1.15417, 1.3x 104% . b 24
E=F=5829771°,
b The Earth compared to an 4 a Cosine rule gives the = c
1 . _ 0
| atom relation: PR2 — 2PQ X PR V =63.40458", x 1|2|3]|4|5s|6|?7|8]|9|10|11|12[13|14|15|16
- 4 a 704000m’ x cos31° + PQ?— QR?=0. A=21477.621m’ Sample
| Exercise 1F b 3.15x10%kg Solve the quadratic equation d VB2=21506.008 m? size sl | o R el G 1 1 11011
5 900! TOIEEE BID24'6 T SO percentage error
1 a 41.0° 87.0°, 106 mm b First, find the angle R: VB A 3 As different sectors of society are likely to vote differently, it is
b 66° 17.2 cm, 17.2 cm Exercise 11 S sin31° SIBAR I _ —2 %x100% important to have those sectors represented proportionately. Strata
e [1aflem FONEES , g ! might be income, age, gender, geographical region.
i W 1 a 150cm so Q = 122°. Apply the =0.13236534%.
d x=20°16m,22m b 180 cm2 sine rule again to find \/72 Exercise 2B
. ) _ 5*+(12-4d d
2 Kristian’s method is correct; ¢ 501 mm? PR =— 2 sinQ = 24.8 cm. 10 a ;= #+— 1 a Mean=6.068, median = 5.2, mode = 7.5, 17.8 and 25.0 may be
cannot use the cosine rule in d 32cm? sin31° L . outliers
.thIS case because the angle given i 6.46cm 5 Angle of elevation = 2.7°, b - 5 1 12-5tand B [MEih=3-583Tied1m = ehinede = 25
is not between the two sides angle of depression = 0.77° cosd 70 110 .
. . sin35° i 5.28cm ¢ Mean = 64.65, median = 62, mode = 62
given. Solve sinC = 40x ——, 6 a 52670.25m2<A< i
25 i 38cm 53 130.25 m?2 Exam-style questions 2 a Mean= 1.8 median = 1.5, mode =6
= ~ 25 - i =
G =67°, B=78° AC —— 350x 3 8 2 b 6.38<R<8.30 55 o5 b SD =1.89, variance = 3.56
sin " . . . .
11 a —= ohms<R< ohms 3 a Mean = 8.9444, median = 10, mode = 12, most appropriate =
in78° = . _ 7 2.063 x 10°km ' ' ’ P
§in78° =43 cm i 3.14x 10°m g 0.25 . fode
3 32° 97°, 51° 6 8 a Volume of the cone 220hms £ R < 43 ohms .
b i —— T, : b Standard deviation = 4.0958, average distance from mean =4
4 82.8° 6 b 5 cm? 3 V, ==mnr’h, volume o b 43% . .
a m an ( 4 nT , 173 ° 9y? ¢ Range = 14, IQR = 6, data is mainly concentrated within middle
Exercise 16 3 the modified cylinder 12 a 12x* b x? 295 range as the IQR is a lot smaller than the range.
e — ; 42 1 | v, = th_%rzh_ For 13 a 1.12x1027 4 a Basketball: mean = 200.8, standard deviation = 10.4575; Men:
19 4 mean = 172.27, standard deviation = 10.2541
b i 3cm ii 6cm? Falr volumes to be equal, b 1:1840
19 b On average basketball players are taller by approx. 28 cm;

: " 2 4 c 9.8%
¢ i 23.8am i 125 cm il Cube: 1,24, cylinder: 0.85 o= —3—n. ° however, they vary in height by the same amount.
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Mean | Median | s Ql 03

Hn

Boys | 76.5

81 (129 | 65|84

Girls | 69.4 | 69 7.88| 61 | 77

6
?

8

Answers will vary.

Mean = 60, standard deviation

=6

a Mrs Ginger: mean = 84,
standard deviation = 16;
Mr Ginger: mean = 80,
standard deviation = 20,
Miss Ginger: mean = 76,
standard deviation = 24

b Matty: Mrs Ginger: 44,
Mr Ginger: 30,
Miss Ginger: 16
Zoe: Mrs Ginger: 70,
Mr Ginger: 62.5,
Miss Ginger: 55
Ans: Mrs Ginger: 92,
Mr Ginger: 90,
Miss Ginger: 88

¢ For all students, Mrs
Ginger's methodology
gives them the highest
mark. For students with
low marks, their marks are
always relatively similar,
for middling students,
their marks can vary a
bit, but for low-scoring
students, the mark can
vary widely. If a student
had a mark of 6 or lower,
their new mark would
be negative with Miss
Ginger’s methodology.

Exercise 2C

1

a i 150<n<180
i 111.625
iii 119.29

Modal class indicates most
common number of cars
was between 150 and
180. Median suggests that
middle value of number

768

of cars was 119 and the
mean was 111. The mode
is most appropriate here.

i 50<s<55
ii 54.4167
i 53.913

Modal class indicates

most common speed of
cars was between 50

and 55. Median suggests
that middle value of

the number of cars was

53 and the mean was

54. All values here are
similar; however, the most
appropriate is the mean.

i 7<t<8 i 5.8636
iii 5.9286

Mean and median very
close, mode is higher

(between 7 and 8).
Median = best choice.

30 <¢<40

Mean = 34, median =
£34.2857

Standard deviation =
£10.1158, the average

amount of money spent
more or less than the

average amount was £10.11.

Variance = 101.329,
range = 50, IQR = 11.875;
they assume the data is
spread evenly within the
classes.

180 <x< 190

Mean = 180.2, standard
deviation = 10.9982,
average distance from
average height is approx.
11 cm

Males: mean = 2546.3,
standard deviation =
729.767

Females: mean = 2114.58,
standard deviation =
635.257

b On average, men earned

more than women and
male income varied more
than female income.

Exercise 2D

1

Frequency

Days of precipitation in London
in January

—

Days

— ';i'l “

Jif___U_

20 30 40 50 60 70 80 90

b Mean =42.45,
median = 39.5522,
Q1 =32.1875,
Q3 =49.7917, range = 70,
at least 5 outliers, an
estimated 7 outliers

90
80 +
70 4
60 -
50
40
30
20

Days of Sunshine in Helsinki

b The data is negatively
skewed.

Students’ own answers

Exercise 2E
1 a
Time, Cumulative
x [minutes) | Frequency | frequency
0<x<2 5 5
2<x<4 11 16
4<x<6 23 39
6<x<8 31 70
8<x<10 19 89
10<x<12 8 97
12<x< 14" 3 100
b

L
100
80 -

60

P SN (O S

20

10

0

Y

14

¢ Median=6.7, IQR=3.5

¢ Median = 11.5,IQR = 9

d There may or may not be
outliers

e 22

f (assuming only one
outlier):

35
30
25
20
15 4
10
5

g Adults, because books
more linguistically
advanced than a children’s

d 3.1
e 6
2 a
Number of Cumulative
words, x | Frequency | frequency
0<x<4 5 5
4<x<8 32 37
8<x<12 41 78
12<x<16 28 106
16 <x<20 22 128
20<x<24 12 140
24<x<28 ? 147
28<x<32 3 150
b

150

100

50

book
a
Cumulative
Height, /2 (m) | Frequency | frequency
0<h<l 17 17
1<h<2 35 52
2<h<3 69 121
3<h<4 51 172
4<h<é6 22 194
6<h<10 6 200
b

A
200 -y
150 :efimsiaadimrgbl
100 ~

50

0
0
c 2.7m
d IQR=1.5
e 1.Im
f 49m

Lengths of Hawkmoth caterpillars

—
I

3 4 5 6 7 8 9
Length

-

5

0 t+—F————r—7—1>

L}
0 200 400 600 800
b Median =450, IQR =205
¢ No outliers
d

800 +
700
600 -
500
400
300 -
200

e 90

Exercise 2F

1

11 12 13 14 15 16

b Weak positive correlation

¢ Aslight increase in price
associated with an increase
in screen size

75 A B ]

70 =

65 fF—T————— >

155 160 165 170 175 180 185

b Red dot in graph above
¢ See graph
d 75kg
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1

e r=0.9150

f Strong positive correlation,
means the taller the
player, the heavier they
are on average

g Causation: a taller person

has more body mass and
so weighs more

b Red dot in graph above

¢ See graph above

d 93%, not appropriate to
use this as 1.9 is far outside
the current data range

e r=0.884

f Strong positive correlation

g Indicates taller people
scored better on the

vocabulary test — did not
necessarily know better

vocabulary
a
A
159 : :
1.4 i ¥
{ { I | | o by
LT R R R o
17 -
1.2 erere t'l. SV
R e |
2 % |
L I; i 1
1 1 T T T ™

{11 12 13 14 15 16 17
b r=0.8873, strong positive
correlation between price of
unleaded and price of diesel

Chapter review

a Males: mean = 13.32,
standard deviation = 3.374
Females: mean = 15.85,
standard deviation = 4.228

On average, females
are slower than males;

770

however, time taken varies
more for women than men.

b Mean = 14.33, standard

deviation = 3.9397

¢ Answers will vary

d Mean + 15.425, standard

deviation = 3.6324

e Take every 2.5th element

of the data, i.e. take
alternately every 2 and
3 points. Mean = 14.975,
standard deviation =
4.1018

f Answers will vary.

Random sample of 24
males and 16 females:
mean = 14.3, standard
deviation = 4.1845;
random sample: mean is
larger and the standard
deviation is smaller
than that of the whole
population; systematic
sample: mean and
standard deviation

are larger than that of
the whole population;
stratified sample: mean
is the same and the
standard deviation is larger
than that of the whole
population.

b Mean ¢ Mode
d Mode
a 50<I<60

b Median =55, mean
=54.4167, standard
deviation = 11.2765

20 30 40

4

a $15700
b $3249.62
c 833%

d i Misleading: makes it
look like profit was
multiple times higher
each year

ii To make it seem profits
are increasing more than
they actually are

a Mean = 32.8, standard
deviation = 7.5054

b Range =25, IQR = 22

¢ 34, no outliers

o] 1
S |
2 |

15

a Girls: mean = 16.24,
median =15, Q, =8,
Q= 24, range = 25,
no outliers
Boys: mean = 24.48,
median =22, Q, =15,
Q, =31, range = 16, no

outliers

b

50

1 —|_

oy T —=

»{

10 A iij_ i _I_

0 - .
Girls Boys

¢ Boys do more press ups
on average and have =
a larger range, with a
longer whisker in the
top half of the boys,
indicating that the data is
more skewed.

7 a
Number of Cumulative
hours, x Frequency | frequency
0<x<10 8 8
10<x <20 16 24
20<x <30 41 65
30<x<40 54 119
40 <x <50 36 155
50<x<60 22 177
60<x<70 17 194
70<x< 80 6 200
b
200
150
100
50
0+
0 20 40 60 80
¢ Median =36, IQR = 32
d
80
60 :[
=
40 L
20 i :_:[_".
0
8 a Mean = 6.1326, standard
deviation = 0.9213
b
[ Cumulative
Time (min), x | Frequency | frequency
3.5<x<4 6 6
4<x<45 14 20
45<x<5 48 68
5<x<5.5 89 157
555x<6 121 278
6<x<6.5 129 407
6.5<x<7 103 510
7<x<7.5 70 580
7.5<x<8 30 610
8<x<85 10 620
85<x<9 2 622

800

600

400

200

i 6.1
i Q=55 Q=675
i 1.25 v 7.1

There may be outliers at
both ends of the data.

56!-- ’

54
52 4
50
48
46
44

42

14 16 18 20 22

b

c

Strong positive correlation

1t is likely that increasing
the temperature increases
the number of eggs as

there is a strong positive
correlation.

Exam-style questions

11 a 16 b 13.375
c 135 d 12
e 23.583

12 a Mean=23.5833 °C

b Standard deviation =
3.3778 °C

Mean = 22.8333 °C

a o

Standard deviation =
5.5202 °C

e The mean temperature
in Tenerife (23.58 °C)
is higher than that in
Malta (22.83 °C) and the
temperature in Malta
varies more than in
Tenerife as the standard
deviation is larger (5.5202
°C and 3.3778 °C)

13 a 69 b 50 ¢ 81
d 170 e 180
f

200

150 -

100 T

50 [EE=T]

14 a

Height, (x cm) Frequency

20<x<25 3

25 <x<30

30<x<35

40<x<45

45 < x < 50

3
4
35<x<40 7
4
2
1

50<x<55

012‘0'4l0l€-;0I8I0I’

b (42, 1.02)

c (43.333,0.698)

d See graph above
r=0.9732

f Very strong positive
correlation

b 358333 ¢ 63.89
d 7.9931

e On average, the plants in
Eve’s neighbour’s garden
are 3.73 cm shorter than
in Eve’s garden, whilst
the plants in both gardens
vary by a similar amount.
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15

16

1400
1200
1000

b (13.667, 926.667), line
drawn on graph above

¢ r=0.9441, close to one,

indicating a strong positive

correlation

d When temperature is

higher, sales of ice cream

are higher.
a 6920kg
b 430kg
a -0.7659

40000 600

c

Ski

1

¢ (106 600, 2.49), it is
extrapolating much
further than the current
data provided, there is
no guarantee that the
decrease in salary with
distance is linear

hapter 3

lls check

VAt +2? =447
1+5 2+4j7(3 3)
2" 2 ’

a x=7.66,y=643

b 33.7°
a i 43.3km ii 25km
b 240°

’’2

T T
00 80000 100000 120000 140000 160000

Exercise 3A b i
1 a i 5.10 ii 2.45
b i (L.5 —1.5) i
i (1,3.5, -2.5) iii
2 a i 36.1 i 19.4 .
c i
b i (9, 0.5)
ii (9.5, 9.5, —6) i y:—lx—s
3 a 854km 3
b Two distances are 33.9 km il Bzeiewx enli =10
and 42.2 ki, so the tracking 2 a i y-5=2(x-2)
station will only be able to i y=2x+1
detect the first aircraft. i —2x+y-1=0
4 a A(250,0,0),B(250,400,0), i y-4=-2x—0
C(0, 400, 60), D(0, 0, 60)
i y=-2x+4
b M(125, 400, 30)
i 2x+y-4=0
c 840m
c i y—-6=3x-2)
5 a 52900m?to3 st
i y=3x
b 2430000m?to3s.l
i 3x+y=0
¢ (218.5,-31, 117) 5
d 213m d i y+6=—§(X+2)
Exercise 3B i yz_gx_z_z
3 3
1 a x=2 by=6 i 2x+3y+22=0
c (2, 6)
2 4 a
2 a y=3x+5 3 a 3 b = ¢ 73
b y=-0.2c+0.4 4 a y=-15x+6.5
¢ y=45x+5 b 2y+3x-13=0
d y=2x+1
1 13 R
3 a y=-4x+17 c Exé.SX?zlélm
b y=5x-11
1 Exercise 3D
c y=—x+3
3 1 a i x=7,y=6
4 a y=-2x+20 i x=0.5,y=0.2
b i (0, 20) i x=3,y=7
i (22, -24) iv x=1,y=-7
c 492km b i x=-8,y=3
i x=2.6,y=-1.9
Exercise 3C e y
1
il y=2x+3 b (340, 70)
i y—2x-3=0

i Distance of Alison from
intersection is 481 m,
distance of Bernard from
intersection is 324 m,
so Bernard arrives first.

ii 174 seconds

25%

15% (steeper going down)
i y=0.1x

ii y=-0.15x+0.3675
0.147 km or 147 m

2.47 km

Construct a right-angled
triangle with two points

on the line as the ends

of the hypotenuse. The
tangent of the angle is the
opposite over the adjacent
side in the triangle which is
equivalent to the increase
in the y values divided by
the increase in the x values.

b y=0.069927x+ 55.55

c 5555m d 944m
Exercise 3E
1 a 1 b -3

2
c -2 d Z
6

2 a Showmm,=-1

b 2x—y+1=0

c 2x+3y-27=0
3 a Any point away from the

b
c

4 a

perpendicular will form the
hypotenuse of triangle with
the perpendicular distance
as one of the sides which
will necessarily be shorter
than the hypotenuse.

dx+3y+1=0
-1,1) d 10
583 b 4.43

5 Intersection of y =2.5x—19.25
and y=x+6, (16.8, 22.8)

6 a

b

Station should be built at
(11, 21)

(10, 43), 14.1 km

Exercise 3F

1 a Perpendicular bisectors
are: x=2,x+2y=5.5,
x—2y=-1.5

>

2 a
Y
B"|
5+ -OIc
S
!
2 R S
e
t T T —
4 0 1 5 4 s
b 21°C

3 a Perpendicular bisector:
x—-3y=-8

b Perpendicular bisector:
x=4,x-2y=3

i 19mm ii 21 mm

| AT
L T
LA i) 5 618 9N

¢ i 11lmm ii 12mm

Exercise 3G

1

a The intersection of the
perpendicular bisectors
will be a vertex in the
Voronoi diagram and
hence the position of the
solution to ‘the toxic waste
dump problem’.

b y=-5x+2landy=2.5
¢ (3.7,25) d 2.75km
a i y=x-10

ii y=-2x+140

B ,\‘..—,—.——x
10 20 30 40 50 60 70 80 90 100

c i 024 i 0.34
d i (50,40) i 31.6m

y - 4=%(x—2.5) or

1
=—x+2.75
7 2
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L2 5 456 78910
5
d i BD y—Z:E(x—S.B)or

y=%x—11.75 CDy=3.5

ii Because the perpendi-
cular bisector of AD will
always be outside the
cell containing D (or,
because either B or C
are always closer than A
to D). B and C are closer
to D than they are to A.

iii

MY

N W B OO N ®

-
i
.,

TSP E€ 168010
(6.1, 3.5) and (5.04, 5.27)
28% g (6.1,3.5)

E=1

- N W R OO N O ™™ O

=
-
e
w
e
2]
o
-~
oo
w©-
-
=]

b (4.67, 4)
¢ i 213000 miles? (to 3 s.f.)
ii 198000 miles?

iii 150000 miles?
iv 239000 miles?

d So unable to support the
other province

5 a i AB=6,BC=3,CD=4,

DA = 3.6055, total = 16.6
so 166 km
ii 0.289
b i Because (4, 3.5)isa
vertex in the Voronoi
diagram and so is an
equal distance from three
stations; B, C and D
ii 2.5
¢ i Median = 3.0,
lower quartile = 2.7,
upper quartile =3.1,
IQR=0.4
i
x o —

G S B [ BN DR GNN BN N E e BN B
212223242526272829 3 31323334

d The readings are all higher
than the expected average
except for one outlier so
support claim.

Exercise 3H

1 0 3j
a e
-3 ]

(¢}
—

N R
—

Multiply each component in
the vector by the scalar

el
QL

| —
4 a i =AB
=1 —
i [ )z_AB
-2
2 —
iili [ = 2AB
4
iv _% ”—lA_B.
2

b Parallel vectors are scalar
multiples of each other

5 aceg

6 a ip=—1,4g9=2

1
iip=2,9g=—
p q >
ok
b i ? 7
i g=-3
Exercise 31

(1]

i BD=BA+AC+CD
i BD=-AB+AC+CD

iii ﬁ):@] iv (3,7)

g
)

Parallelogram as two
sides are equal length and
parallel

BC and AD
40
-10
— (40
CA = ¢ 41.2km
10

13i + 11j

~13i—11j

Exercise 3J

i 5.66 i 45°
i 224 Wi 297°
i 193 i 21.3°
i 806 i 7.1°
;1§= 48" +20°

2704 =\16x169
=4xJ169 = 44127 +5°

12

141.4) (-175
141.4) 0 0

145 km

10.2 km, 260°

Exercise 3K
1 a 9 b 3
c 15
d 35
-12
2 | -9
—6
3 a TogetfromAtoB,

travel down the vector
AB =b—a so to travel

from A to the midpoint
of [AB] travel down

AM =2 AB-—(b-a)

N |~

Now OM =O0A + AM

=a+%(b—a)

O—M:%(a+b).

0.5 2.5
0.5 f 3.5
=35 -2.5

Diagonals of a parallelo-
gram bisect each other

Exercise 3L

1

c

40.7° b 156°
25.1° d 40.8°
0° f 180°
i ABand AC
i BC and BA

ZA =151.3° /B =20.1°
£C=8.9°

BC=7.14

a k=-1,2
b When k=-1,

AC =12 +3% =10,
BC=4/(-1)+0* =1.

Area of the triangle is LO
When k=2, 2

Ac=\1P+(2-2) =1,

BC = \J(-1) +(-1+2)" = 2.

Area of the triangle = 72

5 70.5°

Exercise 3M

5
a -1
-3
b a-c=2X5-1%X1-3x%3
=10-1-9=0
b-c=Ix5-1x-1+2x-3
=541-6=0

2 -3

c 2i-3j+k
d 9i+4j+7k

—4
a 1
-2

b %«E:l.lz

1
E\/42=3.z4
a (4,3, -3)
b 8/10=25.2

¢ AB-AD=0x3+0x1+8x%0
=0

21.0 m2

27




Exercise 3N

a=0.5,b=2
(0, -6, 3)
s=3,p=4
i 1=-2

| 7
ii7 2 |=|14

-3 =21
4—1=2=1=2, (4,-5,1)
+2(-1,3,1)=(2,1,3)
4+25=2=s=-1,
(4,2,0)-(2,1,-3) =
(2,1, 3)
80.7°

The direction vectors are
multiples of each other.
3-t=1=1=2,(3,52)+
2(-1,2,1)=(1,9, 4)
342s=1=t=-1,

(3,5, 2)-(2,-4,-2)=
(1,9, 4)

The two lines are
coincident (or the two
equations are both for the
same line).
3+s=1=s5=-2,(3,1,2)
-2(1, 3,-2) =(1, -5, 6)

4 1
AB=|2| AB-| 3
5 -2

=1x4+4+2x3-2x5=0
(241t 3t 1+25)

L+t ]

3t-2 c t=——
14

3+ 2

27 36

14 14 7

3.73

776

Exercise 30
t a i i+2 i f5=2.24
—0.25
i ii 0.559
0.5
¢ i —i+2j+k il J6=2.45
¢}
d i1 i V2=1.41
-1
-10 -4.5
2 a b
0 6
-2
- -3.54
c -8 d
-3.54
16
9.64 ¢ 10.4
11.5 -6
3 a 36.1m
20 -3
b p= + tcl7lm
30 -5
3 6
4 a r= + t
27
b c 41.1m
d 40m
-2
5 a 9
5
-2 1
b i r=[9 [+ 4]|(-3)t
0
t>3
-2 1
i r=|9 |+]4|t',t'=20
0
0}
c i |17 i 17.7
3 )
6 a At 12:00 the ships are in the

same position (-1, 14)

8-3¢t
—6+3t

-]

2 km at 12:40
1.41 km at 12:20

3
i 1 ii 1.5m s
1.5
180 180 3
60 | ¢ r=|60 |+| 1 |
120 120) (-0.6
200 seconds e 822 m
0
b 22.4km
-9
20-9t 9
d =1,
10-21r 17
160.1°

&)

Chapter review

1
2

1.74 km b B
y=-04x+54

(1, 5)

y=5x=5
3x+y=20

1 7
a y=8-x y=5x+z

b (4.17, 3.83)
¢ 2.17 km

5 -3
a b
¢ 5 mmin’!

d 1.8 mwhent=1.52 min
a 2g+p=0

b p=05,49=5 c
1.17

a n=24

b p=82.54g=-6.5and
u=2_82.5

40.2°

0 1 0
r= 0 [+ 1|+ 0
8.2 0 2

750:/2

0 400
b n= 0

13.1 -1
¢ 438 km

Exam-style questions

10

11

12

a (1,5.5)
b —0.625
c i 1.6 i y=16x+3.9

i Neither, gradients not the
same and their product is
not -1

ii Parallel, as both lines have
a gradient of 3

i Neither, gradients not the
same and their product is
not -1

iv Perpendicular, as product
of gradients is —1

v Perpendicular, as product

of gradients is -1

a 707m b 1310m
1
2
a -1 b ~£
2
0

+(t-0.5)| 692.8

14
15

16

-4.5 b (-3.23,1.85)
126 b 837

i (1.5,2.53) i 64.6°
(150,70) b 99.0km

18

i

200
240
5

The two flightpaths cross at

150
180
4

The two aircraft do not
collide as the first aircraft
gets to the intersection
point an hour before the
second one does.

135km

7.14km, after 9 and a half
hours

Chapter 4

Skills check

1 a

y=0.25x+1.75
y==-3x—-4
y=23

x=4

Exercise 4A

1 a

Not a function, because one
x-value will have multiple
y-values.

y is a function of x, each
month has exactly one
number of people with a
birthday in it.

Function: every element
from first set maps onto
only one element from
second set

Not a function: input 3 has
two outputs

Not a function: fails the
vertical line test

Function: passes the vertical
line test

Function

Not a function: fails the
vertical line test

1
R:ix—>— b Yes

X

d a=—
3

-1 b x=-4
B=1{-1,0,1, 8,27, 64}

N |

It is a function.

Exercise 4B

1 a




.

i 687N ii 607N

iii 88.4%. Jaime is 11.6%
lighter on the space
statiomn.

h = 310 km: gravity’s force

is 625 N at a height of

310 km above sea level.

1 F(653) = 170
(]
"‘ Exercise 4C
1 a OnJanuary 2nd last year
|, the average temperature
, was 25°C.
|
I| b {1,2,3,..,31}
¢ Estimates should be close to
{T120 < T < 30}
2 a i 5 i =3
b x:l
2
c

3 a

-
[]

ye[-3,5]or (Yl -3 <y <5}

Domain = (-5, —4, -3, -2,
-1, 0, 1, 2}, range = {-2, O,
2,4,6, 8}

Domain = {x: -8 < x < 6},
range = {y: -4 <y < 3}
Domain = {x: -7< x < 9},
range = {y: 0 <y <4}
Domain = {x: =7 <x< 7},
range = {y: -4 <y < 3}

plp=-1),pe (3,4,56,7, 8}

778

b w(3)=12.75 kg,

w(8) =10.67 kg
¢ {wl10.67 <w< 12.75)
d 4-6

5 a {tlo<t<5)
b {SI1.2<¢<3.9)
c $2.09 d 2018
e The researchers would be
extrapolating far beyond
the data set; also the
values of the function
become negative after
6 years.
6 a €12031 b €9844
¢ ¢g=3571, it costs €20000
to produce 3571 bottles
d
YA
1 :115900,393?5)'

40000

Break-even when g = 4702
and g =24083

e Company makes a profit
when {g: 4702 < g < 24083}

7 a a=9625 b=5230
b 2017 c 2066
Exercise 4D
1 a Linear, gradient zero
b Linear, gradient -2
¢ not linear
d Linear, gradient 5
2 a i independent=time

parked (in hours),
dependent = cost of
parking (in §$)

ii Linear, because there is a

constant rate of change
of $12.50 per hour

i independent = time (in
years), dependent =
population (in number
of fish)

ii Not linear, as a decline
of 7% of the current
population will not be 4
constant number of fish
per year

i independent = amount
of purchase (euros),
dependent = amount of
tax (euros)

ii Linear, because constant
rate of change of 0.22
euro tax per euro spent

i independent = daily
high temperature (°C),
dependent = number of
daily passes sold

ii Linear, rate of change
between every two
points in the table is
constant and equivalent
to a decrease of 8 passes
per degree Celsius.

Not linear. The rate of change

from 1to 3 is %: 2. The rate

4
of change from 5 to 8 is B # 2.

US $30 b US $180
2.8 kg

d(f) =13 = 0.065¢

9.1 km

d(f) = 0 when f = 200; Ewout
will take 200 minutes or
approximately 3 and half
hours to reach home.
S(ty=64—1.35t b 2028
Foot Talker grows at 2.5%
of total sales per year,
whereas Sneakies declines
by 1.35% ot total sales.
F(t) =13 + 2.5¢

2031

? a 120ms! b 8sec
¢ —15ms!
d v(r)=-15t+120
8 a 50m+c=20
b 80m+c=35
¢ L=05W-5
d 40 an
Exercise 4E
1
1 ¢c=——aorc=4.67a
21
b one AUD =4.67 CNY
c 51 AUD
2 a F(x)=23.4x
b x=342m
¢ -35.IN
Exercise 4F
1 a UKE£1=%51.33
b UKE£75.19
c i $3.28 i £75.19
iii UK £754.35
2 a Gradient: for each 1 euro
that the price increases, the
number of people willing to
buy tickets deccases by 36.
y-intercept: 5000 people
will buy the tickets if they
cost 0 euros.
b 2300
¢ p=138.89; the price at
which no one is willing to
buy a ticket
d Domain {x 10 <x< 139},
range {y |0 <y < 5000}
e $86
3 a i 90.2% ii 89.3°C
b There is a constant rate of
change between the two
variables: cooking time and
boiling point temperature.
2
¢ T(B)=5+2(100-5)
d 24 min
e Domain: Be [40, 100],

range Te [15, 39]

4 a x=number of regular dishes, ¢ When more than 1.4 GB of
y=number of premium data are used
dishes: 3.5x + 6.50y =25 d i 1.78 GBP
b (8.33,0)and (0, 3.85) so ii Switch, she will save
Alfie can buy 714 g of just $22.80
Pepperoni or 385 g of just
Parma Ham Exercise 4H
¢ Alfie should buy 180 g of 1
Parma Ham and 380 g of ol =73 b BeG
Pepperoni c TP il =
Exercise 46 2 a Domain: xe (-6, 6],
range: ye [2, 8)
1 a
’ b g(4)=-1
5 r B 3 1.27 (3 s.t.); a circle with

circumference 8 units will
have a radius of 1.27 units.

r ey T T £ 4 =31

Exercise 41
1 a i

=16

104
4125

b i 1.15 i —7.4

¢ x=15x=4 10 - -

d The pieces connect at
x=2;2(2)-1=3and

4 —%(2):3. Outputs match. EA

e Domain: xe [-5, 7), Range i Domain: x€ R,

y e [~11, 3] (highest point Range:ye R
is at (2, 3)). i x=4
2 a b i
130x 0<x<5 "A
10
f(x)= 650 5<5x<7 o] Al
130x—260 7<x<10 N St I S
: 4.
b Atx=5, 130(5) = 650, and ! :
== i =
atx=7, 130(7) — 260 = 650, L }"T‘f-’./ ;
pieces connect so fis 40 -8 6 -4 rg_,zﬂi
continuous . % {1.]]
¢ 5.84 min :--l';""/' 61
& ;E-‘. b esieend -8 2
35 0<d<1 5 O S V'
3 a Cd)= ; .
354+60(d-1) d>1 ii Domain: {x 10 < x <3},
-6<y<6
b i $35 range {y | y <6}
x=2
ii $95

7’79




S f/‘l. T
40 B B - aﬁ/ i
3

e il |

4/ .'"6’
B -
~10.J.

ii Domain: {x Ix 2 0},
Range: {y ly 2 -4}

i x=2.5

b

c

b=-2.5

Function

Domain

Range

0<x<3

—2.55y<5

-2.5<x<5

O0<y<3

3

Ll
10 10
77

d(x) = 90x + 630

X
b d4'(x)=—-7
(=355
c i 8:47am
ii 10:47 am
iii 16:33 or 4:33 pm
d iiis most reasonable as it is
closest to the middle of the
day.
Exercise 4J
1 a -1 b 10.5
27
c 29-8x d —x
; 8
2 a c¢({x))=1.10x+2 and
te(x)) = 1.10x + 2.2, These
are not equal because they
are linear functions with
different y-intercepts.
b toc(x) provides a 0.20 euro

larger tip, because
2.20 - 2.00=0.20 and
the rest of the two
functions are equal.

3 Answers can vary, e.g.

b

c

g(x):gx and flx) =x -5

g(x) =x—2and flx) = 4x
h(x) =12 —4x, so one
possibility is g(x) = 4x and
fo)y=12—-x

The company loses $750
if it operates for exactly

4 hours a day.

350f— 2150
At least 7 hours each day

5 CoF(x)=C[§x+32)

=2 2X+32j—17.8
9\ 5

=x+17.8-17.8
=X =1i{x)

Similarly, F-C(x) = x
6 x=1,-5

Exercise 4K
1 a i 41.7,650.3,589
ii Yes, 4=28.6

b i —83,-105,-127
i Yes, d=-22

¢ i 151,196,250
ii No, difference is not

constant, it increases by
9 each time
d i 1.25,0.625,0.3125
ii No, the numbers are
divided by 2 each time
instead of being added or
subtracted by a constant
amount.
2 a 9.5,12,14.5. Thisis
arithmetic; 4 = 9.5, d=2.5

b 2650, 300, —2050. This is
arithmetic; b, = 2650,
d=-2350

¢ 3,10, 21. Not arithmetic;
21-10%10-3

3 a g,=5+4(n-1)or
a =1+4n
n
b Not a term of the sequence
4 a 95 insecond year, 105 in
third
b 175 ¢ 21 years
5 a a,=26+122(n-1)
b a,= 35.54m
¢ Between 2064 and 2065
Exercise 4L
47
1 a d= U b —
6 3
2 a d=25 b u,=5
3 a d=-25.The frog hops
25 cm closer to the finish
line with each hop.

b a,=750cm. After 10 hops,
the frog is 750 cm from the
finish line

c 40

d a =-225when n=49. The

e

frog hops 49 times.

4 a 12=u1+2dand
43.5 = u, + 9d
b ou =3 d=4.5
c u100=448.5
5 a 3n+19 b 29
6 a a, = 12
b a,=12+2dand
a,=12+8d
¢ 2(12+ 24d)
d d4=3
e a =100 has solution
n =30.3, so Tyler should
use an object that is at
least 31 kg (1)
Exercise 4M

1 $1350, $10593

2 UK £17 142.86

3 4.6%

4 16th year

Exercise 4N

1 -450

2 3720

3 a 42 b 10794
4 a 1+5+9+..+37

10

D 4i-3

i=1

8,0=190; S, =n(2n-1)

n=31.9; it will take Janet
32 years to have a total of
2000 acres.

5= =§(8—3(n—1)) or

n
S =—(11-3
=2 (1-31)

S o="95
n=15

8 km b
S,, =1856

d =19 will result in 6100
scats

105 km

Exercise 40

1 Approximately 547 years old

2 —4.17% ot GDP

Exercise 4P

1 a A linear regression is
appropriate because the
data displays a roughly
linear trend.

¥
50
40
o [IEY
820 2
“ 10
T >
20 40 60 80 100 120 140 160
travel time (min)
b y=0.16x+9.84
¢ x=120,y=29.4 euros
d 100 minutes by inter-
polation (within the
data set). Predicting for
10 minutes would be
extrapolation beyond the
data set.

2 a A linear regression is
appropriate because the
data displays a roughly
linear trend.

y
280 &
P - bl
270 - : 45
£ 265 -
255 - 4.8
250 -
25 d—1————+——»x
1.65 1.7 1.75 1.8 1.85 1.9 1.95 2
height (m)
b y=93.7x+92.38
¢ x=1.8,y=261kg
d A 1 cmincrease in height
corresponds to a 0.937 kg
increase in weight.
3 a f(x) isgraph A because it

has the lower y-intercept
(8.11). f,(x) is Graph B.

SSR; =0.576, SSR, =0.614
Since f, (x) has the smaller
sum of square residuals,

it is the least squares
regression equation.

Exercise 40Q

1

The correlation coefficient
is weak, so prediction from
a linear regression will not
be accurate.

The data does not display a
linear trend; it has a curved
trend. A linear regression is
not appropriate.

A linear regression is
appropriate here, but
Kiernan is predicting the
independent variable
given as a value of the
dependent variable.
Only predictions of the
dependent variable are
valid.

A linear regression is
appropriate here, but
Kiernan is extrapolating
beyond the data set (x = 80
is outside the data values).

The graph displays a linear
trend.

Y
100

80

80 i
40 {
20 —f e fieis .....:

Temperature (Fahrenheit)

10 20 30 40 50
Chirps {(number in 15 seconds)

r=0.951; this is a strong

positive correlation

Yes, it is a linear trend

with a strong correlation.

i T(c)=1.14c+30.3

ii Invalid, can only use
this regression to predict

temperatures from
known chirp numbers.
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Graphics Card Price ($)

i T(40) =76 °F. Valid,
because we are
interpolating and have
already checked that
the linear regression is
appropriate.

Answers may vary.
Rounding 14 seconds

to 15, the Almanac’s
formula is T, (x) = x + 40.
The gradients of the two
cquations are similar,
and the y-intercepts
differ by 10 degrees.
T,(40) = 80 °F, which is
4 degrees difference from
the regression prediction.

a The data follows a linear
trend, as evidenced by the
scatter plot:

¥

1500 - ’ .

1000 - L= P =

500 - :

T T T T T T T > X
5000 10000 15000 20000
Bitcoin Value ($)

b r=0.884; strong positive
correlation

¢ Yes, linear trend with a
strong correlation

d i G(b)=0.06b+ 342
il G(12320) = $1081.2

e m =0.06 means that for

every dollar increase in
Bitcoin value, graphics card
prices increase by 6 cents.

Chapter review

1

b

500 hours

D: {£10 <t <500},
R {A10<A<1350}

(0, 1350)

Area (m?

(500, 0)
time (hours)

782

A(5) =1336.5; after 5 hours,
1336.5 m? of surface area
remain to be cleaned.

Function; not one-to-one

Function; one-to-one
(linear)

Not a function: two
cylinders with the same
volume but different heights
will have different radii.

x = babies per woman;
y = life expectancy;
y=-5.89x+88.2

The scatter plot shows a
linear relationship between
the two variables; the
correlation coetficient,
r=-0.726, shows at least

a moderately strong
correlation.

When x =2, y=76.4 years.
Valid prediction because it is
interpolation.

m =-5.89; in the regression
equation, an increase of 1
baby per woman corresponds
to a decrease of 5.89 years of
life expectancy.

Graph 1, because it hag 4
y-intercept of 0.

Graph 1: gradient i; the
12

plane uses 12 litres to
travel 1 km Graph 2:
gradient 0.08; the plane
takes 8 minutes to trave]
100 km

T(d(x)) =20 + o.os(ijx

12
=20 + 0.0067x:;
T(150 000) = 1025 min
61 months
k=8%111
18 months

C(d) = 0.06d + 49

i Brussels: drive (costs
€74.20); Hamburg: fly
(drive costs €105.40);
Paris: drive (costs
€110.80)

ii Approximately €335

€40 000 at 1.6% interest

CA $24 030.29
0.15x

0<x<46605

T(x)=46990.85+0.205(x —46605) 46605 < x < 93208
16544.37+0.26(x —93208) 93208 < x <144 489

29 877‘43+O.29(x —144489) 144489 < x < 205842

47669.80+0.33(x —205842)

x>205842

One payment: T(162000) + T(122000) = 34 955.62 + 24 030.29

=58985.91

Two payments: T(142000) X 2 = (29230.29) x 2
= 58 460.58 Ian should choose two payments; he will save

$525.33.

15-3x,4<x<7

! (X): domain: {x Ix < 7}, range: {y ly 2 -6}

1
——Xx+5,x<4
2

flx) is not one-to-one; for example, f{0) = 5 = f{3.5). This can
also be shown using the horizontal line test on the graph.

Exam-style questions

10 a i m=§, i c=6§
b Positive
¢ 126.67
d 86.67

11 a 10 days

b {C:186.90 < C < 245.35)
12 a i r=0.849

ii Strong, positive
correlation

y=0.24 + 0.94x
b i r=0.26

it Weak, positive
correlation

Data does not show a
strong enough linear
correlation for a linear
regression line to be

valid.
13 a b:—i,a=5
12
b fx) =
5
9
¢ e
17

d /7'(x) is a reflection of
h(x) on line y = x so they
intersect when #(x) =x

14 a 4=3,b=05
b 27
15 a {f feR)
b {gf af>18}
.C x=i«/§

d gx) =2x2+96x+ 1170

Chapter5

Skills check
1 a1 » L2
3 12 12
NEVAS B
116 29 58

Exercise 5A
1 X
3
17
2 a — b E c 1
20 5
d e e El f 1 g 0
20 5 5
3 a 73 b 37
239 136
4 a ! b L
10000 10000
99 9987
c d
10000 10000
g L
4
6 1917.26
7 2
Exercise 5B
1 a l b l c i
20 5 20
PR S |
3 9 2
41
2 a 5 b —
127
c 3228
3 a 9 b El
4
. 2 . 1
4 P(Awins)= % P(Bwins) = E?
. 2 . 1
P(Cwins) = 3 P(D wins) = B

2
5 P(A beats B) =P(C beats D) = 5

Exercise 5C

1 a Independent (I)
b Neither (N)
c N d I
e Mutually exclusive

f N g I

2 a Mutually exclusive as
the areas shaded do not

overlap.
u

b Using the Venn diagram
from part a.

¢ Using the Venn diagram
from part a.

d Independent as neither of
the shaded sections for A
or B’ encloses the other.

e e

b ié—z c 1.286
7776
1

d —— e 3888 throws
1296

4 a 09 b 0.72 ¢ 0.9

11
5 a —3 b Yes
512
g 2
13
Exercise 5D
11
_5 2 116
351 175
3 a 0915 b 0.3115
c 170 d 0.6
4 04914 5 0.8
6 a 0.8831 b 23
Chapter review
1 0.6
2 a i b No
13

4 a 08115 b 0.5525
¢ 0.9025

’83




Sn+1 b n+l
2 5n+1

Chromosome inherited from mother
X X
g =/ X XX XX
o o
7 e = B =
S 23
S s E | Y XY XY
5 € &

There are two outcomes from a sample set of 4 which cause
female characteristics to develop.

Exam-style questions

8 a R b l
40 20
g a 0224 b 0.252
c 0.32 d 0.964
10 a Let J be the event that Jake
solves it and E be the event
that Elisa solves it.
PEIN=08 ¢ o =021
J
PJ)=0.35 PEH=08 E'PE'nJ)=0.14
P(/) = 0.65 PEN=08_ ¢ pp J)=02925
Ji
PE'|J) = 0.6 E'P(E'nJ') = 0.3575
b 0.6425 ¢ 0.4179
11 a 04 b 0.6 ¢ 0.75
12 a 9 b 2
48
¢ Because
32 25
P(Europe)x P(USA) = —x—
( pe)x P(USA) = BB
25 9
:——:/:—
75 48
= P(both)
13 a 2—8- b —7- c i
50 25 11
10
d O e —
17
7’84

14

15

16

0.15 b 0.65
0.15 d 05

Events B and C are not
independent because C is

a subset of B so if € occurs
then B must also have
occurred by definition, so
P(BNC) = P(C) # P(B)x P(C)
Events A and C are
mutually exclusive as they
do not overlap on the Venn
diagram, meaning that it is
not possible for them top
both occur together.

If A and B are independent,
then P(A)x P(B)= P(ANB).
P(A)x P(B) = 0.3x0.28
=0.084 #0.12=P(ANB)
so not independent.

Events A’ and C’ are not
mutually exclusive as

they overlap on the Venn
diagram, meaning that it is
possible for them top both
occur together.
0.3
a=0.72,¢=0.18
b»=0.08,4=0.02
0.26 d 0.0889 e 0.1

i They are not mutually
exclusive as they overlap
on the Venn diagram, i.e.
there are people who play
both squash and tennis.

i Independent

Chapter 6

Skills check

x=-4,x=2
b x=4,x=2

Exercise 6A

1 a x=—% b x=1
c =—4 d x=3
e x=100

2 a

Range -3<y<5

T

! ]
597 .98 .99.1

Lk

104

> X

100 200 300 400 500 600

Range 28.5 <y <75
(=2.62, 0) and (7.62, 0)
(0, -8) c x=25
(1.255, -9.88)
5.05m

31.75, ball travels 31.75m
horizontally

(0, 1), Zander hits the ball
when it is at a height of 1m
above the ground

431m b x=7.5

x=16.79, horizontal distance
shot-put has travelled when
it hits the floor

y=1.5, height of the shot-put
when it leaves Omar’s hand.

6 a
b

6m

x=10

7 a 4.68m

b (8.59, 0) and (29.8, 0),
horizontal distance from

c x=0andx=20; x=0is
position of the ball when the left hand side of the
Ziyue kicks it, and x = 20 is ramp as it passes through
the horizontal distance the ground level.
ball has travelled when it 8 a 80lm b 4s
hits the ground. 9 a 96m b 164m c 174m
10 a,b
7] 1 2 3 4 5 6 e 8

S, =15n— 2n?2 |13 22 27

28 25 18 / -8

c

28 d 7

b

32.5m ¢ 4.10s

Exercise 6B

1 a y=50—-x b A=50x—x2

(50,

T L]
10 20 30 40 50

d

(0.0)

(0, 0) and (50, 0)

f x=25

g (25, 625)

h 625m? x=25mandy=25m
y=35-x
b A=35x-x?

[19]] P
.;qgg:‘ ed o daemmtnnkslim
[0 ] (75, 306.25)
3004 S iae=diadiy i
;.imga: 5 Baaa faout|
(0, 0) 2888
=100 5

d (0, 0) and (35, 0)

e These are the two values

for the frame width which
would give an area of zero.
As such, these are the upper
and lower limits for the
width of the frame.

. 0+35

=17.5, passes

through the maximum point
of the graph, so gives value
of x which gives maximum
area of the frame.

3 a (Profit) = (income) — (cost)

P(x)=(-0.12x" +30x) —(0.1x* +400)
=(-0.12-0.1)x* +30x—400
=-0.22x* +30x - 400
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¢ The x-intercepts are the
number ot books which give
a profit ot €0.

d x=068.2, since it is
meaningless to produce 0.2
books, producing 68 books
will maximise the profit.

a a=6andd=10-6=45s0

n
5,=2(2(6)+ (n-1)(4)
=2(12+4n-4)
2
=4y + 20

b 2m>+4n-880=0

c n>20

After 2.6s

a iy=6-x i A=6x-x?
iili
10._'._... L L |

R b
iv 9m?
b i y=12-2xii A=12x—2x

| (evwz, ezzaan |

=400 4 (0, =

> €0

20100 120,14¢

T

iRy
|
|
=4
I

iii
AL I
2.0-

i y=12-x
i A=12x—-x2
jii
Axbeed bR
oh b i et e
e RS>, o
201
i il ll
..... 4 f
{0',]0)
ol [ £l
iv 36m?

v The design in part € will

give the maximum area.

Exercise 6C

[(x)=vx-4,
domain x =2 4, range y 2 0

FHx)=1+vx+2,

domain x > -2, range y > 1

f-l(x):\g—a,

domain x > 0, range y = -3

[ (x)=2+ /I—TX domain

x=1, rangey =2

R(p) = (175 -3.5p)p
=175p — 3.5p?

C{p) =1750 - 17.5p

P(p) =—3.5p> +192.5p —
1750

f{x) is not one-to-one if the
domain is xe R. Tt fails the
horizontal line test as it is
symmetric about x = 5.

xz-=5

W e e e e =

Lo S . e e

Exercise 6D
y=x>+3x—4
y==3x*+3x+6
y=2x2-T7x—-4
y=2x>—12x+22
y=-0.980x> — 9.80x — 12.5

o o A W N O~

a Substituting x =3 and
f{x) = —4 into the function
f00) = ax® + bx + c gives
—4=ax32+bx3+c
=9%+3b+c=-4

9=4g-2b+cand
-30=25a+5h+c

r=0.988 which is a

very strong quadratic
association, so equation
y=-0.0382x% + 50.5x — 3743
is a good fit for this data.

This equation only shows
the association between
the number of units sold
and the profit. It is not
linked to a particular
period of the year, so
could not be used to
predict the company’s
profits at a particular time
of year.

—sz +192
48 100
y=-0.00915x% + 0.303x

fix) ==0.12x% + 1.92x + 2

L 1 T L il

12 24 36 48

r=0.954 which is a

very strong quadratic
association, so equation
y=-0.835x% +47.7x — 282
is a good fit for this data.

Week 52 lies outside

the range of data given.
Using this data to make
a prediction for week 52
would be extrapolation,
and therefore unreliable.

4 8 12 16 20 24 28

16.6°C, since r=0.924
suggests a very strong
quadratic association, and
because 17:00 is within the
data range so is interpolation,
this is likely to be a reliable
estimate.

T 7T 1>
150 300 450 600 750 900

A correlation coetficient of
r=0.782 suggests a strong
quadratic association, and
therefore Cindy can use
this equation to accurately
model the bridge.

Since there is a strong
correlation coefficient
allowing Cindy to accurately
use this equation to model
the bridge, and also since
410m is within the data
range and is therefore
interpolation, Cindy can
use this equation to predict
the height of the bridge at
410m.
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(x=3)2= ((x=3) +3)2=x2 e Horizontal translation 2 Translation 0 maps 3x—1)2—>3(x-1)2+2
= horizontal translation 3 units right, curve becomes 15 . 0
-3 2 , N 52 translation ,
units to the left, Vector(oj y:z(_(x_ij_lj 45 2(x+2) —115 = 2(x+2)
2 Stretch s.f. — in y-direction ) 0
X2 — (x— 1)2is a horizontal 1 e 2 : , Translation 3 maps
translation 1 unit to the = 2(5 B Xj e maps 2(x+2)° = (x+2)
(2 3x—1)24+2 5 3(x—1)2 -1
right . 1 Vertical stretch s.£. 2 Translation maps o ) /
1ght, vector 0 crucal stretcny s.1. 2, 0 Reflection in x-axis maps 1,549, 0.369)
(X_1)2_>4(X_1)zisa curvebecomfs (X+2)2—->((X—2)+2)2=X2 3(X—1)2—1—)—3(X—1)2+1 T é = X
1 3y 1)2 ! i
| vertical stretch, scale factor 4 U= 4[5— Xj +10 a x?— (x— 1) translation ((1)] (S B bk |
1 Ax—- 12> 4(x—1)2+2 ,
| is a vertical translation of a x?— (x—2)2 horizontal (x—1)2— 3(x — 1)? vertical
‘ 0 ) 2 stretch s.f. 3
‘ 3 units up, vector (zj ranslation | | [ —
| ¥
A
| From part b, 2(x — 3)2 + 4 (x=2)2 = —(x—2)? a (tofor)(x)= t(—x)2 (reflection in the y-axis) ; (-1.12,8.121)
5 . reflection in the x-axis '
| — x? =1is a vertical B 29 lati 0 - ; : i
II translation of 4 units down, —(x=2)2 =5~ (x-2)? =(=x) +1 (wanslation 1 ) L (0,00 (3,00
- 1 -
lip] . 0 . 0 5(-2,0) 0
‘ il with vector , followed vertical translation : ) -1 s e O 2
- -4 5 b (sofet)(x)=s(x+1) translation 0
B2 by a vertical stretch scale b h(x)=13-2(x—1)2 =101
. 2 R . . |
¢ The coefficient of factor 1 followed by a ) =2(x+1)" stretchs.f. 2 in y direction NS
regression is 0.999, 2’ Y == | ‘ i
. (1.786,-16.418)
which indicates the data horizontal translation ¢ (t oso f)(x) = (t o s) x° =20~ : :
I lellzziggfrf;sgé f(";lli?rl‘:fjre > to;he SR =t (2x2) stretch s.f. 2 in y direction
- . o ' vector L (X)2 = (x — 2)2 _ 0
I it is entirely appropriate 0 —92x?+1 translation
to use the model function ; lati : 1 -
found in part a is a translation 2 units to . h
: the right, with vector [ZJ d (fosor)(x)= ((S ° r)(x)) (0,20
i 0 i
HeBise (2-x)2—>-(2-x)isa = (S(—X))2 reflection in y-axis
reflection in the x-axis, — =(-2x)"  stretch s.f. % in x-direction

2
1 a x*> [ij = horizontal
2 —2-x)2>2-(2-x)2

= vertical translation of

ii Range2<y<1l1

stretch, scale factor 2, i x2— (x—2)2 horizontal e Vertex of f(x) =x*is (0, 0): part a: (0, 0) = (0, 0) = (0, 1); . (-0899,0)

2 2
0 . e ) . . " l T L}
2| 52| -3 = vertical 2 units up, with vector lati 2 partb: (0, 0) = (-1, 0) = (-1, 0); part c: (0, 0) = (0, 0) (0, 1); -4 -2
2 2 2 transiation | part d: (0, 0) — (0, 0) = (0, 0) = e
translation of 3 units i : 5
0 (1 (x=2)25~(x-2)
down, with vector ( 3] 2 a 2(x+3)° b X . reflection in the x-axis 9 a i (4 1) Exercise 66 5
R 1 2 —(x=2)2—> 11— (x—2)? E_E "
b 2(x—3)2+4 - 2(x—3)? o [—x+2) 4 2-xP+1 X i (8, 1) 1 A
| = vertical translation down 2 vertical translation [1 J - i
0 - . 1
4 units, with vector ( ], 3 a (L5 1 s b i (EX _3]
. b y(3)=2(33-1)2+5 b g(x)=5-5(x~5) i
2()(_3)2_)1[2(,(_3)2} f2X4+5=13 $0(3,13) g Need to reverse the ii [lx—BJ These are the
2 lies on the curve. transformations, in the g
=(x- 3)2 = vertical . 1 (l 10) i (0, 26) reverse order in which they same equation. | _ L N/
B ’ were applied. : = Lblggd sl ]
stretch scale factor % PP (Q.528,-9.3%5)

=2 (—(x) — 1)2 o
d y=2(=0)-1)"+5 Translation by [ i) to take
h(x) = g(x)
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ANSWERS

A

AL,

o

(3.73,410.)

790

1, 0), (0, 10), (2, 0) and

5, 0)

(
(

b (0.268, 10.4) and
(

3.73,-10.4)

¢ flx)=—x>—6x2—-3x+10

a High=24.7°C, low=19.2°C
b 20.7°C

¢ 11.7 hours

d The function descends

rapidly after =24, so is
not a realistic model for
the temperature when

t < 24. As such, the model
would not be helpful to
predict the temperature
at 01.00 on Wednesday.

—9.48 < f(x) <0

10 a

10000 {8,433, 9259.259)

Length = width = (50 ~ 2x) ¢m,
height =x cm

Volume = x(50 - 2x)?

0<x<25

6000 -

4000 - ‘

-ziécso i 4380 £

| R 1 Bl O
E2E5] ({60 Ve et S B i

| (S5 EREN ARER D MU £

5 10 15 26 25

_.n?_..__s_ Edling aihmd B I |

e Max volume = 9259 cm?
when x = 8.33 cm

11 a 31.2°C

b Lowest max in October,
highest max in April

c 2045

d July

e July is midway between
April and October. The
max temperature in July
is roughly equal to the
mean max temperature
of April and October
suggesting the temperature
falls uniformly between
April and October.

12 a

} |
| |
122)

)

s
(6, 2,249
|

3

T (“{-755,141?}
| | | K

b

c

3¢

RAFTHEN SR Shake I b

1.427 < flx) € 2.722.
Length = 6, height = 1.295

13 a

a7 R raRe
z | e 5"£'TTT}"I‘ 5 ) ' 5 = S S
! el (AP, 0y (18 1i603)
{6, ) ] Baishir R d i
16 Ferle o ey
+ J { a8 ibG . Ly aa)
S e |t

b 13m

c 2.117m

d The model function needs
to be translated 24 units
upwards, in the y-direction.
This gives the function

1 7
ey et 2
81 27

49
y X" +—x+24.
36

b (0,0)

¢ Maxat (1, 4) and min at
(3,0

d 0<flx)<4

e g =-fx),
h(x)=3 1 (x),

1, > 9
Xy=——x +3x"——x—4,
g f=-5 b

0<x<4

15

Y
b B T M s

A positive coefficient of

x> means that the graph
increases to a maximum first,
descends to a minimum, and
then goes off to infinity as x
becomes large.

A negative coefficient of

x* means that the graph
decreases to a minimum
first, ascends to a maximum,
and then goes off to minus
infinity as x becomes large.

The constant term
determines the value of the
y-intercept.

Function is one-to-one
along its entire domain,
so invertible for xe R

Function is one-to-one for
x> 1.618, so invertible for
x>1.618

Function is one-to-one
along its entire domain,
so invertible for xe R

Function is one-to-one
along its entire domain,
so invertible for xe R

16 7.85cm, 24.3cm and 44.3cm

Exercise 6H

1

h(t) = 0.007588 + 0.15412
—1.662t + 6.227

2.5m
h(t) =0.245t—1.936t + 6.355

The cubic function is a
better model, but only by a
very small margin.

-
15 4 -
& L] 1 e
104,
-
5 4 *—
T T T T T X
0 5 10 15 20 2

0O 3 6 9 12 15 18 21 24

12 9 5 4 8 13 17 16 13

T(f) =—0.008488 + 0.335¢2 —

3.1621+ 13.283

The shape of the points in
the scatter diagram follows
the general shape of a cubic,
as it has both a minimum
and a maximum point. The
coefficient of regression is
R?>=0.915 which is very
strong, and confirms the
observation.

Using the model to
approximate the temperature
within the times recorded

is interpolation, and the
model would be valid for
these times. Using the
model to approximate the
temperature for the next
day is extrapolation, and the
model might not be valid for
these times.

.

g

200 Ll

150 et -
100 . - . H et gy

50 4

> X

et
0 2 4 6 8 10 12

>

1 2 3 4 5 6 17 8 9 10 11 12

=

24 62 103 152 209 245 232 191 146 123 96 58

y=0.153x% - 9.15x% + 98.8x —

87.5
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The scatterplot shows that
the data appears to have
only one vertex. This could
mean that the data is in
the shape of a parabola,

in which case a best fit
quadratic curve would be
appropriate, or it could
mean that a portion of

a cubic curve might be
best. The coefficient of
regression for the quadratic
curve is R? =0.909, and

for the cubic curve is
R?=0.914. This is marginally
better, so use a best fit cubic
curve.

We do not know whether
the data will continue to
behave like this cubic
function in the future, so
the model is not useful in
predicting the number of
future cases.

T T T T X

2 4 6 8 10 12

1

2 3 45 6 7 8 9 10 11 12

53

82 104 91 83 68 52 41 35 45 56 71

y=0.504x3 — 9.57x% + 46.4x

79

+27.2

By observation, the shape
of the points in the scatter
diagram in part a follows
the general shape of a
cubic, as it has both a
minimum and a maximum
point.

The coefficient of
regression is R2 = 0.947
which is very strong, and
confirms our observation
from b. A cubic model is
appropriate.

2

5

i y=-271x+18.7x—7.40

i R%=0.902

il y=0.5x>—-7.96x>+ 34.5x
- 20

iv R”2=0.955

Cubic model

A particle moving under
gravity will always follow

a parabolic path, so the
quadratic function could be
a better model.

Max value is 0, at the two
end points

(0, 0)

A quadratic model might
be appropriate as the ball
follows the general path
of a parabola. However,

it seems that the path is
not quite symmetrical
about the vertex (which a
parabola is), so a quadratic
model may not be
appropriate.

A cubic model does not
need to be symmetric about
a maximum point, so might
be a better model.

The theory does not take
into account air resistance.
When air resistance is
considered, quadratic
functions are not wholly
appropriate.

By plotting the points

on a scatter diagram, it
appears that the F-hole
approximately follows the
shape of a cubic curve, so
could be modelled by a
cubic equation.

y=-0.00716x>+0.197x% —
1.69x+8.97, 0<x<16.5

The coefficient of
determination is R = 0.991
which is very strong, so this
model is appropriate.

14 |
o T T
2 4 6 8 10 12 14 16 18
—

10

1

Best fit cubic curve gives
minimum at (6.84, 4.34) and a
maximum at (11.5, 4.70)

c

b

144m b 5m

Roller coaster descends
139m, so this is the
greatest vertical descent

6 3.1 %
0<x<12
2.54 months

t=9.46 months

Parts of August, September,
October and November

Exercise 61

i R=2.1v,R=1.0512

Linear: R(3.2) =2.1 X 3.2 =
6.72, R(4.0)=2.1x4.0=84

Quadratic: R(3.2) = 1.05 x
3.22=10.752, R(4.0) = 1.05
x4.02=16.8

Linear model much more
likely as the sum of squares =
of residuals is much smaller
than for the quadratic model.

d R=1.59v1:358

0.809 which is much smaller
than sum of squares of the
linear model, so relationship
between vand R is likely to
be a power function.

a d=k t=2,

d=9 = 9=4k = k:%,

dzﬁtz
4

b d(S)z%sz =56.25m

c 26.01 :2t2 =t
4

= ’%x26.01 =3.4s

1570.83g

Sum of squares of residuals is

b 173827kg
¢ 7.87m
7 a f"(x):\/;,xzo

b (x)=Yx

c f (x)=§/§

[+
T
Y A
10000 -
(-2|8192) (2,8192)
8000
60001
4000
2000
r T T 5 T T > X
3 2 4 1 2 3
O
0<y<8192
5 a
- 4
YA
2500 4-
L ]
2000 A !
1500 4+ v
1000 et
5004 .
L]
—r ! | > X
0l 9 4 6 8 10

1 2 3 4 5 6 7 8

4,19 335 113 268 524 905 1440 2140

b V=4.197300

¢ R?=1 so the power model

fits this data perfectly

2000 A

1500

1000 -

500

1 2 3 4 5 6 7 8

4,19 335 113 268 524 905 1440 2140

Power function is a perfect fit.

e 4190
f 4188.79
6875
BEET)

Exercise 6J
1 V=4Pa
2 8
3 a

f T T T X
3 2 1 2 3
—I—Sf(x)<oo
8192
1
4 a — b 0.171m
250
793

Yo

100+
50+ - i | |
(-3, +0.004) (3,0.004)
™1 T 1”4
-3 -2 1 2 3

—oo < flx) £-0.004115 and
0.004115<x < 0

b
R U
y A
300
200
; 100_. A . I. :
1~4,G.O’16! (4,0.0]6);
b ¥ : T t T X
% 4 29 2 24 &
2100 -

0.016 <g(x) <




5 a 6 a
-———————— | K 4ol
YA o
4000 25000 -
3000 - L 20000 : '
L]
2000 = 15000 =F ™
‘ 10000 N
1000 A i T
e | | o
T T 1‘ : : = > X 5000 I |
Ol 10 20 30 40 50 I
= of 5 6 10
|10 15 20 25 30 35 40 45
Yy |3232 1434 805 513 535 259 201 159 X 1 2 3 45 6 7 8 9 10
b Follows general shape of D aD oD > S S A
et o mE ORI
an inverse variation curve
c I= 261320 b The price of a car does
P not vary with age in a
d R?>=0.975 which is a linear fashion. If it did, the
very strong coelficient value of the car would be
of determination, so the worthless very quickly.
inverse variation function ¢ The depreciation of the car
appears an appropriate is quite a lot in the early
model. years, but levels off as the
e car gets older. An inverse
[ — variation function could
7, model this.
4000 A
d P=23688; 046253
3000 e R2=0.939 whichisa
2000 A very strong coefficient
o) of determination, so the
inverse variation function
B T > X appears an appropriate
10 20 30 40 50 model
{10 15 20 25 30 a5 40 45 f
¥y [3232 1434 805 513 535 259 201 159
f 125lux
T T l T | > X
O 9 4 & 8 10
| 12345678910
>, DD D N AL
Y| P a0 P Ve Al o A
SO FIET P
This model fits the general
shape of the data well. There
are a similar number of points
above and below the curve.
’94

4000 = 23 688t —0.46253

Solving using GDC or
logs = t=46.8 years

Invertible for x > 0
Invertible for xe R

Invertible for x > 0

fx)=-—=
0=
(=7
1

1
— — ——, translation by
X x—1

1
vector

1
—_—
x-1 x—1

, stretch in

y-direction s.f. = 2

2 .
e , reflection
x-1 x—1
in x-axis
2 2

x-1 x-1

0
translation by vector (3}

1 .
— has vertical asymptote
x

at x= 0 as the function is not

defined here

1 .
— has horizontal asymptote
X

1
aty=0as ——>0asx >
X

3- SEa has vertical
x—1

asymptote at x=1 as the
function is not defined here

3— =L has horizontal
x—1

asymptote at y =3 as

2
— > 0asx > w
x—1

10

11

1—

The same transformations
which map fonto g also
map the asymptotes of f
onto the asymptotes of g.

2 2

x-2 x—-2

0
translation by vector ( J

2 R .
— — reflection in
x-2 X —
X-axis
2 1
— Stretch in
x—-2 x—=2

1
y-direction s.f. N

1

1 .
— — translation by

x—2 X

-2
vector
0

b

i The shape of the demand
curve resembles that of an
inverse power law. As such,
it must be true that 7 < 0.

ii As N gets large, this
function suggests that a
small percentage of the
market might still buy
the product, unlikely to
be realistic when N is
unreasonably large.

k=57, n=-1.066

Chapter review

b
2 a
b A=200x-—x?
c
K s i
y A (100, 10000)
100004
8000
6000 7 a
4000
2000+
| | (200, 0)
T 0 T T T > |
-10 50 100 150 200 250
-2000 : R
d (0, 0) and (ZOQ, O.)f 5 5 sk \Eé_
represent the limiting B L I e —
values of x for which the b 52.5 ¢ 465
picture can be a rectangle.
d 70,2004 e 25,6 2017
3 a3 (0.-7) f 2001
b (=7.0)and (1,0) 8 a m=80t b 160 miles
& e ¢ 3.75 hours
d (3,-16) 9 (-3.41,-0.204) and (1.91, 2.45)
4 a (0,1.9), stone is thrown 10 "
from a height of 1.9m :__:'g'i_
b 10.025m ETAREEH b
¢ 4s ;
e
5 a i x=2andx=4 52 k il
i x=3 iii (3,-3) _44& 4 ;
b i x=-landx=35 i = s
| (0-'-5:?\/ £
i x=2 i (2,-36) R Eaans tveinbrant saapLoon
Minimum occurs at vertex,

where y = —4, maximum value
occurs at x =4, and is f{x) =5
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230.31 mm
October

The mean rainfall occurs
much nearer to December
than to February. This
suggests that the majority
of the rainfall occurs
towards the end of the
year, confirmed by the
shape of the curve, which
is concave-up.

205.701
a=—"— c
t2
d
203 s
;3 e
8 , 16
X)=——x"+—x
flx)=—5x+=
a n=-4,k=512
b Same results as part a
14 0438 <x<4.562
15 a BC=60-2x
© b A=60x-2x2 19 a
c
-y
yll
80071 (15, 450)
200 -
R~ S S A
-10 10 20 30 40
-200 - -

Max value of the area is
A =450 when x = 15.

16 a 12m
b 17m
c i 17=-+6r+12
ii f=1lor>5
d i x=3
i 21lm
17
.
i, 1]158)
(0; 1) (1:1)
0) (0.608, 0.472)
T i:X
0:5 11'5
' 2000
- L |2.1536)
](—1,—1) 10004
415 -
[ T 0 T !rx
-1<y<1.158. -3 -1 1 3
y _1000- =
18 a 126mm (3 s.f.) (-2,-153p)
~=2000 -

b Greatest in December,
lowest in February

796

—1536 < h{x) < 1536

20 a y=-0.00489x> +29.6x
59561x + 40004 542

b Using this model to predic;
future gasoline prices
would be extrapolation, sq
the model may not apply
outside the given domain,
However, this model
does not suggest drastic
changes over the 10 years
after 2017, so it may well
give a sensible estimate of
gasoline prices, at least up
to 2027.

¢ 31.35 Euros
21 a

y

o2 -
(-3, p.037 (3,-0,037

s

EEENEZER

b

—co < ¥ <-0.037 and

0.037<y< oo
b
4.
(-4, 0.004) L(ll, 0.004)
[} + T 0 T k ¢ = X
-6 -4 -2 J 2 4 6
=2
0.004 <y < oo
c
N i
y
~
+ ,2._
t I |
(-2,-0.016) (2,0,016)
i B e
3 2 X% 1 2 3
N1 4
Lo -

—o0 <y <-0.016 and
0.016 <y< oo

22

Exam-style questions 2 a

0.72 b 10.8
c 42
3 a x={-1,0,1, 2},

t=10s

b Reaches max height at y=1{4, 1, -2, -5)
t=>5s
b f{12)=1-3x12=-11
c 126.7m
c
d The displacement-time )
L3
graphs for Paul’s bullet #5-9
is a translation of Peter’s -
graph by 0.1 m in the S
y-direction. 4 a3 2
23 a D=b —4dac=k>-36
i k=6ork=-6
ii —6<k<6 4 a 96
i k<—-60rk>6 i
Exercise 7A
b D=0b%—4ac=k>+ 36,
which is always positive, 1 a r=2,u,=320,u,=5x2""
so there are always 2 b r=-5u,=-1171875,
To0ts. u,= (=3)(=5)"!
24 a (3,7)
) c r= \/g u,= 276,
b Domain x > 3; Rangey >7 -
¢ Domain x> 7; Rangey > 3 - =2x (V3)
25 a (50, 12.5) b (20, 26) . ri% : ,é L % n-2
c x>734m T3 T T3
I
26 a 7.07s (3s.f.) b 12.8m e r=10,u,=2Xx 109,
c d=5m M”=2><10”*l
27 1113 or 1311 2 a r=2u =2x2"!
n
28 a k=-5 b /=5o0r1 b r=1.5u, =32x1.5""
c r=3s5=4
¢ r=3,u,=1x 31
d a<0,b=3c=4 -1
4 o2, 212
29a a=9 b=-10,c=11 . U Y
b The point does not lie on e r=3orr=—3 y =-2x 3l
the quadratic. .
c p=1l,g=2,r=4,5=3 f el
245 245
| 30 4m r=3,—;u,=13.5x3|—
[ 9 9
| 10

3 a r=—=5, sou3:2><52=50,
2

| Chapter ? so, geometric sequence
| b 31250
! SKillSicheck ¢ 2.6 x102%%% not a reasonable
| 1 a 5 b b answer as the total population
a of the world is less than 10'°
le.
e ¥4 people
e Jx°

Exercise 7B

1 a 223000
b 349801

¢ No, too fast. In just 4 years the
population almost doubled!

2 $244

3 €33079
4 a €10222 b 8.59 years
5 a 1.125 b 0.27
c 0.89 d 1.001
6 a 1.69m b l.61m
¢ 1.77m
? a 15.43 billion
b 4.73 billion
¢ 35.54 billion
d By 2029
e 0.36%

Exercise 7C

1 a 753acm b 23.85cm
2 a 12.3 million

b 63.28 million

¢ 350.89 million

d 27 hours
3 a 1.062 b 3.29 billion
c 193.5%

At least 10 years

e It will soon reach scale of the
population of the world, so it
can no longer grow as fast.

4 a r=2 b 768
c 9 d 20
5 a 976562

b 479275 ¢ 3.55

6 a 0.998 b 30.ls

c Yes

Exercise 7D

1 a Series diverges
b 2000 000

¢ Series diverges d 1

797




5 €6000

6 a 6.14% b 6.17%
? a 03% b $20060
8 a 0.6% b $2012
Exercise 7F

1 a $111.02 b $5742.60

2 a AED 67147
b AED 21869.80

3 a TRY 951 026.40

b 542.5 months, or 45 years
4 a €178.12 b €2078.60

5 Yes

Exercise 7G

1 a i (0,2) ii y=1

iii Increasing

b i (0,-3) ii y=-3

i (0,1) i y=0

Increasing
i (0,3) ii y=2

Increasing
i (0,-2) ii y=-5

iii Increasing

i (0,7) i y=3

iii Decreasing

i (0,4) i y=-1

iii Increasing

i (0,1) i y=-1

ili Decreasing

2X16+5 b 7XxX8+2
22 b 6.6 hours
S5,(f) =14+ 10 x 1.2

L}

S, (1)=12+10x1.2 2

S,(t)=24+20x 1.2

r=é b 5
7
6
r=—
7
u1=4
u2:4.2:1—0
6
10 5 25
u}:_ = -
3 6 9
c v1=4=16
(10 > 100
V2: _ = —
3 9
2
25 625
V3: e =—
9 81
100
9 25
d wew o o
16 36
— Vl
e % (new) 1—r
16 576
S =
1__5 11
36
576
¢ 112=L
24 11
4 a 15m b 1.125m
c 083475m d 0.75
e No f 8m
5 a 8n b 4n
¢ 12n d ~
2
e 15.5n f 7
g loén
6 a 0.792m b 7
¢ 5.07m d 9.09m
Exercise 7E
Oswald
a 68512NIS
b 22.005 years
¢ 3.52%
3 a 51% b 8
4 6

798

iii Decreasing
Exercise ?H
1 Growth
y-intercept | asymptote | ordecay | Range
flx)=e*+3 (0,4) Growth (3,0)
f)=2e*+4 (0,6) Decay (o0, 4)
flx)=10.2e03 -2 (0,0) Growth | (=2, )
fix)=5-2e* (0,3) Decay (=0, 5)
2 a
c

T(0) = 80.4

It corresponds to the
initial temperature at the
moment it is removed
from heat.

Decay

A hot cup of water will
cool down and thus its
temperature will fall.

24.5

The temperature of the
water will tend towards
the temperature of the
room it is in.

24.5 < T < 80.4 The initial
temperature of 80.4 falls
towards the temperature
of the room, which is
24.5

Exercise 7l

k=0.15
64 825
63

952 kg
413.74 kg

¢ 2.079 min
d 6.908 min
3 a y=-3

4 a a=5000 b 0.1

c 40
5 a | ) | | H 1
T T T I T T T
7,50 05 1 15 2 25 3 35 4
*
745 | i The graph shows
) 7'20 ST exponential growth. The
8735 &t !
535 3 i ' domain is all the positive
72541 i | real numbers, whereas the
£ h 3 {1 | = E
R E R R E R range is y 2 200.
month
? k=0.15 b 64823
b Itis an increasing set of
points 33
8 =5000 b b=-0.1
¢ CZK(f) = 4.08e0004 + 3 135 .
T=40
d 0.446 1
9 1000 b k=—
e 2
750 16000 d t=10
7.45 .
7.40 Exercise 7J
81735
=20 1 2 b -1 c 1 d -1
7.25 &
7.20 #—7—1 : —T- . T T T 2 f l g __l
0 1 2 3 4 5 86 1T 8% 9 101 2 2
month
f 91 months, or 7.58 years 2 1 b 2 c log(38)
6 a 2 e 111(3)
1In(0.3) 0
3 log (x?) log/x
- log (x3y?) log (13]
y
In(x2) log 100x
ln(iJ
b Follows a geometric vz
sequence with common
. 1 1,
ratio 2. 4 In| — —e
2 2
c u = 200-2" d 566
799




. ) 1 1
Exercise 7K 6 a 18 | 4.63609 1.90795 g For many shirts the Chapter review ¢ logVx = —logx=—p
. Y a T VEIEEE L8836E behaviour may be different, 2 2
! 1 a i log(3) : 504, : - as in the cases analysed for ta 25 d logx?y® =2logx + 5logy
i log(75) S — i1 20 | 438881 I geometric series. b 1220.70 =2p+5q
i In(5) 5 ¢l | 418013 1ac216 _J h i oxemy=S_c ¢ 2033.17 e log(¥) =ylogx= 10
bt 8041 =ny=
b i In(s) T 22 | 434694 188138 | ) 2 US $184.71 &
. . e 1 23 | 4.43072 1.90255 i a=552—In(a)=4.01, . f 10g0.01x* =log
' i log(4) | ' i b=0.742, similar to 3 a 10% 100
] , T 24 | 450051 1.91381 TR ) i
] (8j | ne 25 | 462531 | 191222 fimeazam oSt b 272727 euros = logx ~logl07=3p -2
i In| = | i ] | _ : :
’ 40403020109 10 26 | 455558 | 1.9058 5 a v ¢ 013076 curos 19 a6 fame
2 a log (o) ' g 1 4 a 11 b 2.53m (3s.t)
— 12
’ Horizontal asymptote: b y=0.07%0g(x) + 1.54 " b 177 146 ¢ 19.5 years
2 —-_ . —
2 y=-6, (In(3), 0) ¢ a=34.86,b=0.079
| b ln(b) 10 5 a UK£9652 20 a i 6000 i 12000
| b (x) 50 l(x + 6] d In the power model we get 9 b UK £9787.13
l X 2 a=35.4, b=0.077; they 8 40000
i ¢ ool X 6 a SGD 3453.80
g 5 . are pretty close 2,
¢ Domain: xe (-6, ), b 21.76 years e e’[éooo)
| x range: ye R 3 a In(g)e{l.6, 3,34, 3.69 391} b a=4.5and .
‘ i 3 a X b ; i hb=129-2%x45=3.9 7 235% d 0.315 (3s.t)
Exercise 7L
J : Exercise 7M B US§T3.67 ELSE = 2 =2
c X4 L 1 a B=1584.89, G=3981071, g . ) .
I| y x* G is 2511.88 times greater 1 a g : b i 4374 i 6560
I 10 a 42 296 =
than B 100 ¢ n=13
! 4 a 2x+4
| — 1017 = 80 b 6.116 years i el
| b Vertical asymptote at B EIOMiefy oby 0 == B0 1o 0 60 22am T iagpsigra
J—y=10101=1.259 x 10° b 11 a 95°C
X:_z, (_1’ 0) T T 1> 40 r" =1
. ¢ Yes 25 3.0 35 4.0 45 50 . b 32.95°C i S, =a 1
e
2 a ¢ In(a)=172b=0.44 ¢ 7.46 minutes ; . 3
0 5 10 15 20 b v isan arithmetic
GNI-Log LE-Log d g(t) =5.61e04% d 21°C progression
float64 float64 , b When 12a y=16
e 5.38min 100 . T, =2 (2loga+(n-1)]
1 |462408 | 190687 £=0-> f(0)=—F=9.09%, b (0, 20) ¢ T,=-(2loga+{n~1)logr)
4 a 1000 .
2 | 459406 1.80417 the initial recforded . 13 a 1101 d T +logS,
3 | 4.14551 1.8704 b In(S—c)=hln(n) +1n(a) percentagiolpeome W\:\tzlfl b 10.13, so after 11 days ,
4 | 428623 1.88705 . access to the ntle(r)léet. en T T 23 a r -2
= = 4.38525 1.89098 t—>w—> f(t)=—=100%
5 a f7l(x)=log(x+3) 3 () 1 . b 16.11, so 17 weeks 1
b Vertical asymptote: 6 | 462634 1.90255 we are getting asymptotically ) b ro_L
=3, (=2, 0) ’ > | 231869 188252 to a state where everyone 15 a 5Xx2"-5 2
’—1 ! 8 458546 1.90472 will have Internet, at least b 5Xx4"-5 ¢ Sum to lnﬁnlly cannot be
F00 4 : . . according to this model. 16 $9905.5 1.
e ] | g 455206 191169 s equal to — times the first L
/,/ ¢ 4.6years d 99.9% term.
/254 | 10 | 460173 1.9058 ; i (] e _Llntm 1 > w2140 Exam-style questions 56 & £95.09 h
5 ; X 11 | 441647 1.9058 e A ks N 8 Bolles o Pt
12 3| 12 12 | 4.30664 1.87506 b 106934 :
ik L 13 | 452153 1.90634 d In(a)=3.99,b=0.75 107000 b 1.73 years (3 s.f.) ¢ £84.69
{ c
=5.0- ' — =
14 451468 191381 ¢ h(l)(i 11%%(())) 2405 % 5 P 15,5 708 el 003 ¢ 5.76 years (3 s.f.) 25 a Scheme 1
¢ Domain: xe (3, o) 15 | 425001 1.87274 e ai= = ' b 10832 ,
S 6715.61 k=0.346 18 a logxy=logx+logy=p+g -26 euros
range: y& R. 16 | 4.29425 1.87099 f $6715. ) . ¢ No, scheme 1 is still better.
17 | 4.80895 191116 b 39898 b log==logx—logy=p—gq
¢ 33.5 weeks Y
800 801
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1

1

2

Chapter8

Skills check

a,b

T X

4 N\§

Exercise 8A

n oy Un s

6 12 2

51 7
3 6

60° b 240° c 108°
540° e 57.3°
14.66m b 51.31 m?
21.2m2 d  30.1 m?
8.1cm, 31.5cm?
7m, 30.1 m2
24.cm, 19.64 cm?
56.4° b 4.41 m?
11.08cm b 6.92cm?

7.36

a

Exercise 8B

0 bl ¢ 0 d O
-1 f-1 g -1 h O
i x={10°, 170°, 370°, 530°)

i x={17.5° 162.5° 376.5°,
522.5°)

iif x = {160°, 200°, 520°, 560°}

i X_Z_nﬁertBn
5'5°5 "5

i x=1{0.3, 2.84, 6.58, 9.12}

T 37T 51
i x=4—,—,—
2 2 2

3 a i
i (0.94, 0.81), (2.65, 0.47),

(0.51, 0.49)

(6.07, -0.21)

b Once the y-coordinate
of points on the lines
is greater than 1 or less
than -1, the line will not
intersect the curve again.

4 a On the unit circle the

y-coordinate of one of the

angles is the negative of the

y-coordinate of the other
angle.
b i 30° i 150°
¢ i Using the sine rule:
sin (20) sin (BCA)

3 5

— sin (B@A] =

i 34.8° i 145°

6 a i ﬁ ji l
) 2
o1 3
i — iv —
2 2
b i L i L
2 2
B NE)
i — v —
2 2
7 a i 22 i 242
3
b il i ————2\/5
3 3

SSin(BéA]

8 a 4
2
1 2
b i — i —
V5 J5
¢ sinx <0, cosx 2 0, cannot both
be 0, hence 2sinx # cosx
Exercise 8C
1 a i 3 i y=3
3
iii 2 iv ——
b i 4 i y=0
2
i v 2
3
c il i y=-1
iii ™ iv -1.71
2 a y zzsin(zx) +1
2
b y= Z‘SSin(Exj -1
3
. N E
3 a i y= 45111(5()(—0.5)]71
. (=
i y= 351n(—3—(x—2))+2
. T
b i y= 4COS(E(X—1.5)j—l
T
i y= 3COS[;(X—3.5)]+2
¢ Ir
2b
4 a Tohave a scale, to represent
date as a single ordered
number
b Hour + s second
60
¢ f(t)=1.5sin(0.017¢+ 1.67) + 6.4
d Notice that 02-Feb-2019 is
day 398 in our scale. Hence, |
f(398) =7.35 =7:21
e Good fit, it cannot reproduce
anomalies
5 a b=2513
b 0.001ls

S =4sin(800m(f— 0.001))

c

Looks like a sinewave which is
on counterphase with roughly
half the amplitude

— 51
— 82
— ST

= 0

-2

-4

0.000 0.002 0.004 0.006 0.006
t

a == 51
sete 39
— ST
6
4
2
5 0
-2
-4
-6 T T T T >
o mn o el o
S o D i~ =]
=1 =] =] < =
o =] =] =) <
t

b max=4.97=5,
min =—-4.97 = -5

c i 5 i 200

d S.(f) =5sin(200
(t—0.0004)) +0

a a=1.65d=2.45

b take the mean between
the time difference on
the highest and lowest
tides to get the period:

1
P==((15-15-3.033
X )+
(21.32-8.9))=12.27.
Hence, b= L 0.512
P

c -0.034

d fif)=1.54sin(0.518(¢ - 0.03))
+ 2.5, similar to model by
inspection of the table

e l4m

Exercise 8D

1 a 1.710r0.29
b x=5o0orx=-1
¢ 1+-i d =+/10i

2 a —-5+8i b 8—-i

4471 d

c S—12i
13
e —2-2i ¢ —69+58i1
13

3 2414 hence, x> —4x+5
== (2+i)x-(2-1)

4 p=-6,4=10

Exercise 8E

1 a r=8,6=90°
b r=7,6=180°
c r=12,60=0°

d r=50=270°
2 a 3.61,-0.983

b 5.39,0.38

¢ 3.16,-0.322

d 4.47,0.464

e 5.39 -1.19

f 3.16,-1.25

3 a 4\/5Cis[£j b A4cis &
4 3

c 6Cis[—zj d 2cis r

6 6

e Sﬁcis il f 14cis[—£]
4 3

4 a 15+259 b —-2+3.46i

¢ -1.72-i d 4.61+1.95i

e —0.776+2.27i
f 3.14-2.14i

Exercise 8F

1 a a:ZCis[Ej,b:\/Ecis(g)

3

e 2cis[—£)
6

b i 2v/3+2i i 1 iii -4
iv —4i v 1-1
n=1{5,15, 25, 35, -~}

in

a 2e?

b (3, 3)in the Argand diagram

c
A
g
—a— U
1 |-e-v
6 - 5
—a— 3
Z 44 |—b
§4
9
0 T - T T >

Re(t)

d u stays in the same line as
a and b, v is a projection
to the y-axis and s is a
projection to the x-axis.

Hz=x+1y, then z+ =x —iy.

Thus, lz#|l = |zl = r and
- Y
arg(z ) =atan| —=
¢(z') = atan[ -2
_ Yl_ _
= —atan (—] =-arg(z)=-0.

X

Hence z* = re719,

ei™ = cos () + isin ()
=-1->e"+1=0

a Re(z) =Im(z)

b i =1 i =2

¢ Imaginary crossing:
z,=0+1, real crossing:
Z, =2+ 01

z, =[l+9]e”’r
i

z, =[2+£jem, z, :(3+§Jem
n T

Izl =lz,I=1, Izl - Iz, = 1, this
relation will keep the same
as the spiral is growing at a
constant rate




i Exercise 86 b Longest dayis 12.03 + 12 3242-8cm F % 9 } 9 13 1 - Exercise 9C
| . 4.32=16.35 hours (or 16 3 a 3W= 6 u +A 1 a Not possible because the
1 gfl;t?gophase differences be 0 hours 21 minutes) and 13 a 9 6 -3 -6 3 3 -1 number of the columns of
110di 0'0 110°cis 60° the shortest day is 12.03 w? a R - Wis undefined since —Ou+i=-8 matrix A is not equal to
' RN as —4.32="7.71 hours {or 7 wl | dimensions of R are not _| 8 12 1224 =12 the number of the rows of
| =110+55+ 55\/3_1 hours 43 minutes) equal to the dimensions -10 4 —6u+31=-10 matrix B.
=165+55J31 ¢ The longest day occurs on of W. 3u—-A=4 B4 9 4 12 '
NS day 172 = 21 June. The 5 il S S PR ° 4 1 4 i
=110V3 7+51 shortest day occurs on day b 4U+S=[28 29 1 CHESAET Tt el 12
363 which is 29 December. -9 10 =2 : ;
=1104/3 cis 30°. 1 not a square matrix.
| So the voltage output will be Chapter review 2 1 - 1 Y- [0 3} Exercise 9B d B [1 1 —SJ
, r_ty-= =
I 1103 V (with a phase shift 1 R A = i I il S 3 2 4 8 -4 1 3 -4 3
o
| of 30°). 2 a 114 b 7 e e RSN e 1t a |13 16| b |18
2 a Let the phase differe 42 k=0075 5 -3 -7 B
| a Let the phase differences 3 Perimeter = 20 cm, area = 25 cm? b p=10,9=6,r=3 . Wl B
| be 0°, 120° and —120°. 5 % 2 cog 2433.75 ot
' 110cis0° +110cis120° 4 = o |1404.38 ¢ {18 _23J
o -13 17 i
+110cis(-120°) = Tc i b 1059 1813.12 b Not possible because
i 5 7z =v2dis [_) 7, =2 cis(——] 15 a 12 1443.75 1 7 number of columns of
110-55+55/3i 4 A6 d Impossible e L3 matrix T'is not equal to
-55-55\3i = 0. o b L) i b €=0.075P+P=1.075P number of rows of matrix R.
b Connecting in reverse is 2 2\/505[5] 27 6 1 3 B R EE c -14 -5
equivalent to reflecting in c —8+8J3i 5 a i { ] ii { } il [ } 1 5 11
. . (o 12 2 -6
the x-axis as all positive b V2 cis| — 3 B=|1
. . 12 16 0.872 -20 3 22
becomes negative and vice b y 1 d
) A 2 9 4
ve.rsz.i. That is the same as c 1642 cis(s—n) 85 12.]
shifting by 180°. 4 v f io 100 1 o e Not possible because the
. o — — 1 _ 9 v T
¢ Replacing —120 6 C=B+v =1-2i Chapter 9 %) 4 a |01 0] b [0 1] num?eI of th.e columns of
with 60°gives D=4A+v =3+2i N 8 0 0 1 matrix § — U is not equal to
Ay
i) : ° i | . . the number of the rows of
110cis0°+110cis120 7 3 |W’ ~J8 and arg(w) = T Skills check 3 G)'\ | 6+ ¢ Matrix A is not a square ——
+110cis60°=110-55 4 . . I matrix, so its left and right
+55¢31 45545531 b 64 1y = 18[—3] '\2 | multiplicative identities 1 33 0 -1
Wi : 3 -1.2) 5 are not equal, i.e. a 3 UR+R=|-22 25|+|3 7
=110+110V31 =220¢i560 8 |7,/ =2, 7| =2V2, — T T multiplicative identity does 8 3 -5 4
3 15.00V - 2 Sis = 10.8(to3s.f.) -6 -4 -2 N2 4 B not exist.
5= Zx/ECiS — | and -2 S 1 —34
4 3.61,688.9° 6 3 S,=12(to3s.f) Lal 0.4 |19 _18
5 a g(t)—f(f) =2.19sin(0.0165¢ N \ 5 a R=|08], 5 g
Z, =~2cis| —— i s (3,-6)
—1.23) + 18.0 — 2.14sin 2 3 Exercise 9A T 0.6
A}
(0.0165¢+1.81) - 5.97 1 4 =34 =6p =5 ] 5. \ . 5 3 =2) (0 -1
=2.19 5in(0.0165¢ - 1.23) V7 e T ' (U+1)R=|5 3 2|x|3 7
o ' ' 9 = 6,=0andc, =1 10 - s N=AR=|36.8
—2.14 5in(0.0165¢ + 1.81) 2 ‘ ' % Wes 0 1 0/ (-5 4
+12.03:2.19 S.ln(0.0165t 10 17.33 A 2 a 3x4 -12-- ! 1 -34
; 1.525)-:12)._I1_41Zn(l)(}O._OléSt b g,,=100; Manufacturer ¢ The points described by kX 410 365 470 430 =/-19 —18
2.195in(0.0165¢ — 1.23) + Exam-style questions 4r;())rdoliicliczes 100 units of Ee alongzthe line described b AC=|348 308 400 360]|, 3 7
. = —ZX
2.145in(0.0165¢ + 4.95) + . Yy 890 792 1020 928
12.03 11 a p=35¢9=2,r=3 960 entry (AC)’.’j gives the total
b 17.2° < x < 62.6° and _ 1200 daily cost of rf.rrnovmg a?l
137.2° < x < 180° 990 pollutants while producing
335 the product 7 at the plant j.
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(T+X)(T-X)= [—7478 _3325].

(T+X)2:( 64 0)

-105 49

(T+XNT-X)=T2-TX + XT— X2and (T + X)? = (T + X)(T + X)

=T2+ TX + XT + X? because matrix multiplication is not
commutative and TX # XT.

2

2 0 -1 37 -33 264
5 (sU) =|21 -19 3| =|-348 352 -240
-3 3 22 -9 9 508
-6 -3 11) (1 -2 -12 49 52 165
SW*'=|37 22 -5 |x|0 3 -20|=| 12 115 -19
-15 29 -18) |5 5 3 -105 207 454

(SU)? = (SU) x (SU) = SUSU # SSUU = S2U? because matrix
multiplication is not commutative.

1 -3 2 -6 0 -2 -
6 2(RT)=2|-4 27|=| -8 54, (2R)T=| 6 14[ )
9 2 -18 4 -10 8 )%
0 -1 2 -6
2 4
R(2T)=|3 7 =| -8 54|
-2 6
-5 4 -18 4

Scalar multiplication is commutative with matrices.

10 1024 0
? a AB=BA-= b (24B)° =2"1, = ;
01 0 1024

8 a The conjecture is not true. Consider, for example,

()’ = [_38 94)2 - [9316 —11128]'

14 -25)-1 8 86 -63
but A°T” = = !
-5 9 -4 7 -21 23

X -3 5 1 2
matrices 4 = ] 5 ) T= ; and n = 2. Then,

b The conjecture is true because of the scalar commutativity:

(kA)" = kA"
Exercise 9D 24 -1.6
c
[—2,5 2.0) .6 w2
a
-1.5 1.0 _4 16
0 -1 p 11 11
b _l % 15 5
3 3 11 11
806

Prod;ct i Productg

-2 1 -4
2 a |1 0 2
1.5 -0.5 2.5
(—20 5 70
79 158 79
b |52 3 A
79 79 79
9 57 -8
79 158 79
24 54
175 175 25
36 6 12
“ 175 25 35
12 27 2
35 35 5
“12 20
3 a |30 p |1
4 &
11
(91
254
172 -0.36
127 || -135
© | ase 7| 359
127 | (-0.88
447
508
211 3 a
s wo|l 324 5 b}
21 2 2 ¢
3 4 1 2 d
240 36
4 _| 380 |y _ 48
280 60
400 20
5
Machine ‘ Product | Product
A B E
I 120 240 240
] 380 126 190
m 140 280 140
v 133 100 400
Total 773 746 970

Use the formula for the

inverse of 2 x 2 square
matrices:

(4B)" = (_11 _12]

(AB) (AB)"L =1,
A'AB(AB)" = A,
B(AB)"! = AA"!,

B 'B(AB)"'=B1A"\,
(AB)' = B-1A"!

Mathematics is the music of
reason.

Exercise 9E

to the enlargement matrix

with scale factor -4

a

1 0
Since TT = ;
01

reflecting the triangle ABC
in x axis twice will result
in the same triangle ABC.

. -1 0
TT=
0 -1
= anticlockwise rotation by

180° as seen in the graph
above.

(7]

stays the same

sin(2a) —cos(2a)

(cos(a) —sin(a)
oo

0
4} which is equal

0 (10
cos?(2a) +sin’(2a)) (0 1
¢ (1 0O
R = ) , corresponds to rotation by 2, i.e. the object
0

J, detT = —cos’ (2a) -sin* (2a) = -1.
New area gets multiplied by IdetTl = 1, i.e. does not change.
], detT = cos® (2a) +sin*(2a) = 1.

New area gets multiplied by IdetTl = 1, i.e. does not change.
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-12 B B B 1 0 1.9 0.5 0.65 0.26 0.05 (n—j+1)(m-j+1) ¢ Convergence to the
12 (-12,12) d - =reflection in y-axis b ~1.0 3.9 3 a T=|025 0.7 005 —— long-term matrix is slow
010 004 0.90 (this is element Tj+1 j)_ even when the transition
-1 1 0 1 3 ’ ' ’ ; el robabilities remain
2J . _pwn cma n o 1 £ R Finally, staying in the same state p e |
h 0 -1 c 2 2 |f~x . : has probability constant. Realistically,
NS 1 . mw . ) once the electricity
R—[O 1} T—[O *1] - N [0.5 0 5 3 0 n 0 1_(]_1) _(n—]+1)(m—]+1] providers notice the
= T = . .
-1 0 -1 0 0 0.5 1 nm nm trend, they will respond
5 a 7.75 4 a (1 5 ! (this is element T, ). These to these changes quickly
b TR= Lo b E"= 0.5 0 1 formulae are valid for cases by changing the price or
[ 0 -1 0 05" b 7.75 0 " 0 with # = m, too. quality of their services in
:II * ¢ Triangle with vertices c il i 1.73 (ﬁ) 0.959 0.032 order to prevent customers
| (1,-1), (3, =1), (3, -3) 4 0 1 0 0 5 a X=T"BT-= 008 (1568 from switching in which
‘ \/5(1—0 256) 9 case the transition
| " o025 3.463 L 24, _ [45520]' _ [“], probabilities are unlikely
533 L5 b 9 9 38745 b to stay constant.
8 0.77 - = 0o 2 % where a4, bis the number ot 4 a Zeros signify that the cars
| , d 2 2 9 9 people voting for candidates that need minor or major
b [0 20° cos40° —sin 20° sin40° —cos40° sin 20° — sin 40° cos 20° _ﬁ 1 00 X o A and B respectively. repair will not be repaired.
| sin 40° cos20° + cos40° sin 20° —sin40° sin 20° + cos40° cos20° 2 2 9 ¢ Candidate A would win Fully broken-down cars
. L . , 1.62% of all ill not be repaired to
' ¢ Rotation by o+ @is given by the following matrix: 1 E] ) ¢ Consider the general case bytl360 o pote tV)Vel flﬂloctioening tiut still
) 4 a4 HWm B with m < i without Mt
cos (a + 9) —sin (a + 6?) cose —sinea (cos@ —sind e 4 = . needing a repair, either.
] = ) B loss of generality. Then, the Exercise 9H
sin (a + 9) cos (a +0) sinae  cosa j\sin@ cos@ = {ransition matrix is of size b Check that all columns
_(cos@cosa—sinfsina —cosasind - sinacosd (m+1)x (m+1). The { a [0-45 0-45] S L
sinecosé+cosasing —sinasin @+ cosa cos 0.0040.008 0 clement T2r1_, ! @dﬂ 0.55 0.55 388
0.007 0 0 the other entries in the first 70
Hence column are 0. The element 0.14 0.14 0.14 c 28
cos(a+ 6) = cosBecosa—sinsing, sin(a + 6) = sinacosd + cosasing. Exercise 9G T,, s = L andall the other b 051 051 051 39
entries in the last column are 0.35 0.35 0.35
. i 1 a 0. Then, to find the elements d  The company S_hOUId
Exercise SF X -1 0)x 6/11 of the inner colurmns 0.35 0.35 0.35 0.35 repair functioning cars
: on i “Tlo -1y cementsT. . T. . . T.. . 0.10 0.10 0.10 0.10 which need a minor or
1 a A(18,21), B'(-2, 12), y y ( 77 Trvy Ty c : ;
C,(ér —18), D,(_14/ —29) 0 33 x 2 5/11C :’4/5 all other elements in an 0.25 0.25 0.25 0.25 major repaitr before they
. =1, | ) . 029 029 029 0.29 are fully broken down
b2 A ‘ 1/5 mne.r colu@] a.re 0) ' ' ' ' to reduce the number of
12 0 L = 0 3 = 2 b co.nsu%er havmg]—. L blue 0.32 broken-down cars.
2 a o1 R WIS (S I coins in the box with n > a |027
) coins and j— 1 white coins 0'41 Exercise 9l
a 4 . (10 in the box with m coins. :
- a i
§ (—a) g 3 0 -1 - Then, the probability of 032 0.32 0.32 1 a A*+31+2=0
“ 2 cos135°  sinl135° MIGVING f0 the SEATE wilh b 027 027 027 A={-2-1
3 i . j— 2 blue coins in the box 0
~sin135° cos135° o1 (-1 Ol Q) : b A2-25=0
B = 0.9 0.53 ° with n coins is M~ 2/ (this _
3 a T:LO 1)(3 0):[0 3), (1 B ® ©2 m A 45) (34.6 A ={x5}
1 00 3 30 wl 2 2| [2 0] e O is element T, , ). Similarly, 3 a |Bl=T%25|=]365|% ¢ A2-3=0
B [2] ﬁ il 0 4 2 a = [0 55 0 8) the probability of moving C 30 28.9 i {+\/§}
3 L2 2 to the state with j blue coins R
| b T’ = o= 050 in the box with # coins is 0.2085 0.2085 0.2085 2 Nosince A=-lisnota
| 0.46 0.63 b |0.5787 0.5787 0.5787 solution to the characteristic
0.2128 0.2128 0.2128 equation A2 — 114+ 18=0
808 809




2 7 51 0yf-2 5 9 - i |
A=A -1 X, - X, = " N 2 010 +3600 1 . 3 Exam-style questions 14 180
1 3 2)lo 2\3 -7 g | 12 (3620 5 5 = 5 3 | ;
= 5 a X+ 8 15 a A4 =24 =6, and
a100_ 2200 | (8080 ! 5 2 4 1o I O A O
(i =7 Gn=s 15x2"~14  35(1-2") 12 0 = = ,
4 1 6l rdv= 10 4 43 —4 20 11 .
X, = and X, = 6(2" -1 15-14x%x2" , , = =
' (5] ’ (1] (1) g 2600 b BB LDl 2 ~Ols ¢ [5 6] (6 19) b P (0 6]'P (1 1]
1 . (226 525 R’(2.5, -4.5) T'(1, 0) . . f
A 1 and d = Chapter review 9 Find the determinant: 1{2"+6" 2"=6"
=L, . 90 209 pol X(3—x) = (1) x 4=0 c A=
¢ Ty B 2|8 e
, 3 [5] . (—11 9] b ONE 2 +3x+4=0,x=-1x=4.
a =land X, = 7 a
A =-3,1 =3, d 4 | ; 4 - 13 2
l ’ (J " ) - ° 2 (25] b (0) 10 (O N
1 1 -4 -2 7 R T
A, =-0.35and X, =
(—J 2 . (—J (5 20 10} " Chapter 10
2
7 and therefore 4 7 11 ¢ (751 +2j 11 a A*-104+211 .
/ll =1, 12=—0.3, (6] and 11 d [ 4 9] (19 10) [40 10 Skills check
5 1Y1 o0 9 9 - B = - 111
) 30 39 30 60 . faliel
(4 1][0 —0.35} 4 s %6 -1 3 NERRF) ol ekl iy
-1 S5 o 1 a 21 0
9 9 e 0 -3 2 7 a i + Al
Find the eigenvalues from e T 7 11 13 ﬁ ﬁ 0 21 2 a x7 b x! ¢ 3x?
2+ (b—a-DA+@-b)=0, [0'438 0'453j (to 3sf) 4 4 ol 3 -20(1, 12)
A=1A=a-b - ' g o0 0 11 b A>=79A-2101
f —4 0 — —— Exercise 10A
Then, 7| * | = * c 10 17) & ) 2 - ¢ A%=10004—16591
y y T 0.56 0.56 8 ii ) "
. 1-a “lo44 044)B" 77 s " o 0 = 2 1 f)=4 6 f()=2x-3
gwesy:Txand i (1 0.5] , (74) » 0.125 -0.875 0.625 2 =0 7 f(x)=4x
-0. =| 025 125 -0.75 ) )
X . 11 L2 3 f=3 8 fln=4a¢
T[ ]*(a—b) gives 4 3 ey -0.125 —0.125 0.375 1
y y 4 a N b i |t 4 4 f=0 9 SW=-73
3 2 NoRNG) 0.75 -0.875 0.75 X
¥ =—x, so possible Z g -2 2 M= R " oFs 5 35 R
5 ! 4 4 -0 : 0. 5 f)=m 10 f(x)=amx"!
eigenvectors are (1 ] 3620 2 a=4 b=*z 0.25 -0.125 0.25
—4 (8080] SO more customers A 3 Exercise 10B
1 5 4 13 34 4
and choose company S 3 3 5 5 i C,= | 5 0 3 1 a 0 b 4 c 12
-1 3 a b I % 13a A4=|1 2 5/,
L ooyl 1 5, 2 4 8 2 d 17 e 103 f 150
| . (4 ij Nl RERNE 3) 5 5 i g Sl .
Exercise 9J - e 2 - b 1 10
ret * Lo SDII2 A 10 7 82 82 . > * 3 ’
C, = , X = B=| 23
13 13 c 3 .
PR} 8 5.5 [ 1y d -14 e -1
1R#11—10§§ d 51 82 82 i ds 4 1
1 2lo -4)l1 1 18 L A ; T . o _[0-625 0 29 9 3 38 mey A GE
3 3 T~ 4 1 LY 13 13 = " T 0 ~0.625 136 136 68 t
9 -1J|lo |-— 9 4 4 a |13 b | = 7 25 11 s
5 12 == T 20 19 b — == b —=3t*+4r 4,
2 a A=2andX, = 2; 13 13 = - - i 26.7 136 136 68 dt
1 (a+9p" a-ap’ L o 3 1 5
/lz=landX2(7j. 13{9-9p" 4p"+9) -3 136 136 68
3
1 ¢ 5 -
A is diagonalizable since the p=-—— - ’ 2
eigenvalues are distinct real e c X=A4A"B=(15
vielluss 2900p" +3600 2
8100 —2900p"
%@




P Y 1ees
dx

i 12x>-5,x> —i
12

i f(x)=8x>+16x—10
ii x>0.544
c i g(x)=3x+6x9
ii x<-3andx>1
5 a 2nr b 4rm
6 a —0.102c+5.6

b When ¢= 20, d—P =3.56,
de

when ¢ = 60, ar =-0.52
de

¢ When derivative is positive,
increasing the number of
cupcakes sold increases
profit, but when derivative
is negative, increasing the
number of cupcakes sold
decreases the profit.

7 a 10-10¢ b Speed

¢ [(0.5)=5, f(1.5)=1-5,
positive value represents
the bungee jumper going
downwards while negative
value represents the bungee
jumper going upwards.

d f(2)=0, but f"(2) =-10,
model suggests correctly
that bungee jumper ends
at starting point, but it also
predicts a large upwards
speed at the end of the
jump.

8 A=_1B=1
3
9 75

Exercise 10C

1 y=12x-22
2 y=1

3 ——lx+2
% 2 2

4 a Tangent: z=26x-43,

1 1
normal: w=——x+9—
26 13
b Tangent: z=x—9, normal:

w=-x+27

812

W:—i(x—2)+4 and

Z=i(x+2)+4, meet at x =0

a=1,b=9
k=1,b=5
a=2,b=-5

Exercise 10D

bt

2

b

El b 2.0986

4
—0.786 max, 2.12 min

0 max, 2 min

No stationary points
1 o
X= 3 minimum

x=-2is a maximum and
x=21is a minimum

1. .
X = 5 is a maximum and
1, ..
X = 5 is a minimum

i P(5)=4.67
ii €52000
iii €46700
Strategy ii

Maximum y = 3.92 atx=5.15

s b

6 0.693

Exercise 10E

1

a
b

(2]

[=50-x

Area A = x x1=x(50 — x) m?

50 — 2x

Maximum when fdﬁl_: 0,
dx

x=25,1=25,A=25x%x25

= 625m?2

The base of the cylinder is
a disc of area A4, = nr?, and

the volume of a cylinder is
then V= Ah = nrh.
400

nr’

A=mr’+2nrh

h

400
A=nr? +2nrx—
T
5, 800
=qr’+—
r

T T ¥ T T T T T T 1

2 4 6 8 10 12 14 16 18 20
r

f A=23853atr=5.03
h= M—r,r: 16.3am,
r
V= M ~ 27145
337
2 1 3
a V=6rnr ——mnr,
3
Cl 12nr —nr? =nr(12-7)
dr
b r=12, V(12) =288x
but e.g. V(18) =0,
$o maximum point
a Height of box h=x,
width w =20 — 2x,
length /=24 - 2x.
Hence, volume is
V'=hwl =x(20 — 2x)(24 —
2x) = 4x>— 88x* +
480x
b 12x2— 176x+ 480
c 3.62,11.05
d At end points, V(0) =0,
V(10) =0
e V(3.62)=774.165cm?

Profit = demand x (price —
cost), so

dp 100 150
=——+4

dx x> X
—-100x+ 150=0=>x=1.5
P
x=1:>d;:50
dx

dp
Xx=2=—=-6.25,

dx
gradient goes from positive

to negative, hence a
maximum

From the Pythagoras
theorem, x? + y? = 62,

The area of the rectangle is

A=2xx2y=4x\36—x" as

required.
2
L N P S S
dx 36— x*
=0,36-2x" =0,
x=3J2,A=72

A=2mx 8sinfx 2 x8x
cos@ cm?
= 2567 sin@cosf cm?

A =128rsin 2(9,E
deo

=256mcos20 =0

when 6 =£. A(Ejzlz&t
4 4

Exercise 10F

1

i =, u=x>+4y

ii d—y=3u2=3(x2+4)
du

i y=u? u=5x-7

ii Q=ZM=IOX—I4
du

i y=2ut u=x>-3x2

i Vg =g (0 —30)
du

1
i y=u?, u=4x-5

. 1
g oL, = Lax-s)2
du 2 2

i y=uu=x>+1
AT 2(x*+1)”
du

1
i y=2u?, u=5x-2

3

dy

=)
2

Exercise 10G

1

ii i 2=—(5x-2)
fx)=6x>+12x>+ 6x
, 10
gx)= 2
(5x+2)3
B(x/;—x)z
hx)=
2Jx
s(t)y = 12(2-21)
v(t)=— 20
(st 1)’
{-1)
a(t)_ tz
1 b —4
2x(3x + 1)

3x2 + 4x + 3 (this has
imaginary roots)
(x+ 1)(5x> + 3x2 - 2)
(t—4)*H (=147 + 16t —15)
4(x=1)(x" +x+1)

XZ
202t 4+ 1)3(t+ 1)(2—t+ 1)
(£ + 32 +4)

4
4x*+2+—
X

x> =2x-1
x*+1
x+2

(x+1)§
4
(241
2% +3x* +1
(x+1)°
4

e el
2L
il

206 + 1)%x(4x% + 1)

6

dy
dx

8 x+1
= ~ ¢ 5
(2x+3) (2x+1)2
12(t~1) 3+2x
Jar-3 (3-2x)
a(t+1)(ar” —9r-3)
2t-3
(2x—1)(6x—1)
i y=5x-4
i ——lx+é
Y 5 5
2.6
y=-15x+5
(-265)
3
dv 1 dul
A A eI -
dx v’ dxv
du dv
V———U-——
__dx  dx
V2

Exercise 10H

1

4cosx b —2sinx —2x
5 .
= d —8sindt
Cos” x

5¢0s5x + 12x?2
3cos3t + 6sin2f — 2t

xcosx+sinx b cos2x

2x?
sy 4xtan x
cos” x
t cost —sint
ZZ
|
sin® x
4.cost — +2sinttant
cost
2XCOS x> b 6sin3x
——— d 2sinfcost
cos*(3x—1)

—9cos?xsinx f 8cos8¢
3sin6x

—sint + 3cos?tsin ¢

A=2xy= 10.2xcos%x

813




b

—-1.02n Xsin£x+10.2coslx
10 10

¢ A(2.74)=18.22

Exercise 101
2
1 a = N
X +1

N

b xe*+e*=¢eX(1+x)

¢ 4dxeX d t{1+2In¢)
1-Int
e 4de’x(x+1) f tzn
6t 2e**

h 4x—1
¢ 3 x ( )
i e (1+6r7)

a E- b 8
X 2x+3
1 2 2
c —+ d .
x x-3 2x+1 x
e 2x E— ¢
x 2x+1

a (lnaxy= N
X

b (Inax)’ :ixa :l
ax X

a i f’(x):ZOcoslnxxl
X

ii x=0.175
b i f(x):mx(—sinx)
i x=7

¢ i fi(x)=2cosxe?sinx
ii 2cosx =1, x:E
3

a x=-25,y=2e7’
b y=2e>

Exercise 10J

1

a —xsinx + 2cosx
12 2
b —— ¢ -
(x-3) t
814

x =0 1is a maximum,
; . . .
x =|—| is a minimum
5

Inflection point occurs
L
when x =0.3?

1
X 6[0.33,«)}

e" l_i_,_i
x x X

Atx=1,
d d?
_yzo,__{=e>0,soitis
dx 7 dx

a minimum point

Points of inflection would
2

occur if % =0, ie.if

1 2 2
o242 |=0,
(x x° X3]
x*=2x+2=0.

The discriminant is
4 —4 x2=-4<0so there
are no real roots of this
equation and hence no
points of inflection exist.

} xX=3—-x
Fl)=—

(x=3)
3

=-———35<0
(x-3)

for all values of x

forx<3, f"(x) >0forx>3
(f"(x) is infinite at x = 3),
so f”(x) never vanishes.

. L.
i x= o minimum

i (fifzj(s -9)

1
iii x=2,—
2
iv Concave down for

1
X € (E 2) and concave

up otherwise

X e (oé(3«/§)}ue(3+\/§),wj

X 31, .
1 X = Z 1$ a minmimuim,

7n . .
x =— is a maximum
4
ii e™ 2sinx
i x=0, m 2%
iv. Concave up for xe (0, )

and concave down for
xe (m, 2m)

3
i x= 5 is a maximum
i e 22x(2x*—6x+3)
1
x=0, —(34;\/5)
2

iv. Concave up for

and concave down for

xe (—oo,o)ue(a—ﬁ), %(3+\/§)]

; ) _ 80&‘_2‘
(1+4e™)

ii Both numerator and
denominator are
positive for t > 0 hence
the population is always

increasing.
i p”(t):moe (4Tu .\ 1)
(1+4e™)

In 2 or 0.693

This is the point at
which the rate of
population growth has
reached is maximum.

i p(ln2)=5

This is the halt the
carrying capacity of the
population.

Exercise 10K

1

2

W= N

Velocity =-11,
acceleration =-14

Increasing

d =2

X 2
e it=—

3

ii Point of inflexion.
a=~-33.54
a v(f)y=y(t)=-04t+2
b i v(0)=2 i 6m

i —2.19
a i 1.31 i t=3.37
b s(f) =0.4(1 + e %)
c §(0)=0.8

d Ast— oo, s'(t) > 0.4

e The marble is first moving
within 1% of its terminal
velocity when e 05t =0.01,
t=-210g0.01 =1og100?

~9.21
a t=65.04
2
b v(r)=3+—
Vi) 2t +1
c i v0)=3+2=5ms"!
i ¥(65.04) =3.02ms"!
d a(t)=v(t)
:—%<0Vl‘
(2t +1)
a

¢ x(f) = 4e 04 (—0.4sin4s +

4cos4t)
d i =2
4
ii —11.69
1.11

a an% b angh
dr

2 —m’s’ [_E/E
3 3
3 0.75rads™!
rads L &y 7
4 8cmmin! B (1=7) b ST
2 2
5 1.15cm2s"! X
2
6 a c Whenx:ldjz}:1>0
_cosx dx® 2
f(x) T dinx’ hence a minimum
! —sin x x sin x — cos x X cos x 6 a (x(64-—x
Fx)= x- (x (64 = x))
Rllas b 32 ¢ 1024m?
1
= sin? x ? a Rightas vis positive
b 87.01ms-! b i To the right when
0<t<7,t>10.
Chapter review ii To the left when
7 <t< 10. It depends
1 a 335 on the sign of v.
b (65536, —1048580) ¢ Positive as the graph of v
¢ —60 has a positive gradient.
2 a f(x)=—2sinx+ 2cosx [0, 4]: v is initially 2 but
1 accelerates at 0.5 m s72
b f(x)=—57—— .
cos? x tan x [4, 6]: constant velocity of
.2 4ms!
sin 2.x [6,8.5]: slowing down at a
c dy _ ~sin® x — cos” x decreasing rate until 7 seconds
dx sin® x whenstarts moving to the
B 1 left and reaches a maximum
sin? x speed of 2.2 m s7lat t = 8.5s
dy 2 d [8.5,10]: slowing down until
d —=2xe” +e 5 .
dx at 10 seconds it has a velocity
of 0
) 24 3
3 a f(x)= P W e (=7 because it begins to travel
79 3 2 to the left at 7 seconds and
ffx)y== -Zx? stays travelling to the left until
2 10 seconds.
b f(x)=6x-10,f"(x)=6
fd( ) 1 24 F&) 8 x=9.5. The point of inflexion is
c —y:—j"'—}, (14.5, 35)
dx x° x
d’y 2 72 g 8
e X X V17
*-24 )
d Q =X 22X )2( Exam-style questions
dx  (x-12)
x
d’y 288 10 i
dx* (x-12)
25 3 145833
2 11 a [1,22|and |2, —==
4 Yo B ( 6} (2 100000]
dx 2x
(e N 1) b he gradient is negative

Since e** is always greater

than zerosois the gradient.

between x = l(7 t \/3_3)
4
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12 a The height of the box is —2x* —2x Exercise 11A 5 o Exercise 11D Exerci
Oy h i . xercise 11E
]’lZX, the width is 13 a f(X ——_(sz_l)z ‘ . 1 le x°+2x+15dx ) 0 ,
w= 30— 2x and the length 1B 9SG PER S i 8071 1 55 L
. 6
is / = 40 — 2x. Hence, the b y=-4x+5 N rype Ji 2 18 & 2
; i 9—x*dx P 72 c —+c d 7x—-x*+¢
volume is V= Awl = x(30 ¢ x=0, x=-1 J.o i I—Jﬁ X°+2x+15dx A—
—2x)(40 — 2x) = 4x> - 140x° d fix) is increasing for b e x+x2+c¢
X) is increasin = i
+1200x. Lo 1 A [x[o] o510 15] 20 § oesn & sk X1,
positive gradient, this | in(3) i e f 5X+?_3X i
i i _ef a ; b 15
b %XK:lzXz_zgoxﬂzoo happens for xe (-1, 0) | y|312.958|2.828|2.598| 2.2361 J 1 .L 3—e"dx P 3
" c 1221 d 35 2
1 — c i 6.139 i 7.639 i 3.66 X g~ T t0SK+e
1 20n .0 6 a —x2(4+5+2(6+5.5+6.2
e Yo pitor d 6.889 e 3% k i jz_sg(x+2)3+5dx 2 ( ( ) X X
dx 15 a 1.53 e —aaa h ox—— 42 4¢
12x* ~280x+1200 =0, o 2 3 - i 20.41 o 28
b e < -, b —x2(4+5+2(3+2.2+3.4 ox?
xz—m +100=0 dr t—-5) 1+t Y 2 a 2,2 b (0, 4) 2X ( ( > )) S P
3 * 3 3 4
f -
stationary at . c 20 d 533 =26.2 ,
ol = 2.
d Range x€ (0, 15), t:l(zs—\/ﬁ) e 20.41 c 444-26.2=18.2km 2 a ox—L
V(5.66) = 3032.3. 4 1 3
3 3 7 a 3 2
—_—r— X
ol 1 2 3 4 5 6 4 -0.8169 Y B o MAE
5
16 a First, find that b J‘ﬁldx EXGICISSEELC 41 3 a ltz—t3+c
dx b 1 a 2
= O (—Zcos V12t =\125sin \/ﬁt), i 3 B
dr c i 1.45 i 2.283 ¥y ol / b t*—1.52+t+c
2
((iit)z( —e™ (4COS\/§‘[+2\/ESin\/Et+ZJI—ZSin\/EtleCOS\/E'[) 29 w61 dx 137 ! V\ / 14 ) 4 a
d Z<| —dx<— . y
20 ' x 60 ! I g 0 4+—— e -
— ¢ (~8cos 12t + 412sin VI2t). 19 1R A T i ,
. -, n 2 4 5 7 L\ o
. . . . Exercise 11B
Substitute into the given equation: b i 0.230 i 0.807 P 10
1 a0 [y i 36 — b i [ -2(x-3)(x-6)dx -
e (—8cos\/5t+4\/ﬁsin\/ﬁt—4\/izsin\/5t—8cosxfﬁt+l6cos\/ﬁl) . J.z ¥dx . B || n
. 1 2 a i 9 &
’ b i J’ 2dx i 224 25
- Y c 875 d 2.78% — .
- 61 6 -5 - 1 2
¢ i _dx i 1.57 8 a 7,
A l4x 4 104
b
Chapter 11 il _
1 31 8
d i I . i 1.79
0.8 05 x i : X 6
06 Skills check 2 0 2 4 b i
o4\ . e i [ —(x=3)(x+2)dx 2 4 it fl-2) =—4
02 1 =—x1.8(3.2+4.8)=7.2cm? L i
, _ 2 37 | =4 \ 24 5 a —2cosx+c¢ b 4sinx+c¢
T T T T T T T T 1 i
J 02 0.4 s ™12 14 16 18 2 = = iV 1
02 : 2 a d—y—9x2 x 2—8x" or 6 6 0 c —gcosx+c d 3tan|x|+c
foi jo —(x=3)(x+2)dx or - b The interval [0, 3]
¢ t=0.75 d_yzgxz 18 ': contains a discontinuity P . 6 a 2ef+¢ b 3e*+Inx+c
3 b +e* i 8.389
d 0.64 dx Jxox L—(X*3)(X+2)dx c i 0773 i 1.23 L( ) ¢ 4lnl-3e‘+c
b f(x)=-5sin5x-+ 2sinx cos x 2 d 2.00 ¢ 8.474 d 1.01% 7] o= 2
ds 1 ii —or13.5 7 a —e*+c b ——cos5t+c
¢ —=-—d” 3 ' 8 265 3 >
der ¢
o N 10 a 51.8 b 523 e arsZevac
g 1 —(x=3)(x+2 =
I—z (x=3)(x+2) c 0.96% 3
. 125 1 . 1
i — d —sin2t+-—-cos3t+¢
6 2 3
;%1




3

ﬁx%.‘s +¢

1
b 3nx®+c

1
¢ —a'-a’+2a+c
4

1
d 2x*+c¢

1
e Ex3+2x+31n|x|+c

3
f lez"——cos4x+c
2 4
g %xs—isin4x+c
9 12
o a1 dy__cosx
dx sin” x
i ¢——
sin x
d
b y
\,1"4\:
ii %\/4X—I+C
XZ 3
10 y="—+"—+2x+c¢
2 15

2]

11 f(x):3x—%+c1

12 y= %sin2x—c052x+4.5
13 y=2e"+x>+x+2
Exercise 11F

1 3
1 —(4x-1) +
a 12( x-1) +c

b - +c

a4x—1

c l Adx—-1+c¢
2

d z1n|4x—1|+c
4

42+ 12x + ¢
b el*4¢

¢ 2tan(4+2x) tc

d %1n|2x+3|+c

818

e

f

2s8in(x? +2) +¢

|
—sin” x+¢
3

y:%+lnlx+2|+3

lesinBX Y
3

%(x2—6x+4)6+c

—Inlcosx| + ¢

=—Inlcosxl + 2x+¢, c=4

A\
>

gy

18.85

6T

C(n) =2In(n? + 1)+ 1.5
9.3

As n increases, the cost
is growing slower and
slower, and the shape of
the curve becomes more
and more logarithmic.

10 12 14 16

M-
~
oA
004

3

R(t)=m+c

b 9.6 hours

c

75%

> X

9 a
b

T(t) = %[m(ztz +1) +240cos[$n ~575

0<t<5

¢ t=5, T(5)=34m3

Exercise 116G

b 2In2

1
—2-(62 +1)

1
c —( 10 —8)
3

4 x
2 I’ X2+2dx4

18
= [lln|u|]
2 3

:llné,
2

where u = x>+ 2

3 J‘E cos 2xdx

6

4 Energy
4t

5 27.27

Exercise 11H

1 a -1.875 b
d 2 e
3
2 3.296
4
4 a a:4,l9:E
5

1 . 4
=|—sin2x

2 n

6

[E]

4.24

b y:4sin§x—1

c V=69m3

2

i+ t+2
=2 LY i

f 5.52

5 a ipﬂz%ln(a+l)

i 4, :g—%ln(aJrl)

b O
Exercise 111
b
1 a L b L c —
3 5 7
Ty o
d —(e -1
S(e-1)
> b7 ] 3 37
= B 2 ¢ s
b mw(e—2)
5
3 a QY ot e
10000 50000
b 1018mm? ¢ £580
4 a i V= j (4—4xjdx
g 3o
b i l6n
i 12w
5 a Hany’s model is best. 279
units?
b i 110inches?
ii 1803 cm?
6 a i
yJ\
4_
3-
2_
1
'1: T f . t T X
3 2 49 1 2 3
SRS =1

b i
- O
y
A
4
31 fB(x) = 442
2 -
(1.84, 0.61)
1 -
9 fA(x) = In{x}
i Volume = T[J[l 84(ln (x))
2 2 2
+ nJ.LM(4—X ) dx
i 0.46
& y
A
50
409
30
20
4 10 -
T T i+ T T X
10 5% 5 10

b The shape is a torus.

100
50
0
-50
-100 sl
o 50
~100 90
¢ Volume =
2 2
| 2(40+\/4—x2)

2
—(407 4—x2) dx

= 3158 cubic units

8 Consider triangles CAD and
DAB. AC=AB=r, CD=DB
and AD is common. Hence
the triangles are congruent.

Hence, ZADB — ZADC — %

9 a 358m

b 2.7x10°m?

Exercise 11J
3

vit)=———+3,

( ) t+1
d(r) =3(t=In(1+1))
b 20s
i a(t) =3e*In3(2c0s23t—

sin3¢)
i r=0.3

1

b S(t):g(eZSinM_l)

¢ suo==(e-1)
b k< !
8

Velocity of the projectile
1) = [gdt = gt + v, height
of the projectile

1
s(t) = .[v(t)dt :Egtz TVt + Y,

2

b S(t0)=y0—zog

¢ s(t)=4913m > 4km, so

rocket will reach the target
height

Exercise 11K

1 a -213°C b 76.8°C
2 a
! Particle | Distance | Displace- i
travelled ment
A 50m 50m
B 25m 25m
C 25m Om
D 25m 25m
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a b
Sketeh R T —— || ———
2yfl
‘ /-1—\ .
4 0 1
-1 4
o
Distance
1 km 7.97 km
travelled
Displace- )
| 1km —1.86km
ment |
] c d
H
= |
]
r T = X
1 0 2 3 5
-10
-20
Distance
26 km 7.52km
travelled
Displacement | 7.42km —7.52km
4 a i20m i 333m 2 ]
? a=—mJs
b 16.45 seconds i
5 a —0.0l5cm 8 0.19s!
b 6.53cm 9 a Aprl
6 a i b i —-13.6 ii —5.72
Y ¢ -9.65
20 -
| Exercise 11L
'15"/ |
o] 1y =2et
5 2 y=3x-1|
T 0 T T T T > X % =—kM
-5 5 10 15 20 25 dt ’

i 6.49 seconds

b 917.5m above the
ground.

separable equation:
jidM = [~ kdt,In
M

=—ki+c, M= Ae™

b kzllnz
2

a d_yz-— 4
dx  Ja—x?
N S
Ja—x? Ja_x?
c e —x?

y=
a y=-In(—c—¢¥

1
b Ey2+lny=x+sinx+c

l 1
a =—|x2+7

1
b —y° =x2—cosx+2
2 2

w

c y=x

a Initially when the difference
between the temperature of
the coffee and the ambient
temperature is greatest.

b 75°C
c T=24+5lek
d e*>0

a 6.561 x 105!

b 0.611 hours

a N=Nge™ When

N,
t=TN=7°Hence

Lo o b1 _In2
2 T 2 T
b 3.90g

a The amount of water

leaving the tank every
second is Av = AyJ2gh.
Hence, rate of change
of the total volume of
water in the tank is

Exercise 11M

1 a
2 1 2 3
2 3 4
2 5 6 ?
3 10 11 12
b
e8|
sl figio o fr—|
| S B SR (e S
'l .‘i' (‘; ﬂ/
B B S
| i B,

— e — — T ——

A

ro
PR
e .

e
—
[

]

—_——

J
!
-2
/

N-24
\-3 9

Im b I ¢ IV d II

Along the lines

T
x+y=+t—.
Y 2

Along the lines

2
X—y=%x—
4 2

i 1B i A

d Maximal size of the
tumour agrees with the
fact that it grows in the
environment where the
availability of nutrients is
limited.

Exercise 11N
1 4.25

2 —-0.71

3 0.274

4 a 053
b y(1.5)=0.54, error=1.9%

5 a 399
b y(1.3)=4.04, error=1.2%
6 a b=2,a=4

d N=6
e 4 more meerkats

f 195

Chapter review

1 a Forte (0, 30), drone moves
in positive direction with
constant velocity v =40
For t € (30, 60), drone
moves in positive direction
with decreasing speed, i.e.

. 4
with acceleration v = —;

For te (0, 30), drone
moves in negative direction
with increasing speed, i.e.

. 4
with acceleration v = —E

=== |

For te (75, 90), drone
moves in negative
direction with constant
velocity v=-20

30<t<75 ¢ 30<t<60
d 2250km e 2250km

2 a 46.7m b 10 seconds

¢ 30.6s

3 933.5m
4 a,b,c e £ g hcanbe found

analytically; need technology
to find d,i.

ar

— =—aP
dr

b P =600 OOOeG 19
¢ 20.1 years

a Hemisphere

b n_[(:(rz —)(2)2 dx
c V= Zﬂn(rz 7X2)dx

=2n rsfer :ém’3
3 3

a 3.6,4.39, 5.45
b 3e2X -0.10103,

-0.27, -0.54

8 a d—V:—k\/E
dt

PN AL

25 dt

¢ 50 minutes

9 a llm?

b 352000m>

Exam-style questions
10 a 0.347

b %ln(x2+4)+c

¢ In2

2
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Lo 3 one 18 a i Isocline with k=4 3 6.08ms7}, 350.54° clockwise 2 a r=Q2P-1+2)i+ ¢ 0.75s 5 a ¢ 5
2 i Not an isocline, dy 4 a Perpendicular to the force g (=1 +5t=1)j A e 12.7t b Spiral into the point (SJ
1. and displacement r b 9.43m 7.35t— 4.9t
—cosx+551n 2x+¢ changes with x p g
. . b 5Nm 2. . .
c ef—eXi i Isocline with k=1 . 2% 42 e 275m . dr [—4e'sindt—e” cos4t
. - _ -1 i N .
' d L(Bx + 1)7 p iv Not an isocline because 5 a Resistance force = [ 0 er 3oa v (z +3 ]ms £ 19.1mg dt | 4e™ cosdt—e ' sin4t
21 g 12.7ms!

via the chain and product rules.

dy 2x7+2x+1 h :
2 orce from the first do
8 Liewse A 2cizx o S a ) P 420+4 4 589ms™! Write s = sindt, ¢ = cos4f to simplify
2 v Tsodline with k= —1 =( I '05 JN, force from b r=| sLEn o m 5.5 the notation. The speed is
12 65 x 10*m?2 : 5 - 5 a .
X - b Turning point occurs when 2 N S| As—c
0.97D 5 gt v =e
13 a 122.98m? second dog = de—s
dy P . —-0.26D 4 a (=05 b 1.69
2 —— = 0. This is impossible for o
b 124.42m dx 0 7 2 2
77.72+0.97D b 76.0 ¢ 11.5m =€ \/(—4S—C) +(4c~s)
ERNNEs el pyarail ® 26.05-0.26p ¢ r=(P-t+2)i+(P-3)j
. AEE J 253 — e 165 +8sc+c” +16¢" —8sc +5°
d Approximating the area o1
: d =261 6 a 1S > >
using trapezium leaves ¢ 100.19N —e ' 1782 417 = e 17,
small area above the d 2.91ms? 32+ 4
— —1
il trapezium and below the Chapter 12 5 e v_(2t+12 S 2531 d 0.693s
actual curve which is not Exercise 12B b r=2s b 35t -9 m P
taken into account while ~ Skills check 4sin| =t
. 1 a 3.13and2.68 6 _
. finding the area. Hence, 1 1 22— 2.5t +2 c 3.11s a b s N
| O S r— toa for- =2 T b -0.333 and 5.37 6 a r= P m R ~4cos(§t]
j than the true value. 2 a 383N
1 . .
II 14 7.4 b IScos(éx)—451n(2x)dx b 0.255m s> " v:( 6 )ms*‘ Exercise 12E _— {Er]-ﬁ
| 4t -8
T 15 a V(t) B 20(1 - e—O.ZI) = ls]n (6x) + 2¢cos (2X)+ ¢ 6 462/ b r= 3
b (f) =20+ 100(e 02 — 1) : 3 a [8] ¢ f=ds 1oaas| L |~tcos [3‘3_;]+4
o -1 =
¢ U(t) = 20 as £ — oo 2 a 872 ? 4kmh-!, tr=1.5h
b 9.90kmh-! e? —1
d d(60)=1100m 2) (2 3 Exercise 12D R (ﬂco Z
o b |3|x| 2 |=[-10 4 a b=a+ (b nn . Lo oy 1 C o 3
- g 2)(3) Lo b b,=b,—2kn=b-2(b mn 1 a (_9 sjmsz B 2 —sm(ﬁzj
. 2 2 o 3
125 250 3 A=4,-3. For A= 4 eigenvectors 4 5 2 EER & RSS2
: : 1 c |1 b v( ] - e¥ +17 -2t -1
1.50 3.28 are multiples of (J For 1=-3 0 2-9.8t Exercise 12F
—2C0s 2t
| 1.75 451 eigenvectors are multiples of il p— St m 3 a :( 5 ZIJ 1 5
Y Exercise 12C 249 +1.5 & 1 a i x=2e" F4e|
2.00 6.49 b 2 1 5 I
5 ¢ 0.793s,3.97m !
Le tins 2 2 —4f i ol ¢ Circle of radius 2 with a ) 1
_ 1 a m a v=4i+(2—gt)jms - . o 3¢
b y=e? 2 [O] y centre (0, 0) I ¥ =2e 5 re 1
| .
: Exercise 12A ) b = (4t)i+[2zf%t2jjm d
c e . _ 2 1
1 a 6.71N,26.6° b [ ]ms ', 4.12ms™! i x =3¢ —~4e
| d 28% -1 - c 3.40s 4 a 1 -1
b 5N, 126.9° d 136
17 a  2xsinx + x2cosx 0 om P 1 2
c a=| |ms?2 6ms2 4e” v =3 2
b 4sinx + 3x%sinx + ¢ 4.95 -1 6 ' ' 12.7 b o ( j+2€ [ J
zZ a e ms 3 a — ms-! 12¢* 3 1
. 126.9° :
c =4
10.4 12.7 i
T lms! b v= ms-
6 7.35-9.8
822 823




Asymptotes are y = x
and y = —3x. Asymptotic

0
behaviour: [0] is an

equilibrium point,
trajectories on the line
y=—3x stay on that line

0
and move away from [0)

and all other trajectories

. 0
move away from [0] and 5

towards the line y = x.

-3 1
x=2e" -3¢
1 1

824

¥ = Ae ' 1 4 Be* 1
—4.45 0.449) 8

b

The asymptotes are
y=—4.45x and y = 0.449%x.

0
Asymptotic behaviour: [Oj

is an equilibrium point,
trajectories on the line
y=—4.45x stay on that line

and move towards [0]
0
and all other trajectories

0
move away from [0] and

towards the line y = 0.449x.

o

1
x=-0.112e7*
—4.45

1
+1.11e’.45¢

0.449
When the initial conditions

are x=0,y=0, then

d
% =¥_ 0 so trajectory
dt dt

) 0
remains at .
0

The condition needed is
that M has two distinct real
eigenvalues.

False, this is a sufficient
condition for a saddle point
instead. We need every
point near the equilibrium
to tend towards it and not
just some of them.

i gzo,d—y:O.ly,
dy dr
y=Be%and x=0

i ¥ 04 Yoo,

dr dt

x=Ae%*and y=0

c i 2:1 i

i 0:1 iv

Exercise 126

2:1
1:1

o

2-4 1
-1 2-1
=(1-2)+1,

|M— 41| =

so A =2 % i. The real part
is positive, so the satellite
spirals away from the

0
Earth at [0] as claimed.

A

/

(11

=y

Exercise 12H

1 a i The formulae from the
FEuler method are
X, =12x +0.2y,
YV, =05x +0.9y,
n X, Y,
0 —6 22
1 2.8 16.8
2 0 13.72
3 2.744 12.348
4 5.7624 12.4852

n x, ¥,
5 9.41192 14.11788
6 14.11788 17.41205
7 20.42387 22.72979
8 29.0546 30.66874
9 40.99926 42.12917
10 57.62495 58.41588
Y p
160~
50+
40
30 |
10> | |
——————
-10 10 20 30 40 50 60
Y0 _1.01 and when ¢ = 1,
XIO
x=108.8, y=110.2. The
Euler method severely
underestimates the values
of x and y.
ii The formulae from the
Euler method are
X, =L1lx, +02y,
Ve = 1.3,
n x, ¥y,
0 3 1
1 35 1.3
2 4.11 1.69
3 4.859 2.197
4 5.7843 2.8561
5 6.93395 3.71293
6 8.369931 4.826809
I4 10.17229 6.274852
8 12.44448 8.157307
9 15.32039 10.6045
10 18.97333 13.78585
825




T T X

15 20

5 10
S0 _ 0.73 and when t=1,

XIO

x=25.52,y=20.09.

The Euler method
underestimates the values
of x and y and also has a
slow rate of convergence

ofﬁto 1.
X

"

iii. The formulae from the
Euler method are
x ., =038x +0.2,

n+l

Y, =—0.1x +0.95

Y10 = _0.42 and when

X]O

t=1,x=0.23, y=-0.08. The Eul-
er is misestimating the values of x
and y, although the ratio of x:y is

converges to the limit of
1
5 much, much faster than

for the exact data.

a The formulae from the

3 a The formulae from the

Euler method are

1
closer to the limiting value of =5

than for the exact values.

iv The formulae from the
Euler method are
X = LIx + 0.2y,

Euler method are
x =x(0.9+0.2y),
n 1

n+l

yn+l :yn(l'z - O'IXM)

n x, ¥,
0 1 1

1 1.1 1.1

2 1.232 1.199

3 1.404234 | 1.291083
4 1.626407 | 1.368002
5 1.908751 | 1.419109
6 2.259622 | 1.432058
7 2.680842 | 1.394879
8 3.160647 | 1.29991
9 3.666294 | 1.149036
10 | 4.142205 | 0.957573

b The formulae from the

Euler method are

tya =1, +0.1,

X, =X, + 0.1(—2t”x” +yj),

Vot =¥, F0.1(-3x2 43t y,)
Ly X Yn
0 0 -1 2
1| 0.1 0.2 1.7
21 0.2 1.063 1.739
3103 1.927716 | 1.504349
41 0.4 | 2.490973 | 0.524914
5] 0.5 2.374356 | —1.27358

b The formulae from the

Euler method are

tu+l

X

n+l

=t +0.1,
=x,+0.1(

2t“X” + yn ) 4

yn+] = yn + 0'1(_3Xi + tllyﬂ)

Kom Ly,

0 2 1
1 1.8 0.3
? 1.5 -0.03
3 1.194 —-0.165
4 0.9222 -0.2019
5 0.69738 —0.19317
6 0.51927 —-0.16632
7 0.382151 -0.13509
8 0.278703 —0.10576
9 0.201811 —0.08075
0 0.145299 —-0.06056

T —> X

5 1 . 2 25

826

Vo = 03x, + 0.6y,
o T

0 1 11

1 33 6.9

2 5.01 5.13

3 6.537 +4.581

4 8.1069 4.7097

5 9.85953 5.25789

6 11.89706 | 6.112593

7 14.30929 | 7.236674

8 17.18755 8.63479

9 20.63326 | 10.33714

10 24.76402 | 12.39226
%
12 4
10 -
8
6
4
2

o é 1I0 1‘5 2.0 2|5 3.0.‘ :

210 _ 09,5004 and when

XIO

t=1,x=29.54, y=14.84,
The Euler method has
some imprecision with
the exact values of x, y,
although the ratio

X ., =x,(1+02x — 0.1y,).

n+l

Vo =¥,(1 +0.2x — 0.1y,)

n x, v,
0 1 1
1 1.1 1.1
2 1.221 1.221
3 1.370084 1.370084
4 1.557797 1.557797
5 1.80047 1.80047
6 2.12464 2.12464
71 2.576049 2.576049
8| 3.239652 3.239652
9 4.289186 4.289186

10 6.128898 6.128898

n t" X, Y,

0 0 0 1
1{ 0.1 0.1 1
2] 0.2 0.202 1.007
3103 0.31078 | 1.014899
41 04| 0430917 | 1.016371
5| 0.5]| 0.567027 | 1.001319

Exercise 121

1 a (0,0)and (1, 2)
b IfPZOthend—P=0
dt

so P =0 forever and

d—Q=Q:>Q:Ae’
dt

¢ IfQ=0then d—on
dt

so Q =0 forever and

P P = p=pe?
dr

d Approximately 1042 prey
and 998 predators

2 a 833 rabbits and 50 foxes

b Both populations are
initially decreasing.

3

60
50 -

40 -

304

204

10 +

c i 50 foxes
ii 833 rabbits

d The computer generated
phase plane sketch shows
that the population of
both rabbits and foxes
decreases until we reach
50 foxes, and then the
rabbit population starts to
increase, followed by the
fox population until the
fox population recovers to
50. After this, the rabbit
population decreases again
until we return to the
starting populations, and
the cycle repeats.

a X goes extinct

dy
i —=3
dt 4
i y=Ae¥

¢ Whenx=0, %:Oand

SO Y is ill-defined, so the
dx
y-axis is an asymptote.

When y=0, %:Oandso

d .
Eha_ 0, so the x-axis is an
dx

asymptote.

dy

d i —=(3-x)y<0
dt ( )y
so y decreases and
dy
— =(2-y)x < 0so for
5 =(2-7)

a while x decreases also.
Thus Y decreases for a
while.

i j—::(z—y)x<0

so x decreases,

dy
=3-x)y>0
dr ( )y
so y is increasing. Thus

X is always decreasing.
e (0, 0)and (3, 2)

3

ger




b x=6.78

¢ x=5.854whent=1.6
d—X=3;x=—2+3t
dr

3 a

dx dy

— =y,—2 =-2x—-3y+5cos(5f

dt Y dt d ( )

x decays in bursts, and
then has approximate
oscillatory behaviour
around 0.

0.5 i A

-0.5-

Chapter review

1 1
1 a x=Ae™ + Be”
-3 2

b There is exactly one
asymptote, y = 2x. y = —3x
is not an asymptote.

2 b f=15s
¢ Speed=2.73cms™!
3
it2+t
3 a r=|3
tZ

b 254

' 828

4

a (0,0),(1,0)and (2, 2)
b i 20 lions, 2023 zebra
ii 18 lions, 1670 zebra
¢ converging to (2, 2) or
20 lions, 2000 zebra. The
population will eventually
be stable in the absence of
any external factors.
5 a 49J
b W:F-E:|F|x\ﬁlc059
=|F|x[4B|cos0 = | F||B|
¢ 6810000J or 6810kJ
(to 3 s.f)
141
6 a 0 |kN
78
4.7
b 0 |ms™2
2.6
2.35t> +55¢
c i r= 0
1.3¢
11760
ii r= 0 m
4680
7 a 20am b m
. (—1.26sin6.28¢ .
c = ms
1.26.c0s6.28¢
d 1.26ms!
8 5t 17 -4t
S b, =
R O A
B 9t—-17
r, =1, =
AP -
c 3.69
d a=13,b=4
e 17.1°
9 31.2° 58.8°

Exam-style questions

10

11

12

13

14

tZ
2

4t

26AN b 48N
~15.84i—21.12jN

i x=Ae5t+ Be-2t,
x = 5A4e5t — 2Be-2t and
X =25Ae5( + 4Be-21.
Now x" —3x —10x
= 25Ae5t+ 4Be-2t
— 15Ae5f+ 6Be—2t —
10A4e5t— 10Be—2t= 0.
ii x=2e%—2e%
i x=A+Be?,
X=-3Be3*and
¥ = 9Be 3. Now
X+ 3x =9Be3—9Be >
=0.

i x=3-3e¥

i x(1) > 3 as t — oo since

e3> 0ast—o .

1 1
x=4e" +2e*
1 0

160, 000 Homosapiens and
15,000 Neanderthals.

i x=2e2ast— oo

ii Dies out

315n” sin 3wt B
P cms
—315n” cos 3t -

—35sin 3mnt
s = cm
35cos3nt +40

-35 35
cm and cm

90

15 a Both eigenvalues are
positive so the solutions
move away from 0

b Both eigenvalues are
negative and the solutions
move towards 0

¢ Eigenvalues are 2 + i, real
part is positive so solutions
spiral away from the origin

d FEigenvalues are -2 %1,
real part is negative so
solutions spiral towards
the origin

16 a (0, 0)and (2, 1)

b Euler’s method gives
X, =%,(1.25-0.25y )
andy, = (0.5+0.25x )
with initial conditions
x,=1landy,=0.5.
Tabulating the results below
we get approximately 3716
lemmings and 31 owls:

n x" yn
ol 1 0.5
1| 1125 0.375
2| 1300781 | 0.292969
3| 1.530704 | 0.241756
4| 1.820866 | 0.213393
5| 2.178943 | 0.203836
6| 2612642 | 0.212955
7| 3.126708 | 0.245571
8| 3716428 | 0314743

¢ Itisto 3 decimal places for
x and seems a reasonable
level of accuracy. However,
. Euler’s method with step
size t=0.25 does lead to an
unphysical negative value
ol x ., and is somewhat
suspect.
1?7 Let 0 be the angle between
a and b, and # a unit vector
perpendicular to both g and
b, so that lnl = 1. We have
a-b=lallblcos@and a x b=
lallblsinOn.

Therefore

[%T*("]ZK"J

. (|a| cos 0)2 + (|a| sin@ |n|)2

= |a|2 (cos2 6 +sin? 6) = ]al2
as claimed.

18 We have

dx
d:

In the usual notation

52
M = . Now
- b
-A 1
- —-b-1
= +bl+c.

|M—21|=

—:0x+1y,%:—cxfby.

Write ll and 12 for the

—b+~b* —4c
roots ——— and
2
—b-~b*—4c .
E—— respectively.

Two eigenvectors that
correspond to each

1 1
cigenvalue are [ J and [ J
4 4,

respectively, since /ll and 4
are both roots of the quadratic
A%+ bA+c=0. Then

x:Ae"’[1J+Beﬂ?‘[ ! ]
4 4

so that x = AeM! + Beh!
as claimed.

Chapter 13

Skills check

1 25

Exercise 13A

2 x=1.39119

1 None of the tables can represent a discrete probability distribution

because

a the sums of probabilities is greater than 1;

b —0.2is not a probability;

¢ Discrete probability distribution

2 a P(A=12)=011 b

d 0.41 e

0.14

0.281
3 a P(B=1)=0.001, P(B=2)=0.00009999, P(B=3) = 0.000099 8

¢ 0.59
f 7.78

b To win on your b-th crisp packet, you need to have had (b—1)
losses and then a win on the b-th try, so P(B = b) = P(lose)?~! x

P(win) = 0.0001 x (0.9999)b-1

¢ bel* d 0.00099955
T
N C : 1 2 3 4 5
P(C=c¢) ’ 0.07 0.02 0.17 0.46 0.28
b 3.86
5 a
7 1 2 3 4 6 8 9 12 16
y 1 1 1 3 1 1 1 1 1
Lp=a) 16 8 8 16 8 8 16 8 16
b 2
5




a E(M)zM b =8
8
a
f e
o L A
P(F=/) - - =
b O
7
W UEE=
11
n E(G)—?
b f(g)=0.2x0.85"
¢ E(G)=5
a
P(BZX+yIBZx):M
P(B = x)
=lfP(BSx+y—l)
1-P(B<x—1)
C1-(1-(—py)
1-(1-0-p")

=(=1-F(y)=PB=y+1)

b P(B>15|B>10)=P(B=>6)
means that the process
has no “memory”. The
probability of finding a
golden ticket after at least
15 trails given that no
golden ticket was found
after at least 10 has the
same probability as starting
| over. The same logic works

| for (B2 6|B>1)=P(B=>6).

Exercise 13B

1 a 0.0535 b 0.991
¢ 0.809 d 0.558
e 0.983

f Notindependent

2 0.773

3 a n=13, Var () =3.12
b p=020r0.8

4 a (0.00163
b 0.6785

830

5 a A~B(25,02) b 0.617 likely that the plane will be
¢ 0.220 d 0234 overbooked.
e 5. This is the number 7 p=05
of correct answers Alex 8 a
would expect to haYe ifthe [ Numberof | Frequency | Frequency
guesses every question. 1s thrown | observed | expected if fair
f 0.383 g O 0 79 102.4
h 0.212 1 83 76.8
6 a T~ B(538, 091) 2 9 19.2
b 9.21 x 10723 The probability 3 29 16
that all 538 passengers turmn
o . 0~ B(3,0.2)
up in time to make the flight
is negligible. b There are significant
¢ 0.000672. It is highly _d‘ffgrencez l;etweehn what
likely that there will be 150 s?rve I‘OI;l t he .
empty seats on the flight. eXpenmelllt an W atis
expected if the dice were fair.
d n=551
e n=591 Exercise 13C
f 0.0573; 0.468; it is very
1 a 0.0390 b 0414 ¢ 0.727 d 0.259 e 0.184
2 1.20
3 2.99and 0.179. In both cases, P(Y = 1) is an unlikely event.
4 27 5 £20420
6 | Number of calls 0 1 2 3 4 | Sormore
Observed
15 30 28 14 7 8
Number of hours
Expected number of
149 28.7 276 | 17.7 | 8.48 3.26
hours
This appears to be modelled well by the Poisson distribution except
for the frequencies for 5 or more.
7 a 0.00000750. 3 404
b 0.00000750 4 0767
c 0.00142
9 a 225 b 1.56 ¥

Exercise 13D

1

2

a 05 b 0.16 ¢ 0.16
d 0.819 e 0.00135 f 0.857
a 0483 b 0.184

¢ 0.0829 d 0.525 e 0.887

017 L)
ey —
340 384

0

a 0.212 b 0.959
¢ 0.0446 d 446
a 0.170 b 21.6
c 15145

35 minutes

a Route A is on average
shorter, but has more
variability so a greater
risk of taking longer than
route B. Route B takes on
average longer but has less
variability so the average
time is more reliable to

predict.
b Route A
c i 0.113 ii 0.759
i 0.101
Exercise 13E
1 a 2 b 7
3 4
2 a 26 b 6.22
3 a 17.02 b 31.14
c 243 d 3.6
e 11.82 f 7.0771
4 4=1.29,b=-0.07689
5 a=0.165 b=0.496

6.a=129, b=-0.143

7

t 112
- |
T=n| 313
[ ¢ 3 |4 [s
N A B
P(T=1) 1 1 5
17
b i E(T)=—ii E(H):Z

71
¢ E(S) e Hence Zeinab is correct — since
- o the variances differ, so do
d lg 4 1sef? the distributions. Also, each
i 2B game has a different set of
= = = = Il = outcomes.
HE= e i P
Exercise 13F
8 In the first game, 1 0.7275 2 0.1943
17
E(zl.|_Zz):]5(zl)+]5(zz):7 3 0.0639 4 0.334
5 a 0.5 b 0.5
and Var(Z, + Z,)
6 a 0.000878 b 0.387 ¢ 6
11
:Var(Zl)+Var(Zz):§. ? 0.186
n 8 Argentina: 0.0161,
In the second game, Egypt 0.000 178
17
E(2Z)=2E(z)= ~ and 9 25
11
Var(2z)=4Var(z)= T
Chapter review
1 a p=02549=-01 b 0.5
2 a i
t 4 6 I 8 9 10
= 1 4 10 8 4 Ry
ey 36 36 36 36 36 36 36
b 18
3 a 16 distribution since
b i 0.0309 i 0.03465 E(F) # Var(£).
i 0.996 iv 0.00617 b 14 batteries should be in
stock
4 a 0.123 b 0.210
c 2.2888
c 0.0281
a E =12.04, Var =16.9
5 a 0325 b 14.8 ¢ 81.0 (0 (1)
6 a 0998 b 0.0000313
7 793 Exam-style questions
8 a Cdoesnot follow the 10 a i 0.15 i 0.4
Poisson distribution since b 2
(G an().J7Id ocs 11 a 01755 b 0.4405
not follow the Poisson
distribution since its c 0.5898 d 04557
domain does not include e i 23 i 61

values less than 9, E
does follow the Poisson
distribution and F does
not follow the Poisson

f Does not satisty Poisson
distribution as
E(Z) = Var(2)
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0.2503 b 0.7224 Exercise 14A ¢ Spearman’s correlation 2 Hp A=3.6, H:A<3.6; between price and d Critical region is
19 1 a 1 b 0.99 coefficient is affected less P(X <2)=0.303; 0.303 > 0.05, number of sales is X £ 23.4766, confirming
i 0.6827 i 0.9545 -1 d 0 than the PMCC by an not significant so no evidence accepted. the result of the test
i 1.6449 i 1.96 2 a r,=-0.9636 outlier. 10 el L aalatmEanyis il s=20.2-2.76p 3 a H.pu=83 H:u>83
’ ’ 5 ' still 1.8 times per week. 0 !
0.8321 b 0.1336 b 0.8929 Exercise 14B i $8.19 b 8.56
. 3 a Ho:l:Il.O,le/'L<ll.O " .
o -
10.57% b 0.4575 3 a Nlot e.1pplropr1ate as the 1 a P(X26)=0.0386, b X<5,375% , ¢ X ~N(83,0.882)
6 p ;’t ?nd‘;?te? that ;he 0.0386 < 0.05, significant U 04 4 e
relationship is not linear. ; ®
Mode occurs at n=p R . so reject H, assumed for the Poisson i 5 y ?}'1391 i’ ?05 and_0.0; i
‘ 1 i = ’ b P(X<6)=0.250 0.250> distribution: this may not 6] ki e
4 16 ¢ Indicates a strong inverse 0.10, not significant so no be appropriate as different 145 even at the 10% level so
i 1 3 relati9nship between reason to reject H, games will be ditferent, so i : ! i }[Esumﬁin ew}(li erllcehto rieC[
1 Te00 velocity and force. From ¢ P(X29)=0.149, 0.149 > the rate is likely to vary. € nul ypotnesis that t <'3
the scatter graph we O C mean time between buses is
0.1020 d 01020 ; ] 0.10, not significant so no 4 a H:A1=4.0 H:A>4.0;Let 6 . 8.3 mi
. ~ can see that the result is reason 1o reiect I 0 I -3 minutes.
. ject Hy X be the number of cases 4 -
1 valid, though the actual . . . . ° f p-value =0.391
i T~Bl100 = ) ) 2 a H:p=06H:p<0.6 of infection. Critical region 2 ° e
A relationship between the 0 1 X > : ? g X <6.46, X >9.8448
i 0.1038 data is lost and when the b Critical region is X< 13 8 A=9. o s i s e 780 ' o '
i 0. ,
s values for .force are.v.ery ¢ 13 < 14, not in the critical b gl Ze?n;(e)ciiscs)lliznjctcl;it Relationship is not linear Exercise 14F
5 close for high velocities region so not significant, nd dentl S0 an exponential or power 1 a p-value=0.100>0.05 not
6 small changes could affect therefore no reason to independently regression might be more lsjigriliftl:a;t -SO i n(;t re?eoct .
i 5 . 5 the value of r. reject H. Exercise 14D appropriate. . | ;) e oo 0
3 9 4 a r=0.6699, indicates 3 a X>4 p-value = 0. >0.
20 80 students who do better in g 5 1 a i 0961 3 a r=0.8683, highly not significant, so do not
[l i & b Binomial may not be ignifi i
3 9 Maths tend to do better in ii SERIESOECISOn 1D HEjEerEy
appropriate as tripping it p-value =0.1789 > 0.1 reject the null hypothesis °
English iR ; ) Yp ¢ p-value =0.0239 < 0.05
on one fence may mean so there is insufficient
b e b -0.942 tripping on others more evidence to reject the D SESSUMOEE SRR significant, so reject H,
13 ¢ Strong inverse relationship (i.e. not independent) null hypothesis p=0 ¢ €192.35 2 a p-value=0.0288> 0.05 not
i E between velocity and force. 4 H:p=03H;:p>03 b i 07246 d 35°C is outside the domain significant, so do not reject H
ii Not true because d From the scatter graph we Let X be the number of objects i p-value=10.103>0.1 . 'data BLOWIGEd 9 b pavEine St =ai02g D
13 , 13 o, T remembered P(X > 8) = 0.2277, so there is insufficient not suitable to extrapolate significant, so do not reject H;
1875 5 valid, though the actual not significant so no reason to evidence to reject the Exercise 14E ¢ p-value =0.0476 <0.05
relationship between the reject Hy null hypothesis p=0 significant, reject H,,
data is lost and when the 5 P(X>2)=0.0815, 0.0815 c i 0718 1 a 0.08281 <0.025, not 3 a The sample size is large
Ch 14 :lal;le: folrj.fotrlce e;re .V.CI"Y > 0.05. The result is not ii p-value =0.0860 < 0.1 mgmﬁ;ﬁnt =P IR R EHQUEIIIOT CE Conimal it
a pter : Tl O}f es < Olc(;tl(; significant at the 5% level so so we reject the null reject H, PACGHE {(OJARRL
:;na (; anies could afiect there is not sufficient evidence hypothesis that there is b 0.01511<0.025, b Hpp=282 H:u>282
Skills check € valuc ol 7. to reject H no correlation between significant so reject H, ¢ p-value =0.233 > 0.05 not
(1, 4)) ) 5 a Beca.use the ranks ) y the two variables. ¢ 0.2061 <0.05, not significant, so insufficient
1 p©S)= R =5 are given rather than Exercise 14C il y=42.8+0.521x significant so no reason to evidence to reject H
ey quantifiable data reiect H
n({2,4,6}) 1 1 a P(X<5)=0.276,0.276 > 2 a r=-0.901 ] 0 4 a Hypu=83 H;:u>38
) = ase =3 b —0.8857, generally the 0.05 not significant so no b | B td Feonal: 2 a The sample size is large b i 86.0 i 3.4l i 3.81
m((L,2.3,4,5,6}) more expensive ones are evidence to reject H P Hep=0and Hip <O enough for the central . ' '
I n({4a}) 1 preferred 0 p-value = 0.001 12 il AT omEm, TS ¢ 0.0765> 0.05, not
PENS)=—— =~ : b P(X210)=0.0772, 0.0772 < 0.05. The result is e significant so insufficient
n({1,2,3,4,56)) 6 6 a i r=09462 . . . o : g
o : ; > (?.05 not significant so no highly significant and b Hyp=24, Hi:p<24 evidence to reject the null
— —x==P(S)x P(B) i 7=0.6021 evidence to reject Hy so the null hypothesis ¢ p-value=0.0139 <0.05 hypothesis
o indepenadexft b i 7 =0.6242 ¢ P(X=23)=0.00588, is rejected and the significant, so reject H
o O 5 - i 7 =04833 0.00588 < 0.01, significant alternative that there is that the average coverage
: r,=0.7719 s so reject H a negative correlation of the paint is 24 m?.
832 833




Exercise 146G

1

10.4, 14.4)
61.9, 62.7)
4.58, 8.02)

)

a
(
{
d (2.10, 2,50
(
(
{

e (4.47,4.73)

a (10.24, 14.28)

b (~7.85, 6.89)

a i (19.76,22.64)
i (20.30, 22.10)
i (20.67, 21.73)
iv (20.83, 21.57)

b The larger the sample the
smaller the width of the
confidence interval.

a (11.57,15.23)

b The population can be
modelled by a normal
distribution.

¢ 15.3 is outside the range for
the confidence interval so is
unlikely to be the population
mean.

Exercise 14H

1

p-value =0.251; 0.251 > 0.10, not
significant, do not reject the null
hypothesis. There is no difference
in the weights of the apples.

p-value = 0.00539; 0.00539 <
0.01, significant, so reject the null
hypothesis. Those using the new
remedy do lose more weight.

Exercise 141

1

2

x?=9.5218 > 9.210, significant

so reject Hy

a M GPA is independent of
number of hours on social
media, H,: GPA is not
independent of number of
hours on social media

b 31.2

a Lety, be the mean
difference. H: =0
H:p,<0

834

p-value = 0.000127 < 0.05 so
the result is significant and

the drug has a positive effect.

b Hy:p,=07H;:pu, <07 4

p-value = 0.0285 > 0.05 so

the result is significant and
there evidence that the drug
has a positive effect.

¢ i Yes because there is some
good evidence the drug is
working
ii Larger sample, group
chosen to eliminate other
factors ¢.g. age, gender.

Exercise 14J

1

0.00856 < 0.01, significant so
reject the null hypothesis that
favourite chocolate and gender
are independent.

so the result is not significant
SO NO reason to reject the null

hypothesis

a Hthe type of degree that 5
person has is independeny of
their annual salary
H : the type of degree
that a person has is not
independent of their annual
salary.

b BA carning less than
$60000

¢ Combine the first and
second row to contain
salaries < $120 000

d p-value =0.00403

e 0.00403 <0.01 The result
is significant so reject the
null hypothesis that type
of degree and salary are

a H; GPAis independent of independent.
number of hours on social
media. Exercise 14K
H:GPA isnotindependent 1 a | Colour Fre i
of number of hours uency
. . Yellow 120
on social media.
Orange 120
85 99 Red 120
b —x—x270 ul
270 270 Purple 120 il
=31.166...~31.2 Green 120 %
¢ Degrees of freedom (3 — 1) x b 4

(B-1)=2x2=4

d x>=78.5167,P(y2>78.5167)
=333 %107

e 785167 >7.779. Significant
so reject the null hypothesis
that GPA is independent of
number of hours on social
media.
H,: number of people walking 2
their dog is independent of the
time of day.

H,: number of people walking
their dog is not independent of
the time of day.

Either: The y? test statistic = 5.30;
5.30 < 9.488 so the result is

not significant so no reason to
reject the null hypothesis or: the
p-value = 0.257; 0.257 > 0.05

¢ Hp the colours follow a
uniform distribution; H:
the colours do not {ollow a
uniform distribution; 2, =

10.45 10.45 > 9.488; The

result is significant so reject

the null hypothesis that the

distribution is normal.
a All are 50

b Hp: the last number follows
a uniform distribution; «
H,: the last number does
not follow a uniform
distribution. 2 = 9.08,

P(x® >%2=0.4299 £ 0.1
not significant so no reason
to reject the null hypothesis
that the Jast number on

the lottery tickets follows a
normal distribution.

3 a
Expected
6.8 [68.92|148.56|68.92 |6.8
frequency
b I the grades fit a normal

distribution with mean of 65%
and standard deviation of 7.5%.
H,: the grades do not fit a
normal distribution with mean
of 65% and standard deviation
ot 7.5%. The p-value = 0.947;
0.947 > 0.10 so the result is

not significant and hence there
is no reason to reject the null
hypothesis that the exam results
follow the given distribution.
21.6, 59.6, 87.6, 59.6, 21.6

M, the heights fit a N(250, 112)
distribution. H : the heights do
not fit a N(250, 112} distribution.
p-value = 0.0906; 0.0906 > 0.05
not significant so no reason to
reject the null hypothesis that the
sample of elephants was taking
from a population whose heights
are fit a N(250, 112) distribution.

5 a H; the scores are normally
distributed with mean of 100
and standard deviation of 10.
H,: the scores are not normally
distributed with mean of 100
and standard deviation of 10.

b Because if the expected values
for the scores outside the range
of the observed data are not
zero then this would contribute
Lo the test statistic.

c

Score, X Probability | Expected

) score

x<90 0.1586 317
90<x< 100 0.3414 68.3
100<x< 110 0.3414 68.3
110<x< 120 0.1358 2°.2
120<x< 130 0.0214 428
130<x 0.00140 0.28

4 Eaer Probability | Expected score |
X <90 0.1586 | 31.7 1
90<x<100 |0.3414 |683
100<x< 110 | 03414 | 68.3
110<x 01586 | 31.7

e 3 o

f Zfz.,:f =54.8 and p-value =7.61 x 10712

58.4 > 6.251 so result is significant and the null hypothesis
that the IQs of the students have been taken from this
distribution should be rejected.

g i Meanis 105.9, standard deviation is 11.7554

ii The data is fairly symmetrical and most of the data is
within two standard deviations of the mean which
indicates a normal distribution is possible. The high
value of the chi-squared statistic is probably due more
to the mean and the standard deviation being quite far
from those being tested.

Redo the test with a different mean and standard
deviation.

Exercise 14L

1

a i 0.694, 0.278, 0.0278
i 173.61, 69.45, 6.95

1
b H,: the number of 6s fits a B(Z,gj distribution (or the dice

are lair

H,: the dice are not fair; y*>=28.1>5.991. 28.1 > 5.991,
result is significant so there is strong evidence to reject the
null hypothesis

3 | Goals 0 1 2 3 4 5 >6
| Probability [0.0907 [0.218 [0.261 [0.208 |0.125 [0.0602 [0.0357
[ Expected
xpected 1, 1089 (1307 1045 [627 301 |1.78
frequency [

b H,: The number of goals in a football match follows a
Poisson distribution with a mean of 2.4.
H,: The number of goals in a football match does not follow a
Poisson distribution with a mean of 2.4. Join together the final
three columns to get:

0.2213
| 11.06

| Probability

Goals | >4
i
i

Expected frequency

4 degrees of freedom, p-value = 0.770. 0.770 > 0.10, the result
is not significant and so there is insutficient evidence to reject
the null hypothesis that the sample is taken from a population
which follows a Po(2.4) distribution.
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ANSWERS
3 a 0.0156,0.1406, 0.4219, p-value = 0.00306 < 0.05, d H02 The lifespan of Degrees of freedom =4, Degrees of freedom = 3, Exercise 14N
0.4219 significant so reject the null lightbulbs follows an p-value =0.677 > 0.05. The p-value = 0.0470 < 0.05 . The first d h and
b H,: The number of seeds hypothesis that the number N(1200, 1212) distribution. result is not significant so The result is significant so @ ) rstd ?}tla ° owsdla}rll o
germinating fit a B(3.0.75) of people joining the queue H,: The lifespan of no reason to reject the null reason 1o reject the null €rror an : (? second shows
distributi follows a Po(4.2) distribution. ; hypothesis . SHEtematigerior
on. lightbulbs does not yp hypothesis - dd "
H_: The number of seeds b i Mean=4. i = - ¢ second data wou
;: The n i ean = 4.23, variance follow an N(1200, 1212) a Xx=526,5,,=5.15 a H :The sample is from a h .
germinating does not fit a 6.81 distribution 0 ave a correlation of 1, the
B(3.0.75) distribution ) b H: The weights of the Po(2.0). first data would be close to
ook : ii The parameter for the p-value = 5.83x1077 < 0.05 children have an N(52.6 ; :
. . . . : T H,: The sample is not from but not equal to 1.
c Poisson is the mean and This result is significant 5.152) distribution a Po(2.0) population i i
| the mean of the sample and so we reject th M ] : : ¢ A high correlation
Number of ject the nu H : The weights of the B d values: 1 line of
d 0 is close to the mean for hypothesis ! xpected values: pormaltly means a finc o
| seeds 1 2 3 e LT children do not have a N(52.6, E= regression is useful. In this
germinating the distribution. For 2 a ¥=15319,p=05106 5.152) distribution. | Number of calls | Expected )
. . p )
the Poisson distributi y case the systematic error
Expected | on b H_: The number of boys in Expected values: ELIIE frequency has resulted in a perfect
¢ |0.78 |7.03|21.1|21.1 the mean and variance o Y b v - =5 p
[IEqUENcUiml are close together, that a family has a B(3, 0.5106) — - 0 8.1 correlation but the line
is not the case in the distribution. Weight, w kg Expectad | 1 - 16.2 of regression would be
d 2 as two columns need . frequency i ingly i t
o b bined . sample which indicates Hi: The number of boys in 2 16.2 IRETEasS YIS CELTaTES
0 be combined to give I . . M| w< 45 14.12 x increases.
probability 0.1562 and the distribution is not a lamily does not have a 3 108
expected frequency 7.81 Poisson. B(3, 0.5106) distribution. 45 <w < 50 47.58 >4 8.6 2 a P(y:>7.0142)
e p-value =0.01472<0.05 a B(5,0.25) Expected values: 50<w<55 | 7454 =0.0300<0.05
L . Degrees of freedom = so significant and the
is sieni b ; . . < 48.84
T}%e result is significant S.O ;8925,7 13970755’ 185 Numberof | R | S = = 4, p-value = 0.01329 < two factors are not
reject the null hypothesis -95,7.3,0. boys frequency 60=w 14.92 0.05 significant, so reject independent.
that the seeds fit a ¢ Hy: The students are 0 11.02 the null hypothesis that 10
.0. istributi i . D f freedom = 2, =
B(3.0.75) distribution. guessing randomly. H,: i 3139 cgrees of freedom the data follows a Po(2) b [ 5 j 45 ¢ 0.9006
4 a The students are not p-value = 0.0000517 < 0.05. distribution.
s i uessine randoml 2 35.98 The result is significant so d Need to know if there are
Number | Observed | Expected & 8 Y- ; . b X =2.57; H : The sample
of people | frequency | f Combine 4 and 5 to get E 12.51 the sample is very unlikely to P b other reasons to suspect the
reque ; . . . .
peop 9 Y q P_c_g_ 0.0157, 7.85. There are have come from a population is from a Po(2.57). Hl- two attributes given in part
0 5 0.90 41 degiees Bilireedam Degrees of freedom = 2, with a normal distribution. The sample is not from a a were not independent. If
1 7 3.78 p-value = 0.05177 > ' p-value = 0.05715. > 0.01 The ¢ The data has two peaks Po(2.57) population. there are no other reasons,
2 6 ?.94 0.05 not significant so :flselit;: rIll(;)tt Sliglﬁca?t a%d = which suggests two Expected values: need to do further tests
= . . . suffici : i
3 ’ 11.11 insufficient evidence to . . e.nce populations, it is possible [ e i 7] g 1o eReugh EVIEEs
: ) . to reject the null hypothesis i Number of otherwise.
4 8 11.67 reject the null hypothesis that the sample included a ! calls / Expected
s 6 9.80 that the students are 3 a x=285 mixture of boys and girls. s frequency 3 a i Takingarandom
6 7 T guessing randomly. b I The number of fish a B(50, p) or stratified sampl-e
= 0 0 46 sample. If measuring
7 8 4.12 Exercise 14M ?lig.l;t ltl'as PREGI2260) b x=1.9=p=003167 1 11.8 which school is better it
>g 9 3.84 a  Standard deviati R stbution. ¢ Hj: The sample is from a B 1152 is important the sample
—_ viation = . : ‘ .
d H,: The number of fish B(50, 0.03167) population . 50 is representative of the
Combine the first three and b . ;auil;tsdode's n.%t h.ave a H,: The sample is not 4 83 school.
last two columns. Lifespan, /1 hours Expected ' 0(2.85) distribution. from a B(50, 0.03167) —— ii The samples from the
| Number of | Probability | Expected | frequency eI RINES: population % ek two schools should be
people | . frequency | | h<1000 19.7 [ Numberof Expected " Expected values Degrees of freedom = 4, as equal as possible
>2 0.2103 12.62 1000< /4 <1100 62.0 fish frequency ? _b _f = _Ex_ _d — p-value = 0.333 > 0.05, hence between girls and boys,
umber 0 pecte i ioni so the improvement
3 7 11.11 1100 < /1 < 1200 1183 <1 178 rizes S HnE Ul IS [OMSIS T flcat : B iy
i 5 T 3 - Tl P 9 Y and there is no reason to is due to the teaching
. 1200</ < 1300 118.3 - R 0 12.01 reject the null hypothesis. method and not to the
5 6 9.80 1300< /4 < 1400 62.0 3 17.9 1 1 19.63 gender of the student.
6 4 6.86 1400< & 19.7 4 12.7 = B 1573 iii A sample of girls should
>7 0.1325 ?.95 4 5 ’3 >3 1263 be compared with a
c >3- .
>6 56
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sample of boys in each
of the schools. The
samples could also be
pooled so a mixture

ot boys / girls from
both schools. But to
avoid the results being
affected by teaching
methods there should
be equal numbers of
boys and girls from each
of the schools.

A t-test on the ditference
between the average
improvement in each
school to see if there is

a significant difference.
Assume the populations
are normally distributed
or the sample size is large
enough for the central
limit theorem to apply.
Good points include — the
census contains details of
most of the population,

it will be relatively cheap
and easy to collect,
because it contains other
information focused
sampling could take place
if required.

Bad points include — the
data is 6 years out of

date, it records who is
living in the house on
that day so if taken in the
holidays might include a
lot of students who do not
normally live at home.

i P(140 < X < 160)
=P(X < 160) — P(X < 139)
=0.648

ii 1.00
The survey is almost

certain to find the
correct proportion to
within 0.05, but there is
a about a 0.35 chance it
will not be within 0.1. If
this level of accuracy is

needed more households
will need to be surveyed.

¢ ‘Do you have any children
who have left school?
If so how many live at
home and how many
live away from home? (A
single question such as
‘Do you have any children
who are still living at
home?’ is ambiguous as
it is answered ‘no’ both
by those with no children
and by those with children
who are not living at
home).

5 a The method of obtaining
the sample, to ensure it
is appropriate (the two
groups are as uniform as
possible) and unbiased. The
size of the sample to ensure
a t-test can be performed
(greater than 30).

b Let X be the number of
significant results in the 6
tests. X ~ B(8, 0.05). The
probability of at least one
significant result by chance
isSP(X21)=1-P(X=0)=
0.337.

Exercise 140

1 a i Two outcomes, each
trial independent and
identical.

ii Events are independent
and occur at a uniform
average rate during the
period of interest.

iii Data comes from a
normal population or

the sample size is large

b Chi-squared goodness of
fit test

2 a The test involves the sum

of Poisson distributions (as
total infected equals the
sum of those infected by

the individuals with the
infection), this assumes
the numbers of infections
passed on by each of those
infected is independent of
the others. This is unlike-
ly as they will be moving
in close proximity and so
may be meeting the same
people. A Poisson distri-
bution assumes a uniform
rate. This is unlikely, as the
days progress more people
become infected so the
numbers who are suscepti-
ble goes down and the rate
will decrease. The numbers
infected by an individual
might not be independent,
contact with one person
might make contact with

a second more likely, for
example if a patient is
receiving treatment or has
plenty of visitors.

A chi-squared goodness
of fit. A significant result
might be because the
distribution is not Poisson
or because the rate of
reaction is not r.

Chi-squared or test for p=0

Chi-squared, as we do
not know if distance or
weekly allowance are
normally distributed. If it
is suspected they might be
normally distributed a test
should be done to see.

The distances and
allowances need to be
categorised into groups so
that the expected values
all greater than 5.

Difficult to find parallel
forms for questions about
food. Test-retest will also
indicate any change over
time as well as considering
the reliability of the data.

b 0.907, which indicates
the survey is reliable as a
source of information.

¢ Test 1 quartiles 4.5 and
5.5, median 4.9
Test 2 quartiles 5.2 and
5.7, median 5.5

d Boxplots indicate there
has been an improvement
as the median and lower
quartile have improved
considerably not much
change for upper quartile
and maximum score.

e Box plots are reasonably
symmetrical so no reason
to assume not normal, so
reasonable to use the t-test.

H,: There has been no
improvement in the
average score awarded to
the canteen.

Hp: There has been an
improvement.

p-value = 0.00528 < 0.05
so the result is significant
at 5% level so significant
evidence to say the
canteen has improved.

a p-value =0.008783 < 0.05,
significant so very strong
evidence to reject H

b Male/female mix implies
that heights are not likely
to have been normal.

Females on average

shorter than males so extra

factor in that has not been
tested for. The positive
relationship between
height and salary might
be a reflection on women
getting paid less than men.
Better to have all female
or all male group and alter
hypothesis accordingly.

¢ Group the sample into d
salary bands and use a
x? test for independence
between gender and
salary.

Exercise 14P

1 a 0.608 b 0.281

2 a i 00435 i 0.792 6
b i 0.0386 i 0.9351

3 a i 0.0458 i 0.9245 )
b i 0.0421 i 0.377

4 a Critical regions X < 48.3,

X >53.68

b
P(48.3<X <53.7 |u=51.5)
=0.9346 4 a

5 a X>53121 b 0322

¢ Increase the sample size,
(or increase the significance

level of the test) b

6 a H mumber of people with
a car follows a B(50. 0.3)
distribution

b Let X be the number of
people in the sample who
ownacar. X =2 21

c i 0.561 i 0.101

a The hours chosen for
the sample need to be
independent. If they were
adjacent to each other an
event such as a large car
crash might cause several
of the hours to be larger
than usual.

b Hpjp=382 H;:pu<82

¢ The mean of the sample
is less than 7.5 but the
average number of
patients has not dropped
from 8.2, and so the
phone line is continued
unnecessarily.
P(X < 75|y =82) =0.239

P(X 2 76|u=78)=0.605.
This is the probability of
discontinuing the phone
line even though it has
had a positive eflect. This
might be justified if it is
felt that the reduction

is too small to cover the
extra costs involved.
Hypp=12 H:p=12
0.05

Critical regions are

X <1.1562 and

X >1.2438,

P(1.1562< X <1.2438/p=1.17)
=0.731

Exercise 140

Under the null hypothesis
that the shapes are guessed
randomly, the probability
of 3 correct is 0.23 = 0.008.

The probability he is quot-
ing is the probability of not
getting all three cards right
if guessing randomly, not
the probability he is not
just guessing randomly.
Other evidence would
also have to be taken into
account, including how
many previous tests this
person had taken and

the results of those, what
other evidence is there

for the existence of ESP.
The evidence from the test
does indicate that he was
unlikely to be guessing
randomly, but all the
alternatives, including

the possibility of tricks
need to be considered,
and the likelihood of each
compared.
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ANSWERS

DIH
0,008 IHo

0.992
D'|Ho

D|H,

/

e i P(D)=0.99x0.008 +
0.01 X 1=0.01792

-

Fa

i P(H,|D): p(D)

_ 0.01x1
0.01792

1

P(H,)P(0|H,)

-

=0.558

i The researchers believe
that the probability of
ESP existing is 0.01

ii P(D)=10.999x0.008 +
0.001x1 =0.008992

P(H,|D) = " (D)

~0.001x1

0.008992
=0.111

i Let X be the number of
patients in the sample
with the infection X ~
B(100, 0.01) P(X >3) =
1 —P(X<2)=0.07937

ii No, more information is
needed.

i 0.583

ii The probability of bad
practice is just under
60%. Though not
significant, further
checks might be
advisable.

X>471 b 0361
0.1089 d 0.413

840

P(H,)P(D]1,)

Chapter review

-0.9525

b The value is strong and

b

negative — so, the taller
the person is the less time
they take to run the 100
metres.

H,: The colour of the eggs
is independent from the
type of hen.

H,: The colour of the eggs
is not

independent from the type
of hen.

30x42

90
2
x> =217,
p-value = 0.0000194
21.7 > 5.991 or 0.0000194
< 0.05 so reject the
null hypothesis. The
colour of the eggs is not
independent from the type
of hen.

=14

Probability of tossing a tail

1
= Py so the probability of

1 1
tossing 2 tails is —x— =

2 2

N

1
60x—=15
4

Number of
tails

Frequency 15 30 15

c

d

2

H: The data fits a binomial
distribution.

Hp: The data does not fit a
binomial distribution.

x> = 1.2 or p-value = 0.549

0.1.2< 5.991 or 0.549 >
0.05, so not significant and

I'4

no reason to reject the nyll
hypothesis that the data fitg
a binomial distribution,

a Hpp=p, H:ip = M,
two-tailed

¢ p-value=0.3391 > 0.05,
not significant so no
reason to reject the null
hypothesis that there is no
difference between the two
groups.

a (1.3733,1.741)

b (21.611, 22.589)

Hy:A=15.0,H:2>15.0;

P(X>19)=0.181.0.181 > 0.05

not significant so insufficient

evidence to reject H that the
number of hurricanes is still

¢ Lety, be average difference between the scores on the first and second tests. T2y, =0, H : , # 0.

p-value =0.133

Not significant at 10% so no reason to reject H,, that there has been no increase in the overall level of

satisfaction.

Assumptions: The differences can be modelled by a normal distribution and the responses of those

surveyed were independent of each other.

Exam-style questions

10 a 0.0626 b 0

11 a H: favourite TV channel is independent of age, H,: favourite TV channel isn’t independent of age,

Degrees of freedom = 4, P(y? >21.2774)

=0.000279 < 0.01, significant so reject the null hypothesis.

7.5 on average.

B(42, 0.82) Just two
possible outcomes and
recovery of patients is
likely to be independent of
all other patients.

Hy:p=0.82 H:p<0.82

X<29 d 2.93%

i 0.05 i 0,01

i Critical region
X >32.47. Probability of
a type Il error = 0.623

i Critical region X >33.49.
Probability of a type 1T
error = 0.840

i Decrease ii Increase

iii Decrease

Test—retest means the same
test is given to the same
people after a period of
time. If the test is reliable
there should be a good
correlation between the
two sets of results.

r=0.968 which indicates
that the test is very reliable.

Favourite TV channel is not independent of age.
b Values are valid as they are all > 5
l Expected Alph; ~ |'Beta Peppa
60 40 0 7 60 90
Up to 5 years old —Xx—x20=12 6 0 x20 =21 —x—x20=27
| 200 200 200 200 200 200
EeEEEEEEl 70 20 vo0-14 72479 wa0-245 [ T2x 20 00-315
years 200 200 200 200 200 200
Between 11 and 70 40 ©20 =14 70 70 %20 =245 70 90 <20 = 31 5
15 years 200 200 200 200 200
12 a i 17375 ii 177.8 14 a If X has a mean of # and a standard deviation of ¢ then

b 2-sample t-test since the mean of a sample that is sufficiently large ( > 30), has

variance is unknown o2
distribution X ~ N| y,—

HO:‘uWelsh n l/iScollish B
Hyt Hyren < suoisn b (4.804, 5.1960)
p=0.0214 o o7

0.0214 < 0.05 so we reject
the null hypothesis and
conclude that there is
sutficient evidence at the 5%
level to conclude that Welsh
policemen are shorter than

15 A paired #-test is used because we wish to directly compare
measurements associated with the same cars. Let p, be average
difference between the scores on the first and second tests.

.Eferl-ances ‘ 0.2 ‘0 [0.4 | 0.1 ‘ 0.6 | 0 |0.2 | 0.1 |—0.1 l 03 ‘

Scottish policemen. Hypp, =0, Huy >0
¢ 0.0214>0.01 so at the 1% J= 0.2+0+0.4+4--+0.14+(-0.1)+0.3 016
2 level we would accept H,,. 10 '
1 il JH :1=20.0, 22407 40.4° 44 0.1 +(=0.1) +0.3°
3 One tailed test. H : 4 0 o - [02°+0°+0.4%+ - +0.1" +(-0.1) +03—0.162:0.2154,
H, :4<20.0, assume " 10
H, is true, then d 0.16
_ = = =2.2284
1901 207e 12 s, +\n—1 021549
P(X <100) = Z——,l—
= il
- P(t, > T) = 0.0264 < 0.05, significant at 5% so evidence to reject H;
=0.0347 <0.05 g
ol . that front wheels wear at the same rate as the rear wheels.
significant so sufficient
evidence to reject H, 16 p-value is 0.7996 « 0.05 so not significant, so not enough evidence

suggesting that Narcissus is
exaggerating.

to reject the null hypothesis that there is a linear relationship
between a female’s height and the number of pets she owns.
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1?7 Use a Chi squared goodness 2 a 5 ii b It is easier to see which 2 The adjacency matrix consists
q g . jacency
ot fit test. H : toys appear A B [ | | towns are connected, and only of zeros and ones and
o' tOys app A B c D E A B c D 4
in the colour ratio 3:4:2:1, A 1 1 1 A the routes between the has zeros on the diagonal.
H.lz t.oys don’t appear in the B 1 1 5 3 LOMPIAS 3 a Sum of entries in either
distribution stated. Degrees = ; " ; c ! 5 = ¢ Starnberg and Tutzing and row or column headed by
of freedom = 3 because Y  —— | Starnberg and Ammerland that vertex
once you know three of the D 1 1 1 D c D ? 5
r0b1§l/)ilities ou know the ¢ Stamberg, Ammeriand b1 Sumoldlements in the
Fourt(h by delﬁ}rllition E 1 b b i Strongly connected Ambach column headed by that
. b A }B ii Connected but not Starnberg Possenhofen, vertex
Colour  |Blue |Pink Purple |Green P 0 R |s T strongly connected Tutzing, Ammerland, i Sum of elements in the
| Observed | 32 | 37 | 23 8 P e | 3 a iA B Ambach row headed by that
Expected | 30 | 40 | 20 10 0 . 1 1 1 . Starnberg Possenhofen, vertex
Tutzing, Bernreid, 4 a i Everyone knows their
i P 5 R 1 1 Seeshaupt, Ambach own name
; X2 (32-30) + +(8—10) S 1 > Yy — ¢
| =
( 30 10 - 5 D c Starnberg Ammerland, i Tt is possible for someone
1 . .
l =1.2083 6 a Shetfield to Manchester Tutzing, Bernreid, to know the nar.ne of
! P(y2 >1.2083)=0.7510 3 a is 38 miles, Sheffield to N o Seeshaupt, Ambach someone else without
' C 12 A Nottingham is 39 miles I i A in-degree 2 out e All except Starnberg them knowing their
0.7510 « 0.05. Not significant : ] name.
) & b One route from | degree 2; B in-degree Ammerland, Tutzing,
so do not reject the null 10 i Bernreid. Seeshaunt b i 3 i 3
. Manchester to Nottingham 2-out degree 1; C in- ¢ pt. ! i
hypothesis. The colour of ) i Ambach .
the toys follows the stated 12 ; 1> will be via Sheffield = degree 2 out-degree 3; D i C iv E
distribution 16 i 77 miles, a route via any in-degree 2 out-degree 2 pyorcise 15C c D
town more than 77 miles - 6
, b1 4 2 ta ABco i
E 9 B from Manchester will — Exercise 15D
necessarily be longer. 6 Afo01 0 1 . e 5T
Chapter 15 b a 4 5 B[1 01 1 1A T asaiies
C 7 B Sheffield 7 clo 1 o1 ii 5 CBAD, CDBD, CDAD,
Skills check e — CDCD, CBCD
g plt 11 0
] 5 [ 10 6 b i 1ABD i O
i 3 i i b A B C D
5 z I ENiICREEey] DYt ¢ i 2ABEA, AEBA
1 a |3 -1 3 , & 41 leeb 79 = degree 2; B in-degree 2 Af01 00 . I 5 GHE
o 015}
=3 1 4 E D & 34 99 o out-degree 1; C in- BlO 0 0 1 i PACEERACECD, D.
s = 3 CDBD, CDED
3 3 -9 5 s degree 1 out-degree 2; D clo 1 0 o 41 0 P SGeED
in- - i i
b |15 -2 6 P 5 in-degree 2 out-degree 1 pl1 01 o ' .
6 9 23 b 12 ¢ York 4 Ain-degree 1 out-degree 3; 2 DA entryin M?is 0
% B in-degree 2 out-degree 1; ¢ A B C DE 21 1 1)
. : ] d 38+59+16+39=152 . .
2 a 3y=2x Combine with i C in-degree 2 out-degree 2; A0 1 0 O 1 1 2 1
. 2
x+y=1togive x=0.6 and 7 8|8 miles D in-degree 2 out-degree 2; sl1 011 1 3 a i M= 113 0
y=04 ] "E in-degree 3 out-degree 2
: > Exercise 15B . c/lo1 o1 0 1 10
a
B asgan %nggie 0.5994 " 1 aand c are undirected, b and Starmberg Bre 11 0 2 3 4 1)
PO =" ' d are directed. - EAL 1.0 10 . 13 2 41
0.3996 0.4006 C 8 D M =
# 2 a i d AB CDETF 14 4 2 3
c 04 =1 Possenhofen
6|7 11 A B c D | Ammerland Af001 001 0 LR
| Exercise 15A A B/IOO1 0 00 i1
10 Tutzing
1 All except ¢ S a— B 1 1 cfo o1 100 4 5 6 2
| T mbach D01 000 O
C 1 1 Bernreid 5 4 6 2
D 1 E|l 0 01 01 i S,= =6
Seeshaupt F \0 00 0 00 6 6 5 4
2 2 41
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not, so diameter is 2

1 0100
02011
M'=l1 0 3 1 1
011 21
011 1 2
0 2 0 1 1
2.0 4 1 1
M=|0 4 2 4 4
1 1 4 2 3
1 1 4 3 2

i 1 i1

iv S, contains Os but S, does

iv S, and S,contains 0s but

S, does not, so diameter

is 3.
a 5

b Castlebay, Lochboisdale
and Tobermory

c
57 2 56 20 10 47
2 3 6 4 8 2
56 6 43 28 8 36

=20 4 28 11 14 18
10 8 8 14 7 4
47 2 36 18 4 32
58 2 56 20 10 47

the largest number of trips
needed to get between any
two of the ports is 5. S, has
a zero element at Eigg-Tiree
intersection, so this is the
route that takes five trips.

a
0101000
1010000
1101100

M=/0 010010
0010001
0001001
0000T1T1 0

Town order is Starnberg,
Possenhofen, Tutzing,
Ammerland, Bernried,
Ambach, Seeshaupt

844

56
20
10
47
57

b

Starnberg to Bernreid
Starnberg to Seeshaupt
Possenholen to Seeshaupt
Possenhofen to Ambach
Seeshaupt to Starnberg
Seeshaupt to Possenhofen
Ambach to Starnberg
Ambach to Possenhofen

Exercise 15E

<
o) w | —

o N~
N | —
W= W= W =

W= W=
o

N |
N |~

0.2
0.3
0.2
L0.3

o N|= N~
o N | —
—
SN

[ S e

Mo |~

4 0.462
13 0.308
1 0.0769
13 0.154

3

= [ S o
o W= W = ) w |~
[ SN S N~

o = A

o N | —
AN

0.222
i BandE ii

18.75%

0 05 05 0
1 0 05 05
0 0 0 05
0 05 0 0

0 0.5 0.25 0.125
0.75 0.125 0.375 0.625
0.25 0 0.125 0.125

0 0375 0.25 0.125

Hence not possible to go from
B to Cin 3 steps or from A to A
and A to D.

a5 ()
<(55)0(65)

c

b

E

It would only be possible if
George ended on Frances’
page, otherwise he would

need to visit Dawn's page
twice. This is not possible

as you cannot pass through
all the other pages and end
at Dawn's page without
repeating some pages.

Yes, if you begin on Frances’
page; Frances, Dawn, Emil,
Antoine, Bella and Charles
0

0 0

o N
[« T SN

Q M=

(o] W |~ ()
o o

o N~ o
o

(o) W | =

N = N

ﬁz 0.131
648

1 1 1 1 1 1

—X—X—X—X—=—

3 2 3 2 2 72

i Most likely to visit Dawn’s
page

ii Least likely to visit Belle’s
page

Because two states are

absorbing states and the

probability of entering each

of them will depend on the

starting position.

1 c 3

S N~
W | —

[en] W | =

o

o

] w | —

—

N |~
w

0.125

Exercise 15F

1

Minimum weight is 35,
AF FE, FD, DC, AB

Minimum weight is 67,
AB, AF FE, ED, DC, DG

Minimum weight is 23,
AE EC, CB, CD, FE

Minimum weight is 39,
AB, BE FE, BG, FC, CD
(or FC, CD, BG)

Minimum weight is 35, EF,
FD, DC, FA, AB

Minimum weight is 67,
CD, AB (or GD), GD
(or AB), AE FE, ED

Minimum weight is 23,
BC, AE, FC (or CD), CD
(or FC), FE

Minimum weight is 39, EF,
CD (or FB), FB, (or CD),
CF (or BG), AB, BG

You begin with a single
vertex. Every time you add

a

new vertex to the tree you

also add an edge. You need to
add v — 1 vertices and so the
spanning tree will have v—1
edges.

b

AE, CD, ED (or CB), CB

(or ED), AF; $380, 000

i Begin by connecting
B and D and apply the
algorithm from this
point.

ii BD, DC, DE, EA, AF;
$400000

75

17

Because it is difficult to

check whether adding an

edge will form a cycle.

63
A 10 F

po———e [}

11
o] 13
b C
105 9

10

Exercise 156G

A route is
ABFCFEFGBCDEGA,
repeated edges CF and EF,
weight 103

A route is
ABCDEFBFDBA, repeated
edges AB and BE, weight
340

A route is
ABCDEFBECEFA,
repeated edges CE and EF
(or CB and BF) weight 66

There are two vertices of
odd degree

i 160+?=170

minutes, GF and FE
because this could

be shown on a graph
by having two edges
between each vertex,
and hence every
vertex would have
an even degree.
Any route which
traverses each edge of
the graph twice e.g.
ABCDEFGABGBFBCF
CECDEFGA

$59

The cost will go down as
all vertices now have even
degree and so no routes
need be repeated. There

is an additional cost of $7
but a saving of $9. Total
cost is $57.
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Exercise 15H b i Exercise 15J ¢ The minimum weight of two d No, there is no walk iv All vertices must have in-

1 a HBA4FDS5; HF 6 BD 5; HD A B C D E F et of the edges.a(.ijacent to Cis of length 1 or length 2 degree equal to out-degree
6 BE 7; repeat edges HB, DI e R R W ) . . 9 and the minimum weight between B and E. The except for one vertex which
and IF ii Deleting D gives a lower of the two edges adjacent to matrix M + M? has zero has an out-degree one

b BCSFEI1l:BF13CE 13: g © | 03 }8 __1} i g bound of 32 E is 11. This adds up to 20. entries for these values. more than its in-degree and
BE 21 CF 7f . dges’ . Gl » | 3llo]s ]85 i The solution to the TSP Five edges are needed for a 5 a Total weight 65 another vertex which has
BC and FE p 12|88 |5 |0 7|10 is between 30 and 39 cycle and as the smallest is 3 : an T i%mel onemerdifian

2 IF 100 DC 70: ID 11 Bl olilslz1] o0fs b i 29 then the solution to the TSP its out-degree.

a IF100DC70; 0 ) ) ) must be at least 23. A B d A B CD
CF 90; IC 110 DF 70; F|l4)18|5|106]0 il Deleting D or E will
need to repeat IH, i Nearest neighbour give a lower bound of d StartatAand move to the Af05 0 0 0.5

) ! . oy . nearest vertex which has not F G Blos o o o5
HE DG, GC; Possible algorithm gives 30, deleting C will give lready b isited but ' .
route ATHFHIBHGFE AFCBDEA. actual route is a lower bound of 31 aiready been visited but not clo 100
‘ B. When all other vertjces D E
DGCDGCBA, length AFCBCDEFA, weight = 37 i Solution to the TSP is HavElbEeyisied| 50 o' Do o1 0
650+ 170 =820 . _
. c i between 30 or 31 and 37 then to A. An alternative is b 65+9+11=85 0.25
b EitherTand CorIandF o S B T B F—-; c i 22 to go to B first and then use 6 a i The graph is complete. 0.25
3 a Odd vertices are A, B, D B0 516 5 FR i { i Deleting B will give a the NNA as usual. The route i e 538 In a random walk
and H; AB 38 DH 49; AD lower bound of 23, and would then be the reverse of '
43 BH 73; AH 35 BD 88; B|6|O0|4]6]9]8 deleting C gives a lower the one obtained. 025
need to repeat AB, DG and €] 6]4]0 2 5] 4 bound of 24 approximately equal amounts
GH. A possible route is [ bl 5 sl 2l o0l 36 i Solution to the TSP is Chapter review of time will be spent at each
ABCDGABDGFDEFHGHA. [ ¢ (4 91 s 13l 0ol s . MEHFCE:
Weight is 526 + 38 + 49 = | between 23 or 24 and 27 1 a There are two odd vertices, 8 CD EG
)y e Floafs[a]6]s]o d 1 85 Cand F e
: b CDand FG1+4=5; CF
" . . ii i i b .g. CDECB !

b He would have to repeat BD ii Hamiltonian cycle i Deleting D gives a lower €8 CBEFBAF and DG 5 +4=9: CG and
which is 88 m. Previously AEDCBFA or AEDCBFA, bound of 95 B ¢ DF 5 + 4 = 8; possible walk
he has had to repeat AB routes AEDCBCFEA iii Solution to the TSP is E 19 D is ABCDCEDGEFEGBFA;
and DH which total 87 m 30 or AEDCFCBA 27, between 95 and 110 5 A > : _ weight s 32

¢ As he needs to return to A weights 30 or 27, 27 is 2 a Lower boundis 115 b i Weight is 43 ¢ 28:begin at Fand end at G,
the best place to be picked the better upper bound b E D & or begin at G and end at F

0 5 d i 8
up 1; at B so heDVIV{lH only . T ' : A B c | b E Order of edge selection: BF(CD), B c 9 a The cycle would have to pass
Fee ktlo ;epeat " S0 . - A|B|C|D]|E 3 T T T BT CD(EF), CG, BE FG(AB), AB(FG); 16 through vertex C twice to
ength of repeated roads | A | 0 | 40|45 | 25| 10 total weight 21 return to the starting point.
will be 49m == B [35]| 0|2 ]35]ss5 8 £ . gp
’ | B |40 | 0 | 25 | 15| 30 ot =10 13010 3 Possible route ABCDEAEDFEB- 19 b For example ABCDE
Exercise 15 | C |45 |25 | 0 |2 |35 T TS T FCA. Repeat AE and ED. Total il 68 c
i . IRDRg 25 | 15 f 20 f O 15 ! = T8 58 TR G - weight 472 7 a i Yes, asthe edges are AlB[c]o] €]
a ! | ll E 10l 303 ] 15| o ! 4 a i No, itisnot symmetric directed. A | - [13]5|12] 9
B c|D E | PSR — 1 GESEEEDI=IOD ii No, it contains multiple ii No, as it contains a loop. B 13| - |8 [22]12
- e L —— ——
A 9 14 8 10 J—— d Lower than lower . edges ii Yes, as it contains a c| s 8 _ 2 | 16
B 9 0 ’ 4 7 AEDBCDEA, Weight 110 boutndl; btecause z}:lortestt iii No, for example, there is no circuit that includes all D | 12 15 ? » 10
c |14 ? |06 ]9 , RO T e e edge between A and E the vertices. =
2 a Because it does not follow vertices is not always the b | E I 9 [12 |16 | 10
p |8 | 4|6 |0 : ) . _ _ . . . . i
3 the triangle inequality the direct route (the triangle igALe. lifconidinslafCnen it T Tl Bl c d ACDEBA e 3
E |10 | 7 9 3 0 upper bound produced by inequality does not hold lop Craniplt HEH ! : Exam-stuie questicns
" : the NNA is far higher than on the graph b A4, B3, C4, D4, El | In-degree | 2 2 1 vied
ii Nearest neighbour graph) i : 10 a Every vertex is of d
) : . x is of even order.
algorithm gives the solution to the TSP. 3 52 hours ¢ i No, it has a vertex of [ Out-degree | 2 | 1 | 1 | 2 y o
ADEBCA, actual route is b Once the algorithm reaches a ADBCEA upper degree 1 c i No . EICIEIEDO;ESEI;b];lg;:
ADEDBCDA, weight =39 E it is not possible to directly bound = 23 min ii No, not all vertices are il For each vertex the in-
1rleach a}[n(;the; Vle)rtex that | b Deleting A or B gives a even degree must equal the 11 a AE AB, BC, DE DE; 17
as not alrea een passed. . ) i
Y P lower bound of 21 minutes iii Yes, it has 2 odd vertices out-degree . Algorlth.rn atternp?s to find
iii Yes, DAABCDB the ‘optimum choice” at each
stage
846 847




12

13

14

15

16

b

EG, EE BD, AC, CE, DG
£6700

E.g. FEDBAC

For a Eulerian circuit, all
vertices must be even, and
there are two odd vertices
here (B and E).

BE EEF, AB or AC: This would
then leave a vertex of degree

1, so no Hamiltonian cycle
would be possible.

Weight of route is 48.
One possible route is

AFACABFEBCDEDA
a
B
24 31
20 26
17
A

13
21
" 19
5 25 D

b CE, AC, AD,BE ¢ 68
0100
I 01 1
a M=
0100
0 01 0
0210
; |21 2 2
b I M =
0210
1 01 1
i 1
1 3 21
33 4 3
c i =
1 3 21
11 21
848

B 11 D
i 14 17 a
8
G
12 13 9
C F

i 4

ii B>C B—>D—>C(

B—->A—>B->C(,

B—>(C—>B—>C

N—= O N= O

|u1 ol ook Sl

[N
=

0.222

W— w— O W=
[en]

0

1

o

NSNS

= colw  ©  oolw

0.333
0.222
0.222

Alter a large amount

of time, a ship is more
likely to be based at
port B, hence it would
likely make the best
place for the company’s
headquarters.

N NN w (@

6

||| o|lw | | O
(]
N O[O ||l |jwo | m

13 0|10

v 0| |w| oA~ o

2|7 |10110| O

19

b

c

AGCBFEDA
AGCBFEDCGA

0 0

S N
e
O W= W= W=
S N O N~ O

N— O N— O
o = o N

Njp— O
S

20

21

22

b A =4min, B=19min,
C =13min, D = 13min,

E =11min
01100
1 0000
a M=/01010
00001
1 01 00
6 8 7 3 2
5 4 3 2 2
b i M =|5 9 5 5 1
56 3 3 3
9 8 8 3 3

Therefore the required
journey is from C to FE since
there is only one element of
‘1’ here.

ii CBABACDE

AB, DF; Weight of
route = 64

One possible route is
ACBABDCGFDFEDA

If Nasson starts at F, the
only possible routes that
need to be repeated will
either be AB (= 6), BD
(=BC + CD = 3) or AD

(= 5). BD is the shortest,
so this should be repeated.
Therefore, given Nasson
starts at F, he should finish
at A.

Order is ABCDEA. Upper
bound is 81.

By deleting A, Kruskal gives
MST for the remainder as
BC, CD, CE; weight =43,
lower bound =75

By deleting B, Kruskal gives
MST for the remainder as
CD, CE, CA; weight 47.
Lower bound is therefore
47 + (13 +15) =75.

75<L<81

E.g. tour for original upper
bound: ABCDEA

Paper 1

Exam-style questions

1 a

b

1052320580 m2
2 2

(2 marks)

0.5 x 3?7[:2.36111

(2 marks)

2 Let the triangle be ABC.

3 a

c

AC2=52+ 62~
2x5x6c08100=AC =
8.4509... = 8.45 km
(2 marks)
5  8.4509..
sinC  sin100
C=35.637...

(2 marks)

Bearing is 360 — 80 +
35.637=316°
(2 marks)

i For each given area
A, there is only one
possible value for the
radius, which is \/%
Therefore, since C=2rx7,
Cis also unique for that
value of A.

(1 mark)

ii For each given
circumference C, there is
only one possible value
for the radius, which is

< Therefore, A = r?, A
2z

is unique for that value
of C, so C1 exists.
(1 mark)

(2 marks)
A=CT(25) = C({4)=25
= A=49.7

(2 marks)

4

i T(0)=86>22+a=286
= a=64

(2 marks)

i 7(0.5) =28 =22 + 64 X
20.5b =28
(1 mark)
b=-6.83
(1 mark)
T=22
(1 mark)
The temperature of the
hot chocolate approaches
22°C as t gets very large,
indicating that the
temperature of the room is
22°C.
(1 mark)

Discrete

(1 mark)
Number of walks can be
counted

(1 mark)

i3
j\ (1 mark)
it mban = 2.68 (3 s.i.)

(2 marks)
l+1+L+E+l+ =1
976 12976 T

(1 mark)
pl

4

(1 mark)
1 1 1 2
—X2+= — X54+=
9 +6><3+12 +9><
1+—><3+l><4_1i3

36
(2.86, 3 sf)
(2 marks)

RR, BY, YB, PY or YP

-GG -5
— + 4| — — | =—
9 6 )\ 9 81
=0.160(3sf)

(2 marks)

8 —4 =0.571 (3 sf

Let

i Let X be the event that

8

10

Jeanny picks a pen from
the box. Then in 5 days,

8
X~B|5—
14

(1 mark)

w2413

0.257 (3sf)
(1 mark)

i P(X>2)=1-P(X<1)
=0.889 (3sf)

(2 marks)
AE=14J(2 = 4)* + (9 - 6)?
=3.61 (3s.)

(2 marks)
Attempt to find
perpendicular bisector of
BE.

(1 mark)

One technique is shown
here:

PB=PE = sqrt((x—2)2 + (y -
3)2) =sqrt((x — 4)%+(y — 6)?)

(1 mark)

Attempt to expand

X2

(1 mark)

—AX+4+Y2 -6y +9=x2—

8x+16+y>— 12y + 36

(1 mark)

4x+ 6y —39=0

(1 mark)

The cell corresponds to the
region of the park that has
E as the closest well.

(1 mark)
10000 (1.04)5=£12

166.53
(2 marks)

10 000 (1.04)"> 15 000 =
n=11

(2 marks)
£15 394.54 (2dp)

(1 mark)
P (X<19)=0.0219 (3sf)

(2 marks)
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ANSWERS
b 1-P(X<35)=0.157 (35f) d 733 cm =0.9r+0.3 (1-7) Paper 2 1748 boxes g Spearman's is less sensitive
(2 marks) (1 mark) (2 marks) (1 mark) to outliers like K, which
¢ Let Whbe the number of 4 3 Exam-stule questi distort the data, so
i . = = ons ' -
emails Katherine receives in e sin (2z1) = = 0.608..., =3 po T yleg 2 a S([))reraerl;riia(?ns shows greater
a week. 2.533... i 1 a iS=2x(19.7x62+ ' (1 mark)
W~ P (210) P(W<200)= (1 mark) (2 marks) 19.7x3.2+6.2x%x3.2) = _
2 _ max—-min 23-9
0.258 (3sf) = 1t=0.096805..., [112.92, 117.08] 410.04 cm lal = I 5 =7
(2 marks) 0.403194... (accept 410 cm? (3 s.t.))
(3 marks) 2 k min = Xmax
LetT=X+R. (1 mark) o _ (PEmEEES) a=-7 sothisisa
Then T~ P (50) P(T<50) more than 60 cm between t-distribution since ¢ is iV, =197x62x3.2= = negative sine curve
=0.538 (35f) 0.096805...and 0.403194... unknown 390.848 (1 mark)
(2 marks) Time interval is (2 marks) (accept 391 em? (3 5.1.)) (3 marks) i T=21x —x =212
(0) = 6 _ 0.403194...-0.096805... = only (ii) (1 mark) P(45 < < 55) = 0.683 (3sf) - 2]4]1““ min
1+2 0.306's (1 mark) , , 6.2+0.6=103=10 (2 marks) >
(2 marks) m=kw’ = logm =log kw’ = columns of pencils will fit P(f < 40) = 0.0228 (3sf) b=—
. = 1 Y logk + 3log w 32+:06=53=5 f .
limh() ===6m J—dP:J.— dV = 1nP = 2+0.6=53=5rowso (2 marks) (2 marks)
=500 1 (2 marks) . A
) : P 14 pencils will fit i | |
. e (2 marks) Gradient is 3 (1 marks) P(t<M)=0.75= M= (=2 S ey
h(4)=4.27m (3 s.f) (1 mark) N = 50 pencils if we put 53.4(3sf) mins 2
(2 marks) InP+ 1nV=1n PV=c them inside the box in 5 (2 marks) - (2 marks)
6 (2 marks) layers of 10 pencils P(t < 40 | gained medal =
—— = P{r <40 N gained dal max + min
1 + 2041 SIS =g PV=e¢=A (a COHStant) (1 marks) <P(gai|1521216ed:l])e = )- 0.0(?.27755"- = 4 2 4 = 232+ ? =16
(2 marks) (1 mark) encils = 50 x 19.5 x T x = 0.303(3sf)
3
10 A=1000x200= PV= 0.32=275.67...cm (2 marks) {1 mark)
(1 mark) 200 000 (2 marks) 10000 x P(f < 33) = 3.37 i 1=4.995 = 5 hours, 0
(1 mark) v e minutes
= 1063 = 201 " pendls o 100 % 275.67 % SO 3 competitors
Zne ef) (neares Px 150 =200 000 = P - 390.85 _ (2 marks)
e ~133333..=1.33x10° 100% = 70.5% (1 mark) iit=1.785 = 1 hours, 47
(2 marks) ° e minutes
Pascals Q0 =60Q.=9=IQR=3
' 5 N (2 marks) =6, Q;=9=1IQR= (2 marks)
1000 = 1062 = = 9.2103... (2 marks) dP (2 marks) il 8.206 — 1785 = 6.421
hrs =9 hours 13 mins Pt E:():”(: 1200 6-15x3 =1.5 50 value o o ~(Z'marks)
n+ .
(3 marks) = of it for student K is an 6 hours and 25 minutes
) 1= P (2 marks) outliner (1 K
n must be an integer, 2 Bl mark)
however this model uses a 0.9 053 Pu - J.— X+ 1200 dx=——+
=M= 2 =0.816 (3 150 -5
continuous function 0.1 07)\1-p r=>u. (3sf) r=1|100 |t -101:£20

B 1200x+ C p) k

(1 mark) (09 03 (2 marks (2 marks) 50 -1
Eventually the number of ' ' 32 ) §=3.791 + 53.6 (3sf) (2 marks)
bacteria predicted by the \ 0.1 07 P(3) =1500 = — E + 1200 (2 marks)

2 marks -5
modelbecomes. far too { ) x 3+ C=1500 3.79% 5.5 +53.6=74 10 [lgo]z[;gg ]+t 0 | =
large to be realistic. o the nearest integer h 50 -1

1 mark — C=-2095.5
B O C B ot
h{0) =40 cm —~ — — 2 . (2 marks)
(1 mark) P(x) = — —+ 1200x — — ABICTD EFIGIH I[JK As ¢ =0, the drone is
o (2 marks) 2 | Hourrank |1]|2[3[4|5|6[7|8]9/10/11 r— hi
period= —=1s 2095.5 {Scorerank|11312(2 6[s(7 8 9 11l10 irectly north from
2 r . L launching point.
(2 marks) c i (1 mark) (2 marks) _ (1 mark)
Pxy=0=>x=174... or x r=0.973 (3sf) As /1 = 40, the drone is
since —1 <sin < +1 09 03 r —23982 so 40m high. As t=10, the
i max is 35 + 40 = 75 ’ ’ =7 o (2 marks) drone flies over the dog at
T 0.1 0.7 )\1-r (2 marks) 10 seconds past 1pm.
ii minis-35+40=5 (1 mark)
850 851




¢ T \f1002+07+40° =
107.7...= 108 metres

(2 marks)

_d _~\100°+0%+40° =
t 5

i v

21.54..m s’
(2 marks)

. [100) (t—10) (-100
ii| o |+ 3 o |’
40 -40

t=210

(2 marks)
= T=[0'6 0.2]
0.4 0.8
(2 marks)
b i Eijther:
’0.6—% 0.2 ‘
0.4 0.8%
=0=>A=1A=04
Or
land tr(T)-1=04
(2 marks)

e
o))

(1 mark)
0.4x+02y=0
0.4x—0.2y=0

X
=u=a
y

(2 marks)

CHG)

T = =
y _J'
[0.6 0.2][ X ]
0.4 0.8 ¥
X
=04
)

0.2x + O.2y=0:>y:
0.4x-04y=0
1
—4=>V:B[ ]
-1
(1 mark)

852

7

I

The eigenvectors are u = d (B+Rr d (B
ol b land v = dt |B-R dr | R
2 +2
' B+ R +1( B
B B-R R
= ~4RK=0
11 (2 marks)
M= dB dB
e 2R 2R
t
(2 marks) N —4Rk
B2 — R’ B2 - R2
1 0
D= [0 h 4j (2 marks)
(2 marks) E—:—k(B"—R")
Population after n years dr
P = T”P() - (MDMM-I)PO (1 mark)
n
Where the initial b i B(0.5)=22.7°C
population is
(1 mark)

P 4200
¢ | 6000 Note: 1 mark for attempt to

) Euler method
Mlze_— |11
31241 d8
t B dt
(2 marks)
0 35 -67.0313
D" = 1 0 0.1 28.29688 -24.0571
0 (0.4)" 0.2 | 2589117 -14.4686
(1 mark) 0.3 24.4443 -9.85175
1600 + 2600 x (0.4)" 0.4 23.45913 -7.1432
1713200 - 2600 x (0.4)" | |05 | 22.74481
(1 mark) i m 2+ 20 | 2arctan

50 1600 + 2600 x (0.4)" 520

birds at A, and 3200 — 2600
x (0.4)" birds at B.

1600 =H(0:28)
P = 3200 (1 mark)

(1 mark) gives c=3.40258

The assumption that

B
— —l.6t=cand (£B)
20

(1 mark)
birds move only between

two locations may not So In
be realistic; no deaths or

B+ 20
B-20

+ 2arctan

B
— - 1l.6:/=3.40
20

births are considered.

(2 marks) (1 mark)

d
dt

B+R o B aps
R+2a1ctanR ARkt

= F(C)

(1 mark)

Paper 3

Exam-style questions

1 a i 7edges
(1 mark)

vertex ja ble|d|e]|]flg]|h

!degree B 1 - A A A

(1 mark)
ii 8 edges
(1 mark)
vertex alble|d]e flg

degree 3.1 L4 Sl g4 il g

(1 mark)
iii 7 edges
(1 mark)
vertex a|ble|d|e f

degree PR | A | | { <R ([

(1 mark)

n nn—1)
iv| — |=——— edges
2 2

all of degree n -1
(2 marks)
i (a)(i) l1a=2x7
(a)(il) 16 =2 % 8
(a)(iil) 14=2x7
(@)(iv)n (n-1) = \
n(n-1)

b

2 X
2
So true in all cases.

(3 marks) 2

ii Each edge is incident
with 2 vertices, so each
edge contributes 2 to the
sum of the degrees.

(2 marks)

(1 mark)

(2 marks)
iii. X, is simple and

connected
(1 mark)

5><4:10

(2 marks)

v=>5 e=

Suppose K is planar =

10<3x5-6=9, which
is a contradiction
So K is not planar.

(2 marks)

d i
L3
(2 marks)
i B (4
(13 W E
(2 marks)
i v=6 ¢=9
(2 marks)

iv The graph is simple,
connected and does
not contain K3 as a
subgraph.

(1 mark)
Suppose it is planar = 9
<2x6-4=8, whichisa
contradiction.
So the graph cannot be
planar.

(2 marks)

a i u=np=4
(1 mark)

ii 6 degrees of freedom
p=0.951>0.1
(3 marks)
50 we accept H,
(1 mark)
¢ For nlarge and p small,
the binomial distribution
can be approximated by
the Poisson distribution
with the same mean.

(I mark)
d i u=np=20
62 =npqg =10
(1 mark)
ii P(Y=22,23o0r24)
=0.241
(1 mark)
iii
= I N
(1 mark)

iv 4 degrees of freedom

X 51 4 3 4 5 [ >7

Expected
805|142 (200 | 206 | 165|107 [ 995

frequency

(3 marks)

iii 6 degrees of freedom

p=0.986>0.1

(3 marks)
s0 we accept H

(1 mark)

b i

X -t 2 3 4 5 6 >7
Expected
frequency :

(3 marks)

p=0.922>0.1
(3 marks)
so we accept I1,
(1 mark)
e i P(21.5<YV<24.5)=0.240
(1 mark)
ii
e <IN I!.l!s-\slw. 18251<5r< ‘Il.zi;;’- 245<y
Kpcaad:| 54 24.1 35‘5 za.1 204
froquency
(1 mark)

iii 4 degrees of freedom

p=0916>0.1

(3 marks)
so we accept H

(1 mark)

f For nlarge and p not
close to 1 or 0, the
binomial distribution
can be approximated by
the normal distribution
with the same mean and
variance, even though
the binomial is a discrete
distribution and the
normal is a continuous
distribution.

(1 mark)
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