Approximating irregular

spaces: integration

What do the graphs of functions that have the
same derivative have in common? How do
they differ?

This chapter explores integration, the reverse
of differentiation. The area of an island and
the amount of glass needed for the windows
of a building can be represented by integrals.
Integrals give you a way to estimate the values
of areas that cannot be found using existing
area formulae.

How can you estimate the area

How can you estimate the area
affected by a hurricane?

.....
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How can you find the amount of

glass in this building?

San Cristébal is the easternmost island of
the Galapagos. Here is a map of the island.

It is claimed that the total area of the island

is 558 km?2. How can you test this value?

Use a rectangle to estimate the area of the
island.

How did you use the map scale?

Does your result underestimate or
overestimate the claimed area? Why?

How could you improve your estimate?

Before you start

A224
San Cristobal

Lobos, {White Rose Bay

Puerto
Baguerizo
Moreno

Sweet Water Bay

3

Developing inquiry skills

Write down any similar inquiry questions you might
ask to model the area of something different; for
example, the area of a national part, city of lake in
yourcountry. -

Think about the questions in this opening problem
and answer any you can. As you work through the
chapter, you will gain mathematical knowledge and
skills that will help you to answer them all.

You should know how to:

1 Use geometric formulae to find area
For example, the area of a trapezoid;

1
A=—(b +b)h
2
12 cm _1

=—9+12)x 3
9cm 2
31.5cm?

3cm

2 Find the derivative of functions of the form
Jix) = ax” + bx"! + ... where all the exponents

of x are integers

For example, the derivative function of

1
£(x) = 3x? +§—0.5 is ') = 6x+—

Skills check

rl'.‘lick here for help
Lwith this skills check

1 TFind the areas.

" "]
3cm
7¢cm

5cm 6 cm

2 Find the derivative of each of these
functions.
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APPROXIMATING IRREGULAR SPACES: INTEGRATION 13 . 1

13.1 Finding areas

Velocity—time graphs

The graph shown below is a velocity—time graph for the journey of an
object. The time taken from the start of the journey is represented on the
horizontal axis and the velocity of the object is represented on the vertical
axis.

m How does the area under a velocity—time graph relate to the distance
travelled?

Now, if the velocity-time graph were curved, how would you calculate
the area?

In this chapter you will study different methods to find or approximate
arcas between the graph of a function and the x-axis.

This object travels at a constant velocity

of 8 km/h for 4 hours and then it travels a Examp|e 1
further 2 hours with a steadily decreasing ; I, _
velocity until it reaches 0 km/h. For this velocity—time graph, find the distance travelled.
v(m/sec) A
Velocity (km/h)
Time (hours) v(t)=-5t+ 10
What distance did this object travel during the entire journey?
The graph is a piecewise linear function. To answer the question each
part will be considered separately.
> t (sec)
First 4 hours o -
The velocity is 8 km/h. 94— The distance travelled is equal to the area under the
. . . 8 1 H I i - i h.
In 1 hour it travels 8 km therefore in 4 hours it travels ) 1) o ) ey velocity—time grap
| v
8 x 4=32km. RIS When v = 0: To calculate the width il
What is the relationship between 32 and the area under the Velosity (km/n) 51 —5t+10=0thent=2 of j[he triangle, find the (0, 10)
graph in this first part? N | point where the graph
3 cuts the t-axis.
The green square shown in the graph above represents 1 km. 2 ==
Why? i = e When t=0: ’ To calculate the height,
s——T—T—T—1— find the point where the
1.2 3 4 5 6 v(0) =10 h ts th .
Time (hours) grap ) cu S € v-axis. v(t) =-5t+ 10
Last 2 hours = At this point = 0.
104
How many green squares will {it under the second part of the 84—
piecewise function? S
7.. —
Find the arca under the graph. & oG >t
The shape is triangular. Applying the formula for the area of a Velaity (/) 51— ]
triangle: :_' | Area = 5 x10x2=10 Substitute into the area formula using b =2 and
8km/hx2h 24 ) . ¢ =1
—— =8km Al Distance travelled is 10 m.
Total distance travelled = 32 km + 8 km = 40 km oy
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APPROXIMATING IRREGULAR SPACES: INTEGRATION

Example 2

Find the area under the graph.

y T

y=3
\ i
1 ]
1 i
1 ]
y=15x i :
i i
1 1
1 1
1 1
1 1
1 1
1 1
1 ]
] 1
i i
] ]
] I
] 1
] ]
Xx=a x=5

13.1

1.5a=3=a=2

2x3
><:3

Area of triangle =

Area of rectangle=3x3=9

Area under graph=3+9=12

Find the value of g, where y=1.5xand y =3
intersect.

Add the area of the triangle and the area of the
rectangle.

1 The graph below shows how the velocity of
a car changes during the first 60 seconds of

a journey.

s {m/sec) y
50~

40

20+

Find the distance travelled during the
60 seconds.

552

2 For each velocity-time graph, find the
distance travelled.

a v(m/s) A
11+

I e e o S e

e i e

[ QT

0

€ v (m/min) 4

v(t)=-3t+9

. t (min)

3 For each graph, find the shaded area.
a /¢

b ya
1
1
I
i
i
1
1
: 0.2)
h »
1
]
| \
X=- x=1
C ya
gX)E=1.5x+3

fix)=-05x+7

t(h)

y A

fx)=-x+7

x=-3 X
Sketch the graph of the function
fix) =0.5x+ 3.

Shade the region enclosed between the
graph of f, the x-axis and the vertical lines
x=1and x=6.

Find the area of the shaded region.

Sketch the graph of the function
flxy=-2x+6.

Shade the region enclosed between the
graph of f, the vertical line x = 0 and the
x-axis.
Find the area of the shaded region.
Sketch the graph of the piecewise linear
function

x, 0<x<5

5 5<x<9

Shade the region under the graph of f(x)
and above the x-axis.

flx) =

Find the area of the shaded region.
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APPROXIMATING IRREGULAR SPACES: INTEGRATION

y A
5 4
1 Considerthe area bounded by the graph of the function i
f(x) =x%+ 1, the vertical lines x= 0, x= 2 and the x-axis. .
Estimate the area of the shaded regjon. Is your estimate 5
an overestimate or an underestimate of the actual area?
Discuss your method with a classmate. 19
2 Inthis investigation you will be using rectangles or vertical 9 r - T > X
strips to estimate this area. At the end of the investigation you 0.5 1 1.5 2
can check how close your estimate was to the actual area. y
L
e The graph shows four rectangles with the same width. The area &5 " 241
=X+
under the graph of the function f(x) =x+ 1 between the 44 ty=x
vertical lines x=0, x= 2 is also shown. 34
e Whatis the width of the rectangles? How do you calculate it? 5 |
@ Whatis the relationship between the height of each rectangle 4 ——
and the graph of the function? L Ra Ry Ry
> X
e Find the heights of each of these rectangles. = 0.5 1 1.5 2

e Find the area of each of these rectangles and then find the sum
of the areas of these rectangles.

e |sthis an underestimate or an overestimate of the actual area? Why? The sum of these areas will be a
lower bound of the area of the shaded region. This will give an underestimate of the area.

3 This graph also shows four rectangles with the same width. Y 4
The area under the graph of the function f(x) =x2+1 51
between the vertical lines x=0,x=2 is also 4 .
shown. 34 ) =54+ 1
e Whatis the width of each of these rectangles? 2 4
® Find the heights of each of these rectangles. 1 !
R R R R
e Find the area of each of these rectangles and then find the L 2w N X
sum of the areas of these rectang|es. 0 0.5 1 15 2

e |sthis an underestimate or an overestimate of the actual area? Why?

e If L represents the lower bound, A represents the actual area and U, represents the upper bound, write an
inequality relating L., U ;and A.

4 Ineach of the following graphs there are six rectangles. The area under the graph of f(x) =x%+ 1

between the vertical lines x =0, x = 2 and the x-axis is also shaded.

y A
5 -
4 S|
00 =4 +1
3 -
2 -
1 |
Ry | Ry | Ry | Ry | Ry | Rg
z X : T T > X
0

13.1

()

5 Lookatthe following graphs. The number of rectangles, 7, has been increased in each case.
L
n=20, L,=4.47, U,=4.87

Y
5 .|

44

A

Approximate the area under the curve by considering a lower bound and an upper bound. Why do you
think that more rectangles are being used?

Complete the following tables to organize the information. You can create a table with your GDC to
calculate the heights of the rectangles. How would you calculate the widths? Remember that they are all
equal.

Lower bound with six rectangles:

Rectangle Width Height | Area

R

2
3

| ) )

-

-
[v.4

=

Upper bound with six rectangles:

| Rectangle |  Width \ Height Area

R, | |

R, | |

R, | \

R, |

RS

R, |

| Us=

What do you notice? Are the lower and upper bounds closer to each other than when you had four
rectangles? How do you think these estimates can be improved?

Write a new inequality relating L, U and A.

and U are also given.

Continued on next page
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APPROXIMATING IRREGULAR SPACES: INTEGRATION

©  -so 1 -ase72 U—a7a72
Y, y

5 5]

4] _ 4

34 i 34

24 i 24

1 1

mmmmIIIIIIIlli“""“i |

0 0.5 1 15 A

n=100, L,=4.6268, U,=4.7068

* Whatcan you say about the values of L as # increases?

* Whatcan you say about the values of U as nincreases?

e Here are some more values for n,LS and US.
n | Ly U
500 | 465867 4.67467
1000 | 466267 467087
10000 | 466627 466707

the curve fromx=atox=>.

a

b
When fiis a non-negative function fora < x < b, Jf(x)dxgives the area under

W‘

a

limit of integration.

b
.[f(x)dx is read as “the definite integral betweenx=ag and x=5."

The number a is called the lower limit of integration and b is called the upper

Investigation {1 [continued)

integral notation?

International-
mindedness

A Riemann sum, named
after 19th century
German mathematician
Bernhard Riemann,
approximates the area
of a region, obtained

by adding up the areas
of multiple simplified
slices of the region.

TOK

We are tryingto find a
method to evaluate the
area under a curve.

“The main reason
knowledge is produced
is to solve problems.”
Towhat extentdo

you agree with this
statement?

« What happens when n tends to infinity (gets larger and larger)? What can you say about the value of A?

13.1

YA
y="Hx) A
~ 4
' ]
I ]
] b 1
' [; feadx '
[} ]
' ]
0 a b

6 Intheinvestigation, what is the lower limit of integration? What is the upper limit of integration? Is the
function positive between the lower and the upper limits? How would you represent A using definite

©

? How do areas under curves within a given interval relate to the definite integral and to

lower and upper rectangle sums on the same interval?

What is a definite integral?

Example 3
y L3
a Write down a definite integral that gives 1
the area of the shaded region. 5
b Find the value of the definite integral. 4 E
o i
i
24 |
: i
14 i '
i i
T T T + X
0 1 2 3 4 5

4 The lower limit is x=1.
a J.(—x+6)dx . o3
] The upper limit is x = 4.,

The function is fix) = —x + 6.

b j(—x +6)dx =éx(2+5)>< 3=10.5 | The shape is trapezoidal.
' Bases are:
by=f(1)=-1+6=5
b,=f(4)=—4+6=2
Height =3

Substitute into the area of a
trapezoid formula.

Example 4
3

For the definite integral f(x +4)dx:
=3

a State clearly the function being integrated, the lower limit of integration and the upper

limit of integration.

b Sketch the graph of the function. Shade the region whose area the definite integral

represents.

¢ Find the value of the definite integral by using an area formula.

a The function is f{x) =x + 4. Given that this is a linear function, you should expect
The lower limit is x = —1 and the graph to be a line segment in the interval
-1 <x<3.

the upper limit is x = 3.

Continued on next page
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APPROXIMATING IRREGULAR SPACES: INTEGRATION

13.1 F
Example 5

2 &
Calculate the definite integral J.(x2 + l)dx.

Is imagination more important
than knowledge?

You can use technology to see the graph.

|

0
Compare your answer with the value found for 4 in
Investigation 1.

2 Method 1
j(xz + 1)dx = % (4.67 to 3 sf).

0

Draw the graph of the function with your
GDC.

b YA As the function is positive in the given interval, the
definite integral represents the area between the
graph and the x-axis.

This value is the same as the one found for A,
the area under the graph of the function

- a7y
flx) =x? + 1 between the vertical lines x = 0
and x = 2, in Investigation 1.
r L T T -1

Find the area.

The shape is trapezoidal. The bases of the trapezoid
are b, and b,.

b =f-1)=-1+4=3
by=f3)=3+4=7

Height=3 - (-1)=4

Then enter the lower and upper bounds.

A=~ |
LOWER = 0 UPPER = 2 ]
Jdx = 4.666666667

b I(X + 4)dx e %x (3+7)x4 =20 | Substitute into the area of a trapezoid formula.

-1

Exercise 13B

1 a Write down a definite integral that gives 2 Find the value of the following definite

the area of each of the following regions. integrals by using existing area formulae.
i N i v In each case sketch the function in an .. .
f)=5 appropriate interval and shade the region The definite integral is equal to 4.67.
! ; ] = 20+ 8 whose area the definite integral represents. Method 2
| ! 1 =-Z+
i i i 6 Evaluate the definite integral.
: : : a [(x+])d §
I 1 1
1 1 ¥ 2
1 ) [}
I I I 4
: | : ’
: : : b !(—ZX +8)dx JoX2+1dx
) L] [} ) o
=2 x=t Tos a5 0 4.666666667 5
= . ¢ [(-0.5x+4)dx <

|
~

fix) =-3x+ 10
Example 6
Consider the region A enclosed between the curve y = —x(x — 3) and the x-axis.

a Write down the definite integral that represents the area of A.
b Find the area of A. o

b Calculate the definite integrals from Continued on next page

part a using existing area formulae.
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APPROXIMATING IRREGULAR SPACES: INTEGRATION

13.1

a j—x(x —3)dx

b A=45

You first have to identify the region using your GDC.

In this case the lower and upper bounds are not given but
from the graph it can be seen that these are the roots of the
parabola.

Find the roots.

Y1 =-X(X-3) Y1 = -X(X-3)

N / N /

/o N AN

x=01is one of the roots,
the lower bound of the
definite integral.

1 |

x =3 is the other root,
the upper bound of the -
definite integral.

Once you have identified the region, write down the definite
integral.

region.

| 2 7

1 For each of the following diagrams: b .
i Write down the definite integral that
represents the area of the shaded

ii Find the area of the shaded region.

y=(x+1)2+0.5

-25 -2 -15 -1 -05

d y=xX3-4x y a

25 2 15 -1 05°\ 05 1 15 25

y=-x+1)x-3)

0

2 In each of the following:

i Write down the definite integral that
represents the enclosed area.

ii Find the area.

a y=x? the x-axis and the vertical lines
x=2andx=4

b y=2x the x-axis and the vertical
linesx=—-1 and x=1

1
c y= - and the x-axis in the
1+x

interval -1 € x <1
1 . .
d ¥ =-— and the x-axis in the interval
X

0.5<x<3

e flx) =—(x—3)(x+ 2), the vertical axis
and the vertical line x =1

f flx) =—(x—3)(x+2), the vertical axis
and the horizontal axis
g flx)=—(x—-3)(x+2) and the
horizontal axis
h f(x) =—x*>+ 2x+ 15 and the vertical
lines x=-2 and x = 4.5
i fix) ==x?+2x+ 15 and the line y=0
i flx) =3 —¢* the vertical line x = -1
and the x-axis
k y=(x+2)%+5 and the coordinate
axes.
3 Consider the curve y = —x2 + 4.
a Find the zeros of this curve.
b Find the point where this curve cuts the
y-axis.
Below is shown the graph of a piecewise
function fmade up by a horizontal line
segment and part of the parabola y = —x? + 4.

The area under the graph of fand above the
x-axis has been shaded.

Y A

y=-x2+4

x=-5

¢ Find the area under the graph of fin the
interval -5 < x < 0.

d i Write down an expression for the
area under the graph of fand above
the x-axis for x> 0.

ii Pind the area.

e Find the area of the whole shaded
region.

[}
]
] ' i
] >
E 0 x=1 x=15
)
: [ Y A
]
1
]
]
T t T T X
1.5 2 25 3 y=yx+1 )
|
]
1
]
|
|
15 -1 052 05 1 15 2 25 3
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Example 7

The area of the region bounded by the graph of
fix) = x* + 3, the x-axis and the vertical lines
x=-1and x = a with a > -1 is equal to 12.
Find the value of a.

APPROXIMATING IRREGULAR SPACES: INTEGRATION

>
|

i
-
>

area.

j(x2 +3)dx =12.

a=2 The unknown, a, is the upper bound of this

First write down the definite integral

Use technology to find the value of 4.

1 The area of the region bounded by the

graph of fix) = —(x+ 1) (x — 5), the x-axis,
the y-axis and the vertical line x = a where
a > 0 is equal to 24. Find the value of a.

The area of the region bounded by the
graph of f(x) = 2 and the x-axis between
x=-3 and x = a where a > -3 is equal to 9.
Find the value of g. Give your answer
correct to four significant figures.

The area of the region bounded by the
graph of f(x)=x+ S and the x-axis between
X

x=aand x =3 where 0 < a < 3 is equal to 6.

a Describe this region using a partially
shaded diagram.

b Find the value of a. Give your answer
correct to four significant figures.

f 7
4 Given that szdx = ; where a > —2:

-2
a Find the value of a.
b Describe the region whose area is defined

by the definite integral on a partially
shaded diagram on a set of axes.

5 Given that j}'(1+x3)dx =2 where b>-1:

-1
Find the value of b.
Describe the region whose area is defined

by the definite integral on a partially
shaded diagram on a set of axes.

i 16
6 Given that I\/X +1dx = ?Where t>-1:
—1

Find the value of ¢.

Describe the region whose area is defined
by the definite integral on a partially
shaded diagram on a set of axes.

13.1“?

Numerical integration

You will now study a new numerical method to estimate areas
between a curve and the x-axis in a given interval. Numerical
integration is used, among other techniques, when we do not have a
mathematical function to describe the area. Instead we have a set of
points.

However, throughout the investigation we will use a function to
illustrate this new method.

y A
134
1 Considerthe curve y = E, where 1 £x<6, 124
g 12
The area of the region enclosed between the graph of f(x) = — 104
X
and the x-axis in the interval 1 <x <6 will be called S. 91
Write down an expression for S and find its value. Give your %
answer correct to two decimal places. &
2 Consider the trapezoid ABCD. / %
: . . 54
* Whatis the relationship between the base AB of the s
trapezoid ABCD and the graph of the function f(x) = E? 3
X
2 -
* Whatis the relationship between the base DC of the 14
trapezoid ABCD and the graph of the function f(x) = 12, 0 ' é”
X
* Find the area of the trapezoid ABCD. Is this value an overesti-
K . . . y
mate or an underestimate of S? Whatis the error in this 34
approximation? o
3 Tofind a better approximation to the value of S you can subdivide 114
the shaded area into strips with equal width. The area of every strip Tl
can be approximated with the area of a trapezoid and then all these
areas added. 9
The graph shows the shaded area subdivided into five strips. l
First, you will find the area of trapezoids T.T,T,T,andT,. 1
6
You will approximate the value of S by adding up the areas of -
these five trapezoids. 2 |
* The height of each of these trapezoids (or the width of the !
strips] is equal to 1 unit. How is it found? .l :
24
¢ Letthe parallel sides of the trapezoids beyy, v, Y5y, and .
ysWwhere y, is the length of ABand y. is the length of DC. How 5 b x
8

can you calculate the lengths of y, ¥, ¥,, ¥,, ¥, and Vs?

* The table on the next page will help you organize the
calculations. Use a table on your GDC to complete it.

Continued on next page
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13.1 R

Trapezoid | Basel (b)) Base2 (b,) h A= %(bl +b,)h
12
T, yo=fl)====12 = 1
2 s Y T— i
SCTN| 7t N—| | AN | S
i 4 |75~ = 1
12
T, ¥,= ys = f16)=—=2 1
. .I |, N -
| Sum of the areas of the five trapezoids

* [s this estimation better than the estimate for S found in 1? Why? How could you improve this
value? Why?

4 Now, you will approximate the value of S by adding up the area of 77 = 8 trapezoids.

* Whatis the height of each of the trapezoids now? How did you find this value?
¢ Show that the sum of the area of the eight trapezoids is now equal to 21.87, correct to two
decimal places. Draw a table similar to the one from part 3 to organize the calculations.

e Whatis the error made with this approximation?

5 What can you say about the error made in the approximation when the number of trapezoids, #, tends to
infinity?

6 m How does the sum of the areas of trapezoids defined by a curve approximate the area
under the curve within a given interval?

" Trapezoidal rule
In the previous investigation you saw that the definite integral

b
If(x)dx, the area of the region bounded by the curve y = f{x) and the

x-axis over the interval a < x < b, can be approximated by the sum of

the areas of trapezoids.
b—a

For example, when 7 =4, the height of each of the trapezoids is / =
Recall that

Yo =fla), 3, =fix)), v, = f0x,), v, = flx;) and y, = f(b) so that

b—a 1 b—a 1 b-a 1
4ai+5(yl+yz)X a+§(y2+y3)XTa+5(y3+y4)x

v v v ~
Arca of T Area of T, Artcaol Ty Area of T,

(o +3,)x

The right-hand side can be simplified because there is a common factor
1 b-a

— X

2 4

. 1 b—ua
2 4

[+ )+ +2)+ (v +9,) + (3 + 3]

¢ 1 b-a
— X

2

o +2(0+3,+3,)+ 0,

—
=
=

(o
o
in

x=a Xp=a+2h x=b
Xy=a+h x3=a+3h

More generally,

b—a
n

X

< AVo +y, +2(n + 3, + 4,0}

N |~

b
The trapezoid rule is .[f(x)dx =

where the interval a <x< b is divided into 7 intervals of equal width.

What is the value of X, when 7 = 0?
What is the value of X, when i =n?

f b-a in this formula?

What is the meaning o
n

m What geometric methods can be used to approximate integrals?

)

Example 8 | ()

Estimate the area under a curve over the interval 4 < x <12, with x- and y-values given “~—’
in the following table.

X 4 6 8 10 12
13 10 3 4

In this example, there is no formula of the
form y = f(x). You need to find the area of
each trapezoid and then sum these areas.

Area of trapezoid 1 = %(5 +13)x2=18

The table suggest that there are four

1
Area of trapezoid 2 = —(13+10)x2 =23
2 trapezoids.

Continued on next page
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1
Area of trapezoid 3 =—(10+3)x2=13 1%/_*

[\

1
Area of trapezoid 4 = 5(3 +4yx2=7 11 4

Area under the curve =18+ 23+ 13+ 7 =61

T T

1 2 3 4 5 6 7

8 91

0 11 12

» X

13.1

o A B c

Example 9

Estimate the area under the graph of f(x) = e* over the interval
0 £ x £ 1 using five trapezoids.

)

(

0 0.2 0.4 0.6 0.8 1 Draw a table of values.

¥y 1 eO.Z eO.4 60'6 60‘8 e

b
1
jeXdXEEXO.ZX(I"F2(60-2+604+60I6+60I8)+e)

Substitute into the trapezoid rule using
a=0, b=1, n=>5, and with heights of

) 1-0
) trapezoids = ——=0.2.

=1.7240... 2

=1.72
Example 10
The cross-section of a river is shown here. y
If the water is flowing at 0.8 m/s use the 4 A H
trapezoidal rule, with seven trapezoids, to find s
an approximation for the volume of water PRE 8

passing this point in one minute. All lengths
are in metres.

D

E

H G H

(0,4) (1, 3) 2,1) | (3,04

(4, 1)

(5, 2) (6, 3.4) (7, 4)

Use the trapezoidal rule to find the area
under the curve:

Az%x1(4+4+2(3+1+0.4+1+2+3.4))

:%x 29.6 =14.8 m?
Cross-sectional area of river is:

28 - 14.8 =13.2 m?

Volume of water per minute:

=13.2x0.8x60 = 634 m>

The lengths of the parallel lines are given
by the y-coordinates in the table.

The trapezoidal rule is applied to these
values.

Volume of water is the amount that passes
per second multiplied by 60.

1 Estimate the area under a curve over the
interval 1 £ x <9, with the x- and y-values
given in the following table.

x |1]|3|s]7]39
y | 5|72 |6|10]|4

2 Estimate the area under a curve over the
interval 0 € x £ 6, with the x- and y-values
given in the following table.

x | 0 |15| 3 [45] 6
y | 1| 4| 2]|55]0

3 Hstimate the area under a curve over the
interval -1 < x <4, with the x- and y-values
given in the following table.

x| -1 |025| 15 [275] 4
y| 5| 7 |[35] 6|8

4 FEstimate the area under the graph of y = f(x)
using the data points given in the diagram.

YA
{3,5.4)

(0.5,2.7)

Q) o - ——

5 Estimate the area under the graph of y = f{x)
using the data points given in the diagram.

¥

A

—» X

Estimate the area between each curve and

the x-axis over the given interval, using the
specified number of trapezoids. Give your
answers to four significant figures.

a
b

flx)= Jx, interval 0 < x< 4 with n =5

fix) =2% interval -1 £ x<4 with n=4
10 .

flxy=—+1, interval 2 <x< 5 withu=6
X

y=-0.5x(x— 5)(x+ 1), interval 0 £x< 5
with n =5

7 Consider the region enclosed by the
curve y = —2(x — 3)(x — 6) and the x-axis.

a
b

Sketch the curve and shade the region.

i Write down a definite integral that
represents the area of this region.

ii Find the area of this region.
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¢ Estimate the area of this region using six b i Write down a definite integral that 71 FHINT N
trapezoids. represernts the area of this region. iy | - ; i
d Find the percentage error made with the ii Find the area of this region. Give your rs]tdec\l/a ug ° Xllnc.reases romidito Jaheiares it S
estimation made in part c. answer correct to four significant it oahe B100L,2550 IS E35ES.
There is a function, the area function, which maps ever
8 Comnsider the region enclosed by the graph - figures. lue of h fthe shaded regi P J
of the function f(x) = 1 + ¢, the x-axis and ¢ Estimate the area of this region using VIS B4 10 Wi BIEE) @ s SITEIRiEe FEEiom,
the vertical lines x = 0 and x = 2. five trapezoids. Give your answer correct What is the formula of the area function?
a Sketch the function fand shade the to four significant figures. > X And what would the area function be in a different region?
: d Find the percentage error made with the L J
region. & |
estimation found in part c.
YA
Consider a positive and continuous function y = f{t)
overtheinterval a < ¢ < b.The area enclosed between =1t
. . . . TOK the graph of y = f{f), the t-axis and the vertical lines :
Developmg inquiry skills - - t=a and t=x where a <x <bis defined by 5
Galileo said that the X i
In the opening scenario for this chapter you looked at how to estimate universe is a grand book Alx) = If(f) dr. i A(x) S I
the area of an island. written in the language L | ]
How could you improve your estimation of the area of the island using of mathematics. : ;
what you have studied in this section? Where does mathematics In this investigation you will find the relationship ; ! -t
How close is your estimate to the claimed area? Why is your answer an come from? Does it start petweel.l the two major b.ra.nches of calculus: &a r=x t=b
estimate? in our brains oris it part of integration and differentiation.
the universe?
Investigation 3 4
] La.
13.2 |I'Itegl'atI0l'I: the reverse 1 Considerthe area under the graph of f{f) =3 betweent=aand ) =3
t=Xx,wherea < x. !
L ] (] () ) 1
1
process Ofdlﬁerentlatlon Show that the area function is A(x) = 3x - 3a. i
Y.ou haV(i: SO felljr found arleas und;r curves l;etweenﬁtvxéo N 2 Considerthe area under the graph of f{(¢) =t between = g and i
SIVED va LIES. TOI EXdmple, you nave seen how tofind t e t = x, where g < x. Show that the area function can be written i
area enclosed between y = x2 + 1, the x-axis and the vertical PR !
lines x=1 and x = 3. as A(x) e Draw the graph of the function fand shade o s e
yA . - N the area enclosed between this graph and the f-axis over the
E HINT interval a <t <x.
: Ttlejrceja of.the. 3  Consider the area under the graph of f(f) = 2t between t = g and t = x, where 4 < x. Show that the area .
i f CIEIE TBEEl function can be written as A(f) =x? — a2 Draw the graph of the function fand shade the area enclosed 2
{ J'(X2 +1)dx _22 between this graph and the f-axis overthe interval a << x. c
! 3 . . &
! ! 4 The results from 1 to 3 are summarized in the first two columns from the table shown below. The last two L
E E . ~ columns will be completed later.
) |} - i
| R [ __ A(x) | F() A(x)
1 3 f()=3 AX)=3x-3a L OF(x)=3x F(x) - F(a)
XZ a2 .
You are now going to find expressions for areas when one fn=t Alx) = 373
of the limits is fixed and the other is variable. ; — = |
f(ty=2t A(x)=x*—a? -

= |

Continued on next page
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@ * The expressions for A(x) have been written as the difference between two terms. The first term is
a function of x and the second term is constant. What do the two terms have in common?

F(x) =x* + 1 is an antiderivative of f{x) = 2x because F’(x) = 2x.

Can you think of an antiderivative for f(x) = 3x2?

How do “believing that”
and “believing in” differ?

Let the first term in each of the expressions for A(x) be a new function F(x). TN Whatis an antiderivative of a function?

How is the antiderivative related to the definite integral?

* Complete the third column of the table with the corresponding expressions for F(x). The first row
has been completed for you.

How does belief differ
from knowledge?

* Forwhich value of a are the expressions for F(x) and A(x) equal? What area would be represented

by F(x) when a takes this value? How would you represent this area using definite integrals?

* Complete the fourth column of the table by writing A(x) in terms of F(x). The first row has been

completed for you.

Example 11

a Find an antiderivative of y = 4 + 2x.

@

* Below are shown the graphs of f(¢) = 3 and F(x) = 3x. b Find a function y = g(x) when the gradient function is % =130
y A
re a F(x)=4x+ x? An antiderivative of y =4 + 2x is a function F
fity=3 whose derivative is 4 + 2x.
F{x)=3x

The derivative of 4x is 4.
The derivative of x2 is 2x.

The derivative of 4x + x2 is 4 + 2x.

b g(x)=1.5x If the gradient function of y = g(x) is 3x then
g’ (x) =3x.
> | X
t=x ™ X Function g is a function whose derivative is 3x,

* Whatis the gradient of the graph of F at every x? How does this relate to the graph of f? The derivative of 1.5xis 3x.

* Foreach of the two remaining functions f, find an expression for the gradient of the function F at

every x. What can you say about the relationship between the gradient function of F and the function f?
* Now consider the function f(f) = 3¢+ 1. What would be F(x) in this case? What is the relationship Example 12

between the graph of F(x) and the graph of f?

* Ifyou are given that the area function is F(x) = x>, how would you find the formula of f?

5 M How does integration relate to differentiation?

= - b By using antiderivatives find an expression for | (3 -2f)d: in terms of x.
- . : i International-
If f{) 2 O is a continuous function, the area enclosed Integration 9
between the graph of fand the x-axis over the interval mindedness
graph of f N @ a y, You can use your GDC to draw the graph. -
a<t<x can be found with the definite integral If(t)dt. . = The fundamental - A 2
. 4 ) ® theorem of calculus HINT c
’ i i c
Also If(f)df = F(x) — F(a) where F'(x) = f(x). M SRR atignship Remember that &
a between the derivative el s
Differentiation and the integral and ot St
If F(x) is a function where F’(x) = f(x), we say that F(x) 2% fly=3-2t
. iderivative of was developed in
is an antiderivative of f. the 17th century by |_
The process of finding an antiderivative is called antidifferentiation. Gottfried Leibniz and

For example,

F(x) = 3xis an antiderivative of f{x) = 3 because F’(x) = 3.

2

F(x) = X? -3 is an antiderivative of f{x) = x because F’(x) = x.

Isaac Newton.

Consider the definite integral I(B —2tydt where 0 < x < 1.5.
0

a Draw on a diagram the function f{f) = 3 — 2¢ and shade the area represented by I(B - 2t)du.
0

x

—~

Shade the area under the graph of f between = 0 and

r=x.

©

Continued on next page
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b |3-21)dr=3x-x’

O ey X

Find an antiderivative of f(t} = 3 — 2¢, a function whose
derivative is f{t) =3 - 2.

The derivative of 3tis 3.
The derivative of 2 is 2t.

The derivative of 3¢ — ¢

is 3 — 21
F(x) =3x — x?
F(0) =0

F(x) — F(0) = 3x — x?

HINT

Use the formula for the
area of a trapezoid to
check that this answer
is correct.

1 a For each of the following, show that F(x)

is an antiderivative of f(x).
i flx)y=1and F(x)=x
i fy=1and F(x)=x+3
iii flxy=1and F(x)=x-6

b Find two further antiderivatives for
fix) =1.

¢ Write down the general form of an
antiderivative of f(x) = 1.

2 a For each of the following, show that F(x)

is an antiderivative of f(x).
i flx) =2xand F(x) = x?
ii fix)=2xand F(x) =x>+1
iii f(x)=2xand F(x) =x*—4

b Find two further antiderivatives for
flx) =2x.

¢ Write down the general form of an
antiderivative of f(x) = 2x.

3 a For each of the following, show that F(x)
is an antiderivative of f(x).

XZ

i fix)=xand F(x)= B

2

i flx) =xand F(x) =X7+2.5

XZ

i flx) =xand F(x) :7—12

b Write down the general form of an
antiderivative of f(x) = x.

572

a For each of the following, show that F(x)
is an antiderivative of f{x).

i flx)=2x+1and F(x) =x* + x

ii flx)=2x+1and F{x) =x* +x— 3.2

iii flx)=2x+1land F(x)=x*+x+4
b Write down the general form of an

antiderivative of f(x) = 2x + 1.

Find a function y = g(x) when the gradient

function is d_y =3
dx

Find a function y = g(x) when the gradient

function is Q =-2.
dx

Find a function y = g(x) when the gradient

function is (_11 S
de 2

Find an antiderivative of f{x) = x2.

Find the area function, A(x), in each of the
following situations.

a ya

f(t) = 2.5t

ol
L

d y.il

Y

>

t

10 Consider the graph of the function

f{t) =4 over the interval 0 <t < x. Find _[4dt.
0

11 Consider the graph of the function
flt)y =2t + 1 over the interval 0 < f < x.

Find j(zz +1)de.
0

12 Consider the graph of the function
A1) =4t over the interval 2 < t< x. Find I4l dz.
&)

Y
~

>

1 Onthe same set of axes, sketch the graphs of
y=x2 y=x2+1
overthe interval -4 < x <4,

y=x2-2 y=x?+3
* How can you describe their relative position?
* Findthe gradient of each of these curves at x = 1. What do you notice?

* Now find the gradient of each of these curves at x = —2. What can
you say about these answers?

* Whatis the gradient of each of these curves at any x?

* Find another curve for which the gradient at x is the same as the
gradient of any of the curves from 1.

* How would you write the formula of any curve with the gradient the
same as the gradient of the curves from 1?

* Allthese curves make up a family of functions that are
antiderivatives of 2x. Why is this?

The notation used to indicate this family of functions is IZde =x’+¢,
where cis a constant. @

Continued on next page
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@This is read as “the integral of 2x with respect to x is x +¢”.
* What s the value of c when the antiderivative is y = x% + 1? Whatis

the constant of integration when the antiderivative is y = x??
e Whatis the derivative of x? + ¢ with respect to x?

2 Whatis the family of functions that are antiderivatives of f{x) = 3? What do
their graphs have in common? Write this family of functions using integral
notation.

3 Whatdoes the integral dex represent? Calculate it.

4 [LSCEUEIN How does an indefinite integral define a family of
antiderivatives?

If ' (x) =f(x) then .ff(x)dx = F(x) + c where ce R.
The expression J.f(x)dx is called an indefinite integral and _[f(x)dx is read

as “the integral of fwith respect to x".
Note: cis called the constant of integration.

m What does an indefinite integral represent?

How is an antiderivative related to an indefinite integral?

Example 13
a Find the family of antiderivatives of f{x) = 5.

b Find j4xdx.

a F(x)=5x+cwherece R These are the functions F for which F/(x) = 5.

b 2x>+cwherece R This represents the family of antiderivatives

of 4x, the functions whose derivatives are 4x.
This is 2x2 + c.

1 Find the family of antiderivatives of 2.

4 Find all the functions whose derivatives are |
equal to 2x.

2 Find the family of antiderivatives of x + 1.
3 Find all the functions whose derivatives are 3 Galciiate the Jolloping 1ndeﬁn1te11ntegrals.
equal to —1. a Ildx b J.6dx N _[de

574 _ r
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6 Calculate the following indefinite integrals.
a dex b J.Zx dx

1
¢ |5xdx d |=xdx
J 15
e Iaxdx {(a is a non-zero constant)

7 Calculate the following indefinite integrals.

a _[xzdx b Iszdx c J.4X2dX
d J%dex e j%zdx f J%xzdx

g Iaxz dx (a is a non-zero constant)

8 Calculate the following indefinite integrals.
a Ix3dx b I4x3dx c .[Zx3dx

d I%x’dx e J.f;—dx f J.—xsdx

g Iax3 dx (a is a non-zero constant)

In questions 5 to 8 you may have noticed that all the functions were of

the form ax™.

n+l

ax

Iax”dx: n+l

integer.

This is an integration rule and is called the power rule.

+ cwhere a and # are constants,a#0 andn#—1.nisan

~

Why is the condition 7#—1 given in the power rule?

Example 14
(X : x° : 4
a Find J.—dx b Find J.(—+3x—1)dx. c Flndj—zdx.
4 2 X
X x® Apply the power rule with
a [ dr=ue 1 HINT
a=—and n=>5.
4 Do not forget the
constant of integration.

5 5+1 6

J-X—dX:.[lxst:lx B P 12
4 4 4 5+1 4 6

b 2 X3 2
I(—+ 3x —1)dx = — + — — x + ¢ | As the derivative of a sum is the sum of the
6 derivatives, calculate an antiderivative for each

term by applying the power rule and then add

the three terms up.
2 2+1

J.X—dx:lx a +c1:lx3+c1
2 2 2+1

O

Continued on next page
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13.2

1+1 3}(2
_[3de:3>< lx ) +6=— +g¢,

+
I—ldXZ—X+63 HINT

c,c,, ¢, arethree
Apply the power rule | "17 72" ™3
i s constants that added up

a=4;n=-2 give another constant c.

—2+1

+C

f %dx:_[ 4X’2dx:4><_X2+1

What s the integral of a sum of multiples of powers of x?

How can you tell that the indefinite integrals are correct?

 Exereise 1308

1 Find the following indefinite integrals.

a jmdx b [0.6x°dx

c J.xsdx d _[(7—2x)dx

e j(1+2x)dx f J.(5+x—§x2)dx
g j(—x+3f+o.5)dx h j(l—x+)§)dx

. 1 . 1
i x* —=x+4)dx Zx2
Jor=Sxra i f St
2
k I ;;Z-(ix
2 For f(x)=x2—§+4, find:

a f) b [flndx

3 Find [(-3¢)dr.

4 Find [(4 -3t +1)dr.

5 Find all the functions F for which the
2

gradient equals 3+ x — XZ

6 Find all the functions F for which the
gradient is y = —x + 0.5x7.

? a Expand (x+ 1)(x - 2).
b Hence, find all the functions y = f(x) for

which Y =(x+1){x-2).
dx

8 Find the indefinite integral of the function

g(x)=x’ —%+1.
X

Apply the power rule to find an
antiderivative of f’(x).

If the curve passes through the point (1, 3)
then f(1) = 3.

Example 15

(

®

a The curve y = f(x) passes through the point (1, 3). The gradient of the curve is given

by f'x)=2 +§. Find the equation of the curve.

b If % =2x—4x"and y=-1 when x = 3, find y in terms of x.

576

5
c=—
6
2
X
X)=2x+—+—
fx) 2ty
] 2 dy )
b y:j'(zx—élxz)dx:x - +c Integratea;to find y in terms of x.
, 4x3 _ _
-1=3"-—+c¢ Use the fact that y = -1 when x = 3 to find the
3 value of the constant c.
-1=9-36+c¢
c=26
3
y=x -2 126
Example 16

Find the cost function, C(x), when the marginal cost is M(x) = 1 + 2x and the fixed

cost is US$40.

Cx)=x+x>+40

The cost function is an antiderivative of the
marginal cost function.

To find C(x), integrate M(x)

I(1+2x) dx=x+x>+c

The fixed cost is used to find the constant of
integration.

C(0) =40 then

0+ 0%+ ¢=40 and ¢ =40

5°7
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The derivative of the function f ? A company’s marginal cost =

is given by f'(x) = 3x + 4x2. The
point (=1, 0) lies on the graph
of f. Find an expression for f.
2

It is given that Q: X+ 42

dx 5
and that y = 3 when x = 4. Find
an expression for y in terms of x.

It is given that f’(x) = 3 — x and
f(2) = 1. Find f(x).

X4

It is given that f'(x)=3x> 5

and f(0) = 2. Find f(x).
It is given that

4l 0.2x +3x* +1 and that
dx
y=—1 when x= 1. Find the

value of y when x=0.5.

The derivative of the function

f is given by f'(x) = —x + 3. The
point (=2, 0) lies on the graph

of f.

a Find an expression for f.

b Find f(2).

function is M(x) = x - iz +1
X

and the fixed cost is US$145.
Find the cost function.

A company’s marginal cost
function is M(x) = 3 — 4x + x?
and the fixed cost for the
company is US$1000. Find the
cost function.

A refrigerator factory’s
marginal revenue function
is M(f) = 12— 80, where tis
the number of refrigerators
produced by the factory and
the revenue is given in USS$.

The factory earns US$ 567,000

in revenue from selling 120
refrigerators.

a Find the revenue function,
R(1).

b Find the factory’s total
revenue from producing
150 refrigerators.

Chapter summary

e When f is a non-negative function fora < x< b, J.f(x)dx VA

-

gives the area under the curve fromx=atox="5.
e Ify(¢) is a velocity—time function and v(f) = 0 aver the interval

oftime a<t< bthen
b
distance travelled = Iv(r)dt.

@ The trapezoid rule is

jjf(x) E%x b=

b

@

International-
mindedness

Ibn Al Haytham, born in
modern-day Iraq in the
10th century, was the
first mathematician to
calculate the integral
of a function in order
to find the volume of a
paraboloid.

Developing
your toolkit

Now do the
Modelling and
investigation
activity on page
584.

TOK

Why do we study
mathematics?
What's the point?

Can we do without it?

®&

Yy
=
>
=
o
=

2 {yo +y,+2(y +, +...+yH)}

where the interval a < x< b is divided into 7 intervals of equal width.

) i

| [

® Consider a positive and continuous function y = f(f) over the interval a<t< b. The area enclosed
between the graph of y =f{f), the t-axis and the vertical lines t=a and t=xwhere a<x<bis

defined by A(x) = j fie)dt.

a

578
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and the x-axis over the interval a <t < x can be found with the definite integral

If(t)dt. Also Jx.f(t) dt = F(x)— F(a)where F'(x) = f(x).

If F(x) is a function where F'(x) = f(x), we say that F(x) is an antiderivative of f.
The process of finding an antiderivative is called antidifferentiation.

o |f F'(x) =f(x) then .ff(x)dx=F(x)+cwherece R.

The expression _[f(x)dx is called an indefinite integral and _[f(x)dx is read as “the integral of

with respect to x”.

HINT
cis called the constant of integration.

n+l

ax
n+1
This is an integration rule and is called the power rule.

° 'fax"dx:

Developing inquiry skills

Write down any further inquiry questions you could ask and investigate
how you could find the areas of irregular shapes and curved shapes.

Chapter review

1 For each of the following shaded regions: b v

i Write down a definite integral that
represents the area of the
region.

ii Hence or otherwise, find the area of
these shaded regions.

a Y A
F(x) = 0.5x + 4
2
T T T » X
40 1 2 3 4

e If f(¢) 2 0 is a continuous function, the area enclosed between the graph of f Integration

+ ¢ where a and n are constants, a#0 and n #—1.

) Fo

Differentiation

Click here for a mixed
review exercise

fix)=-3x+9

sninaje]

> X

For each of the following regions:

i Write down a definite integral that
represents the area of the region.

ii Hence or otherwise, find the area of
these shaded regions.
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y.i
16

h

‘ 3 For each of the following regions:
! ii Find the area of the region.
|

543210 1 2 3

i Write down a definite integral that represents the area of the region.

For each of the following definite integrals:

i On a diagram shade the region that
they represent.

ii Find their value.

a jJde b jxwx

c j%x—@@—4ﬂx

d jﬂx—Zﬂx—4ﬂh

e i;fldx f i@*+2yu

3
g J‘(x2 —2x+3)dx
=2

Consider the region A enclosed between the
graph of y =—(x+ 1) (x — 4) and the x-axis.

a Write down a definite integral that
represents the area of A.

b Tind the value of this area.

Consider the curve y = x(x — 4)2. Let A be
the region enclosed between this curve
and the x-axis.

a Write down the x-intercepts of this curve,

b Write down a definite integral that
represents the area of A.

¢ Find the value of this area.

Consider the curve y = x>. Let A be the
region enclosed between this curve, the
x-axis and the vertical line x = 2.

a Write down the x-intercept of this curve.
b Sketch the curve and clearly label A.

¢ Write down a definite integral that
represents the area of A.

d Find the value of this area.

Consider the graph of the function
flxy=(x+2)2+1.

The region bounded by the graph of f,
the x-axis, the y-axis and the vertical line
x = b with b >0 has an area equal to 42.
a Sketch the region.

b Tind the value of b.

9

10

11

12

13

14

15

The table below shows the coordinates
(x, y) of five points that lie on a curve

y=fix).
X 1 325 | 55 (77510
y=flx) | 3 9 7 |12 |5

Estimate the area under the curve over the
interval 1 £x<10.

Estimate the area under the graph of

f{x) =+x—2 over the interval 2 <x<4
using five trapezoids. Give your answer
correct to four significant figures.

Consider the graph of the function

flt)y =— 12 + 2t where f(t) 2 0.

a Draw the graph of the function fand
shade the area enclosed between this
graph and the f-axis over the interval
O0<t<x

b Find an expression for the area
under the graph of f over the interval
0<t<x

Consider the graph of the function f{t) = 4t

over the interval 3 < ¢ < x. Find J.4tdt.
. 3

Calculate j(z + x)dx.

3

Find J'(1+x—xz)dx.

Line L passes through the points (-0.25, 0)
and (1, 10). Consider the region bounded
by the graph of line L for —0.25 < x < 1, the
curve y = (x — 4)2+ 1 for 1 £x <6 and the
x-axis. The region is shown below.

y

~

(1,10)

x=-0125 x=06

a Find the area under the graph of L
for—0.25 <x<1.
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APPROXIMATING IRREGULAR SPACES: INTEGRATION

b Write down an expression for the
area under the curve y = (x — 4)2 + 1

forl1 <x<6.

¢ Hence, find the area of the shaded

region.

16 The diagram shows the graph of three
linear functions, g, fand A.

a Find the equation of each of these
functions.

The three functions are antiderivatives of

y=1x).
b Find the equation of y = t(x).
¢ Find [#(x)dx.

17 ‘Estimate the area under the graph of
¥ =flx) in the interval 1.5 < x £ 5 using the

data points given in the diagram.

W

A
E (3.5, 469

\ F = (4,4.5)

18 a Estimate the areca A under the graph of

fix) = e~ over the interval 0 < x<1
using five trapezoids. Give your answer
correct to four significant figures.

b i

Write down a definite integral that
represents A.

Hence, find the actual area. Give
your answer correct to four
significant figures.

¢ Find the percentage error made with
the estimation found in part a.

Exam-style questions

19 P1: Find I(S —12x% + 4X3) dx, simplifying
|

your answer as far as possible. (4 marks)

20 P1: The derivative of the function fis given by
.

f'(x)= %xz +x +3 and the curve y = f{x)

passes through the point (—l,gj.

Find an expression for f.

21 P2:a
m
=
b
[

(6 marks)

Find the coordinates of the points of
intersection of the graphs of y = 6x — x2
andy=10—-x. (4 marks)

On the same axes, sketch the graphs
ofy=6x—x>andy=10—x.
(2 marks)

Find the exact value for the area
bounded by the two curves.

(7 marks)

22 P1: A particle P is travelling in a straight
- line. After f seconds, the particle has
velocity v= 0.6t + 4/ + 1 m/s for t = 0.

Find an expression for the
displacement of the particle from the
origin after :

t seconds. (2 marks)

Hence, find the distance travelled by
the particle during the third second
of motion. (3 marks)

2

.23 P1: Consider the curve y = —f—o(x -10) .

The area A is defined as the region
bounded by the curve and the x-axis.

Sketch the curve, clearly showing the
arca defined as A. (3 marks)

Write down a definite integral that
represents A. (1 mark)

Find the exact value of A.
(5 marks)

24 P2:aBy using technology, find the

coordinates of the points of intersection

of the graphs of y=x*> and y = Yx.

(4 marks)
On the same axes, sketch the graphs
of y=x*and y = ¥x. (2 marks)

Find an exact value for the total area
bounded by the two curves.
(6 marks)

25 P1: The diagram below shows an area
- bounded by the x-axis, the line x =6,
—

the line y = 2x — 2 and the curve y = 36 .

2

le
-

T

Using technology or otherwise, find
the coordinates of points A, B, C

and D. (4 marks)
Show that the shaded area is exactly
10 units?. You must show all of your

working. (6 marks)

26 P2: Consider the area enclosed by the
L

3

curve y =5- % and the positive

x- and y-axis.

Sketch the curve, shading the area
described above. (3 marks)

Using the trapezium rule with five
strips, determine an approximation
for the shaded area. (5 marks)

Explain why your answer to part b
will be an underestimate. (2 marks)

Using integration, determine the
exact value of the shaded area.
(4 marks)

Find the percentage error of your
approximation, compared with the
exact value. (2 marks)

Click here for further
exam practice

583

13 IR

o
&
o
=,
c
(2]




I n t h e fo otst e p s o f Approaches to learning: Research, Critical

thinking )
. L . Calculate the area of the triangle shown.
Exploration criteria: Mathematical commu-

®
Arc h I m e d es nication (B), Personal engagement [C), Use of
mathematics (E) '
I1B topic: Integration, Proof, Coordinate
geometry

what methods are available to calculate the area of the triangle?

Use integration to calculate the area between the two curves.
The area of a parabolic segment

A parabolic segment is a region bounded by a
parabola and a line.

Hence verify that Archimedes’ result is correct for this parabolic segment.

You can show that this result is true for any parabola and for any starting

points A and B on the parabola.
Consider this shaded region which is the area bounded

by the line y = x + 6 and the curve y = x*:

Consider another triangle by choosing point D on the
parabola such that its x-value is halfway between the
x-values of A and C, similar to before. @

Calculate the area of triangle ACD.

What are the coordinates of point D? 5 i
|

Similarly, for line BC, find E such that its x-value is

=2 ES
= =%
5 @
@ =
£ 03
5 [
1) o
Z 5
4 <
> o
£ =
o (1]
= =3
: o
0‘:0 =]
= i)
= o
[0} =
= <.
~

= (¢

) half-way between C and B. . |
G- What are the coordinates of point E? 5 i |
i vl Hence calculate the area of triangle BCE. ; A2, 4'}:_' |
A£—2, 4 ! Calculate the ratio between the areas of the new | |
\2 triangles and original triangle ABC. . f | :
| _ L What do you notice? ?(‘0'75-i0'5625?- L x
I ] I '
5 A4 o) 2 4 & You can see already that if you add the areas of “is ‘|4 |2 §
—————0 : : triangles ABC, ACD and BCE, you have a reasonable e e :
approximation for the area of the parabolic segment.
From this chapter you know that you can calculate the shaded area Y ) ) ] .p . g ) )
using integration You can improve this approximation by continuing the process and forming
. ) four more triangles from sides AD, CD, CE and BE.
On the diagram points A (-2,4) and B (3, 9) are marked. ]
) ) ] If you add the areas of these seven triangles, you have an even better
Point C is such that the x-value of C is halfway between the x-values Sy
. approximation.
of points A and B. . . )
! . How could the approximation be improved?
What are the coordinates of point C on the curve?
Triangle ABC is constructed as shown: Generalize the problem
Let the area of the first triangle be X.
What is the total area of the next two, four and eight triangles in terms of X?
If you continued adding the areas of an infinite number of such triangles, you
would have the exact area for the parabolic segment.
By summing the areas of all the triangles, you can show that they form a
geometric series.
What is the common ratio? Extension
What is the first term? This task demonstrates the part of the historical development of
What is the sum of the series? the topic of limits which has led to the development of the concept
What has this shown? of calculus.
£ 4 Look at another area of mathematics that you have studied on this
| DN | | M, | course so far.

¢ What is the history of this particular area of mathematics?
I T A B * How does it fit into the development of the whole of mathematics?

segment is 2 of the area of triangle ABC. * How significant is it?
3

¢ Who are the main contributors to this branch of mathematics?
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13 Substituting (2, —1) gives

14

(1 mark)
-1=4a+2b+3 (1 mark)
da+2b=—4
2a+b=-2
=2ax+b (1 mark)
8=4a+b (1 mark)
Solving simultaneously gives
(1 mark)
a=>5 (1 mark)
(1 mark)
y=20-x
xy = x(20 — x) = 20x — x>
(1 mark)

Differentiate and set to

Zero: (1 mark)
20-2x=0 (1 mark)
x=10 (1 mark)

( )

S0 (X)) \yax = 100
X+ yr=x2+ (20 — x)?

(1 mark)
=x?+ x> — 40x + 400
= 2x% — 40x + 400

Differentiate and set to

Zero: (1 mark)
. 4x—-40=0 (1 mark)
x=10 (1 mark)
SO (X% + y?) yax = 107 + 102
=200 (1 mark)
Q =4%x9.5-40=-2
dX x=9.3
(1 mark)
& =4x10.5-40=+2
dX x=10.5

(1 mark)

The derivative goes from
negative to positive,
therefore this is a
maximum

(1 mark)

R R R R R

Chapter 13

Skills check

1 a 66.6km/h

Exercise 13B
4
1 a i LSdX

3.5
i Io.s (—2x+8)dx

b 5 hours 3
i [ (=3x+10) dx
2 a 255 '
3
b 9n iv LZXdX
5
3 a 3x2+5 b i 30 ii 12
b 8x—1 i 8 v 16
y A
Exercise 13A 81
1 2250m €m0 =x+ 1/}
2 a 24m b 9km 44 :
¢ 13.5m 24 | i
1
3 a2 12 b 9 ; A,
0l 2 4 6 8
4 2 a
5
yll -
\ g yJL
_ fx)=-05x+4 |
i
1
T T T > X [}
29 \r ] { i
- : 1.5
c 9 .
f T T T 0 T X
6 aandb -2 =
-1.5
y A .
4 Exercise 13C
i : 5 2
) toa i [ G+D) +05d
] : - :
]
4
r T T T |l|:X ]i 3_
29 2 4 6 8 10 3
1.5
¢ 325 b i [ xdr W 82
! 64

¢ 1 [ Jx+1dc i 533
[

|

d i [T -axde @i 4

i r—x2+2xdx i 2
0 3

i [ = (e 1) (x+3)dx

i 16
i [ dx i 28
2 3
i fz*dx i 2.16
-1
vl "
i Lmdx it 1.57
i r L i 0.79
O.SX

i J._Z— (x=3)(x+2)dx or

[[=(x-3)(x+2)dx

0

22
ii —orl3.5
3

4.5
i L —> 4 2x +15dx
i 80.7083
i J:N/E*X +2x+15dx

6817

ko1 [0 (rr2) +5dx 6 a 5198 b 23.74

—2-5 c 12.21 d 35
\/_ 7 a N
3
i 144+ 2292 &
4
4 -
3 a -2,2 b (0,4) 2 -
c 20 > x
T | == o
] | 8
d i j —x* +4dx
0
b i ["-2(x-3)(x-6)dx
i 16
YT i 9
76 c 875
6 ——
d 2.78% (3 s.f.)
Exercise 13D B 7 ya
10
1 3
2 -0.8169
3 a y
y=xty
g i
T } T T = X
OJ x=a x=3
b 0.5693
b i J.z 1+e"dx
4 a -1 :
b Area between curve y = x? i  8.389
and the x-axis between c 8474
x==2and x=-1
ek d 1.01% (3s.f)
5 a b=1 '
b Area between curve y = Exercise 13F
(1 +x%) and the x-axis, 1 a i HUFx)=xF@x=1=
betweenx=-1 and x=1 fix), so F(x) =xis an
6 a t=3 antiderivative of f(x) =1
b Area between curve i HFx)=x+3Fx)=1=

Exercise 13E

1

2

flx), so F(x) =x+ 3 isan
antiderivative of fix) = 1
il HFx)=x—6F(x)=1=
flx), so F(x) =x— 6 is an

y=vx+1 and the x-axis,
between x=-1 and x=3

55 antiderivative of fix) = 1

18 b For example, F )=
x—10, F,(x) =x+20

) ¢ F(x) =x+c where cis any

9.85 number.

11.6 (3 s.1.)
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i IfFx)=x% F(x)=2x=
fix), so F(x) =x%is an
antiderivative of f{x) = 2x

i ITFx)=x2+1, F(x) = 2x
=fix), so F(x) =x2+ 1 is
an antiderivative of
flx) =2x

i If Flx)=x2—-4, F(x)=2x
=flx), so F(x) =x>—4is
an antiderivative of
fox) = 2x

For example, F, (x) =x* - 1,

F(x)=x*+2

F(x) = x* + ¢, where ¢is any

number.

i I F(x):x—;, Flx)=x=

2

flx), so F(X)Z% is an

antiderivative of f{x) = x
2
i f F(x):%+2.5,
F(x)=x=flx), so
XZ
F(x):7+2.5 is an

antiderivative of f(x) = x

XZ

i Tf F(x)z;—lz,

F(x) =x=f(x), so

F(X):X?—IZ is an
antiderivative of f{x) = x
XZ
F(X):? +¢, where cis

any number.

i HFx)=x*+x F(x)=
2x + 1 =f{x), so F{x) = x?
+ x is an antiderivative
of fix) =2x+1

i IfFx)=x*+x-3.2,
F(x)=2x+1=f{x), so
F(x)=x*+x—-3.21isan
antiderivative of f{x) =
2x+1

il IfFx)=x*+x+4,
F(x)=2x+1=f(x), so
F(xy=x*>+x+4isan

antiderivative of
fix)=2x+1
b F(x) =x?+x+ ¢, where cis
any number.

5 For example, g(x) = 3x
6 TFor example, g{x) = —2x

? For example, g(x)z

8 For example, F(x)="-is an

W »P|><N

antiderivative of f(x) = x?
9 a A(x)=1.25x2
b A(x)=-0.25x2 + 4x
¢ A(x)=1.25x>
3
d A(x)=Z+x
3
10 4~
11 x(x+1)
12 2(x+2)(x—2)
Exercise 136

1 f(x) =2x+ ¢, where cis any
real number

2
X
2 f(x):; +x +¢, where cis
any real number

3 flx) =—x+c¢ where cis any
real number

4  fix) =x*+ ¢, where cis any
real number
5 a x+¢ceR

b 6x+c¢ce R
c £+c,ceR
2

2
6 a X—+c,ce]R
2

xX*+cce R
5x?

c —+ccelR
2

2
d X—+c,ceR
4

a
e —+c,celR
2

g

3
X
—4¢,ceR
3
x>+c¢ce R
3

4
i+c,ce]R
3

3
x
—+c,celR
6

3
X
—+c,ceR
9

3
X
—+cceR
2

3
ax
T+C,ceR

4

X

—+c,celR
4

xX*+¢ce R
4

X
—+c,celR
2

4
X
—+c¢,ceR
5

4
X—+c,ceR
12

4
X
—-—+cceR
4

4
ax
—+c¢,ceR
4

Exercise 13H

1

b

10x+c¢ ce R
0.2x>+c ce R

6
X
—+c¢ceR
6

J7 dx = [2x dx=7x+¢ ~x2

e =Tx— 2 =c —
G=Tx=x'+c(c=c —¢,

e R)

J1dx + [2x dx = x+ ¢ +x* +
e 2 .,

o=Ex+xt+c(c=c +e,

e R)

2
J'de+.[xdx+‘[—x?

XZ 3
dx=5x+c +—+c,——
2 6

2 3
+6=5x+——-——+c¢
2 6

(c=¢, +c, eR)

2

g j(—x+%+o.5)dx=j
—x dx+'f¥dx+_[0.5dx:

2 3
-——+—+05x+c¢
2 4

h I[l—x+)§jdx:jldx—

'fxdx +J')§dx=x+c1

2 4

— 4t —+c=x
2 8 7
XZ 4
——+—+c (c=¢ +c,
2 8

+c, € R)

i J.(xz—%+4) dx=Ix2
dx—f%dx+'|.4dx=%}+c]

2

X
—— -+, t4x+g

4

3 2
=X X idx+c
3 4
(c=c,+¢, +¢)
1
j —=xT+c
2
2
k —-=x"+c
3

5
I ZXZ—ZX*4+C

a 2)(—l
3

X3 2

———+4dx+c
3 6

tZ
— =P +c
2

. 3t
t —7+[+C

Any tunction F with gradient

XZ
3+X_Z of the form

F(X):_[[3+ x—XZZdezsx

2 3

x* X
+7~E+c(c eR)

6 Any function F with gradient
—x + 0.5x2 of the form
F(x):J‘(—x + O.SXZ)

XZ 3

dpe 2 5
X 2+6+c(ceR)

? a xX*-x+2
b Any function y = f{x)

with %:(Xu)(x—z)

of the form
yzf(x):_f(x2 —X+2)
3 2
dx=X——£—+2x+c,
3 2

where c is any real number

xt 2
8 T +Z4x+c
4

X
Exercise 13l
3¢ 4x’ 1
1 = A
f() 2 3 6
2 3
2 y—x—+f—+2x—E
2 15 15
XZ
3 f(x):Bx—?—B»

2

b f(z):—%+3x2+8:12
2

? c(x):%+3+x+145
X

3
8 C(x)=3x-2x* +X?+1000

w

3
a R(t)z%—80t+600
b USD1113600

Chapter review

_TO.SX+4dx
-1

i 23.75
L)

b i [(3x+9)dx
0

i 13.5

j(4—x)dx i

a

.[\/16—)(2 dx
o

12.6 (3 s.f.)

0

ﬁ

3

1.5
j(8—x3}dx
)

14.75 (4 5.£.)

17.5

j;(x+3)(x—2)2 dx

42.7 (3s.f)

4

0

26.7 (3 s.1.)

2
3
;|.[1+x2 dx

5.68 (3s.1.)

[(1+437% ) dx

—4
19.3 (3 5.

2
Ie"‘ dx

-2

7.25 (3 s.L.)

I(X+3)(;c—2)2dx
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c i vy
o]
i 0.458 (3 s.1.)
d i y
y=—(x-2)(x-4)
ii
e i
y
10
[|
||
i
L) =
i 0]
o 1]
[ ]
T f T T > X
o 1 2 3 4 s
i 6.93 (3s.1)
foi
g i
yJL

.
X e

a :“]~(X+1)(X—4)dx

b 20.8 (3s.t.)
a x=0,4

kS

b x(x—4)2dx

1.3 (3s.f)

(]
SO N o

< o o
[

X .
2X+?+C, wherece R isa

constant of integration

2 4

x° X .

14 x+——-"—+¢, wherece R is
2 16

a constant of integration

15 a 6.25

6

b [(x-4) +1dx

1
¢ 229 (3s.)

16 a Greenliney=f (x)=3x+1,

purple line: y = 3x, pink

line: y=3x-2

b f(x) are anti-derivatives
of y = t(x) and hence

H{x)=f (x) =3
¢ 3x+¢ where cis an
arbitrary constant of
integration
17 10.4 (3 5.1
18 a 0.744 (3s.L)

je'xz dx
o

i 0.747 (3 s.1.)
¢ 0.329% (3s.t)

b i

Exam-style questions

3 4
19 5x_ 12X 4x (+¢) (3 marks)
=5x—4+xt+c¢ (1 mark)
3 5
20 _[ EX +x+3 (3 marks)

3 XZ
dx =—+—+3x+c¢
2 2

Substituting x = -1 and

1
equating to 73 (1 mark)
1
——+l——+c:— (1 mark)
2 2
c=8 (1 mark)
e B
X)=—+—+3x+8
flx)=7+5
21 a 6x—x>=10-x (1 mark)

X=7x+10=0
(x—=2)(x=5)=0 (1 mark)

Coordinates are (2,8)
(1 mark)

and (5,5) (1 mark)

I

c Area under curve

5
:J.éx—x2 dx (1 mark)
2

7T
= [3)(2 -ﬁjl (1 mark)
3 2
_100 28 _72
3 3 3
(1 mark)
=24 (1 mark)

Area under line

=l><(5+8)><3=2
2 2
(1 mark)
Required area =24 — ?
(1 mark)
On P E
= 5 units (1 mark)

[Note: Alternatively
you can find

5

f(éx—xz)—(lo—x)dx to
2

give the same answer]

22 Displacement = [0.62 + 4t + 1 dt

(1 mark)
=028 +22+t+k (1 mark)

Distance travelled in 3rd

second = j‘(o.ét2 +4f+ 1) dr
2

(1 mark)

=[02x33+2x32+3]—[0.2
x22+2x2%2+2] (1 mark)

=14.8m (1 mark)

24

a
Y
253
(1 mark)
1 al Positive area is therefore
1 —3-——1-:-1~ (1 mark)
| 4 4 2
Therefore total area is
- -5 A N
axl- Lunit® (2 marks)
T 0 T T —T*X 2
‘g5_5_ Y DB 2% 25 a A(1,0) (1 mark)
-10 - B(6,0) (1 mark)
1 gl
B mikg C(3,4) (1 mark)
D(6, 1) (1 mark)
10 2 6
b J).__(X_lo) e b Area:%x2x4+_‘.¥dx
X
3
(1 mark) (3 marks)
2 X3 6
¢ ——(x-10)=x"-— :4+36J.x'2 dx
10 1 .
10 e 1 N
.[ x*==—|dx (1 mark) = 4+36[—~:| (1 mark)
: 10 x ]y
< x =4+36[—%—(—§ﬂ
Sl == 2 k
3 40) (2 marks)
y (1 mark)
1000 10000
3 20 \lmark) =4+36x- =10 units’
_1000 1000 (1 mark)
£ 4 26 a
1000( 250} .,
=——| =—— | units
12 3
(1 mark)
a Use of GDC (1 mark) B "
L T L] L} |
(=1, =1),(0, 0),(1, 1) 4 2 20 2 4 \e
(3 marks) “
b 4 4 (3 marks)
b
1 2 3 4 5
496 |4.68 [3.92 |2.44|0
(2 marks)
Area
5 3
X 1(5-0
={5—-—"—|dx=<2| —
(2 marks) 0[ 25] 2[ 5 j
] e ) 1 51042 4.96+4.68
3 _ —
¢ Jx d"—[z} =e 13.92+2.44
0 0
(2 marks) (2 marks)
=18.5 units? (1 mark)
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The curve is concave down
in the interval 0 € x < 5, so
each trapezium will be an

underestimate. (1 mark)

Therefore the sum of the
trapezia will also be an

underestimate. (1 mark)
5 3 4 P
I%L.M{M"L]
ol 25 100,
(2 marks)

S 25—@ =18.75 units’
100

(2 marks)

Percentage error

_18.75-18.5
18.5

(2 marks)

L I R R R R R

Paper 1

Exam-style questions

6 ]lleu
P14+ ———-
100x12

=1500 000
(1 mark)

P=824449.10 (I mark)
Ans: COP 824449.10

V,=1500000 — 824449.10
=675550.90 (1 mark)

V,, = 675550.90 x (0.9)10
= 235550.03 (2 marks)

d = 40 (metres)

(1 mark)
EITHER
200 + 40 x 13 =720

(2 marks)
OR
360 +40x 9 =720

(2 marks)

200+40x%
s, = 2x200+40 20><21
2

(2 marks)

=12 600 (1 mark)

x100=1.35%

Y
304

25—

.20

i  For each given area

A, there is only one
possible value for the

radius, which is 4 ;

T
Therefore, since C =

2nr, Cis also unique
for that value of A.
(1 mark)

ii For each given
circumference C,
there is only one
possible value for the
radius, which is i
27

Therefore, A = nr?, A is
unique for that value
of C, so C 1 exists.

(1 mark)

T T ™ X

T T T J !
5 10 15 20 25 30

(2 marks)

A=C"125)=> CA)=25=

A =497 (2 marks)
i 7(0) =86=22+a=286

=a=64 (2 marks)

i T(0.5) = 28= 22 + 64 x
2050 = 28 (1 mark)

b=-6.83 (1 mark)
T=22 (1 mark)

The temperature of the
hot chocolate approaches
22 °C as t gets very

large, indicating that the
temperature of the room is
22°C. (1 mark)

Discrete (1 mark)

Number of walks can be
counted (1 mark)

i 3
i 2.68 (3s.f)
11 1 2

—+—+—+—+l+p=1
9 6 12 9 6

(1 mark)
(2 marks)

(2 marks)

1
== (2 marks)
F 4

l><2+l><3+i><5+3><1
9 6 12 9

+l><3+l><4:E
6 4 36

(2.86, 3 st) (2 marks)

i“i 0.571 (3 s.t
Al or 0. (3s.1)

(1 mark)

(L6

(3 s.t.) (3 marks)

| I
Intensive
| =S
a2 = I |
extensive |
! |

i | =
T T T T s

18 21 24 27 30
Fat layer (cm)

ol

Intensive

Scale and labelled axis
(1 mark)

Correct diagrams (2 marks)
extensive

The average layer of

fat was thicker on the
cows from the Intensive
programme. (1 mark)

The interquartile range
and range of fat layer sizes
was also much greater for
cows from the Intensive
programme. (2 marks)
L=10log, (106X 10'2)

= 60dB (2 marks)

Yes as the value is between
0 and 140. (1 mark)

10 log, (S x 102) = 80
(1 mark)

S$=0.0001 Wm~2 (1 mark)

10

12

13

H,:Favourite colour is
independent of gender.

(1 mark)
0.0276 (1 mark)
As 0.0276 < 0.05 the null
hypothesis is rejected at
5% level of significance.

(2 marks)
Labelled axes (1 mark)
Each region (2 marks)

Use of definite integration
(1 mark)
2
i area(A):ff(x)dx =4
0
(1 mark)

i area(B)= _”f(x)'dx =4
’ (1 mark)

iii area(A) + area(B) =8
1 mark)

(
i Hyu =n, (1 mark)
(

i Hp:p=n, 1 mark)
H,: p=0.209 (3 st)
(2 marks)

As 0.209 > 0.1 there is no
evidence to reject the null
hypothesis at the 10%
level of significance.

(2 marks)

AE=,/(2-4) +(9-6)’

=3.61 (3 s.f.) (2 marks)

Attempt to find perpen-
dicular bisector of BE.
(1 mark)

One technique is shown
here:

PB=PE= \(x-2) +(y-3)

=\(x-4)+(y-6)
(1 mark)

14

Attempt to expand
(1 mark)

X—dx+4+3y2-6y+9=
X2 —8x+16+y*— 12y + 36

(1 mark)
4x+ 6y —39=0 (1 mark)

The cell corresponds to the
region of the park that has
E as the closest well.

(1 mark)
AD? =1002 - 652 = 5775
or AD =76.0 3 s.1.

(1 mark)

Area

T 2 2
= E((50 +AD)' - 4D?)
=15 864 m?
CAD

—sin"[ 2 )= 40,54~
100

(3 marks)

=40.5° (2 marks)
BAC=180-CAD=139.46
Cosine rule
= (BC)’ = (AB)" +(AC)’
—2ABX ACXcos BAC
(1 mark)
_ [50°+100° —2x50
~ \x100cos(139.46...)

(1 mark)

BC=142m (3 s.f)
(1 mark)

L N A N S S T S

Paper 2

Exam-style questions

1

Bl 125°
70

80 ¢

(2 marks)

ABC=180- 125 =55
(1 mark)

AC?=80%+70%2-2X70x
80 X cos 55 (1 mark)

AC=69.8279... =69.8m
(3s.t) (1 mark)

Area = %xSOX70><sin55

(1 mark)

=2293.62...
=2.29%x10°m (3 s.1.)
(1 mark)

69.8279 80

- = = (=698
sin55 sin ¢

(2 marks)
Bearing is 360 — 55 — 69.8
(2 marks)

=235° (3s.f) (1 mark)

50

P(45 <1< 55) = 0.683 (3s.L)

(2 marks)
P( < 40) = 0.0228 (3s.1.)

(2 marks)
P(t<M)=0.75 =
M=534(3st) mins

(2 marks)
P(t < 40|gained medal)

_ P(r < 40 ngained medal)

P(gained medal)
.02275...
L oo T 0.303(3s.1.)
0.75
(3 marks)

10 000 x P(f < 33) = 3.37...

o 3 competitors (2 marks)
11 m (1 mark)
360

B0 =12 hours (2 marks)

since -1 <sin<+ 1

i 16m at03:00 and

15:00 (2 marks)
i 6mat09:00 and 21:00
(2 marks)

671




