Number and
algebra 1

“~. CHAPTER OBJECTIVES:
—~ 1.1 Natural numbers, N; integers, Z; rational numbers, Q; real numbers, R
e 1.2 Approximation: decimal places, significant figures; estimation;
/7 percentage errors
1.3 Expressing numbers in standard form; operations with numbers
in standard form
1.4 S| and other basic units of measurement

Before you start )
You should know how to: Skills check |
1 Substitute into formulae, e.g. 1 Find the value of y when x = —0.1 if @ The castle is 100km south of the Arctic Circle. A This is the biggest ‘
G and F are linked through the formula x and y are linked through the formula e It takes approximately 6 weeks to build. Snom i inhthe
== . ) . forld, i t
G= F-1 Find the value of G when a y=32(x—1) b y= = ‘1) ® The temperature has. to be no more than .—8 C to prevent it melting,. \I':Vicr)”and'.nF?g: bEirlr;
F+2 c y=(1-xQx+1). @ The castle’s area varies each year. So far it has ranged from in 1996, it has been
F=08 G=2821 _g7 o) hio s 13000 to 20 000 m?. rebuilt every winter
V98+2 . 3y 7 _ 14 b 2(x—6)=4 e Approximately 300000 people from around the world visited the when there has been
2 Solve simple equations in one variable, a 1x castle when it was first open. enough snow.
e.g. c 5(1 -x)=0 d #»=16 ® The castles have had towers taller than 20 m and walls longer than 1000 m. |
2x—8=10 b »#¥=25
a 2x 1 amas o 3 Caleulate These facts anq figures about the Snow castle use diff_erent types of |
=9 a 8% of 1200 b 0.1% of 234. number and different types of unit. Some are approximate values. |
3 Calculate percentages, €.g. 4 Solve the following inequalities. This chapter will help you to classify numbers, round numbers and make |
Calculate 5% of 240. S x 240 =12 Represent their solutions on the approximations, as well as showing you how to write very large or very small ,
. . . number line. numbers in standard form, and convert between different units of measurement. |
4 Solvg 1nequai11tles an]:c)i relpresent the a 10—x<1 b 3x—6>12 |
;011“702 ‘;‘St e c 2x<0 1.1 The number sets |
X <
P53 B 0 50 5 Calculate . These expressions use several different types of number.
x< 1.5 a |[-5| b ‘El e In Finland the lowest temperature in winter is around —45 °C.
5 Calculate the absolute value of a number, g e In 2010 unemployment in Ireland was more than 13%.
IeOg| : 2)2'5 ll 5—_2156| _|;1'3 = c |5-7] d ’ x 100 ® Approximately § of the world’s population has a mobile or cell phone.
’ . ® Usain Bolt won the men’s 100 metres at the 2008 Olympic Games
with a world record time of 9.69 seconds.
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The area of a circle with a radius of 1cm is Tem?.
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= |
! i - The set of integers, Z
The numbers 60, —45, 3 9.69 and & belong to different number sets, which are gers,
described over the next few pages. In Example 1 you saw that the difference of two natural numbers is
At the end of this section you will be able to classify them as elements of these sets. not alu./qy s a natural number. So we neec'l a new set as there are ; .
quantities that cannot be represented with natural numbers. The | Z is an extension of N.
Natural numbers, N new set is Z, the set of integers.
-> The set of naturalnumbers Nis 0, 1, 2, 3, 4, ... - The set of integers Z is {..., —4, =3, -2, -1,0,1,2, 3,4, ...} | On this number line
W h b @ positive integers
CLL S d g Any natural number is also an integer but not all integers are natural i are placed to the
® o count: for example ‘205 nations are expected to take part in the _ numbers. right of zero
2012 Olympic Games’ s TS, £33 v 7 h ber line Like thi ® negative integers
® 10 order: for example ‘The Congo rainforest is the 2nd largest in 3.4,5,...] ou can represent £ on the number ine lixe tais: are placed to the
, The curly brackets T . . . T . >
the world A ] ] ) left of zero.
enclose the elements -3 - - 0 3 ® el
You can represent the natural origin e i g
numbers on the number line by / ' E le 2 PP IyelIoL
setting an origin and a unit. 0 1 5 3 n i Xampte negative.
—
tE Solve each equation for x. State whether the solution to the equation is |
Example 1 ) A
an integer or not. |
-
a Find the value of these expressions whena=5and b = 7. There are as many o =1l D == . |
T mef [ pod e G e e o N We use negative ‘
b S heth 1 even numbers. Answers numbers to represent
...... L R i e €00 S e a x+5=11 b —3x=10 many everyday ‘
Answers e Tatthe x¥=6  xisaninteger. P _TIO x is not an integer. i_ituatiolns. .
|
ai 5+7=12 @i 5x7=35 iii 5-7=-2 v 7-5=2 T T sl |
b i natural ii natural iii notnatural iv natural not in N. |
Example 3 |
Exercise 1A . : : .
a Find the value of the following expressions when j = 4 and k= ~2. Brahmagupta lived
a Find the value of these expressions when a = 2 and b = 4. . Sk—j ik from 589 to 669 CE
i 2a+b i 2a+b) i -0 iv (a— by S 2ok in India. He is credited :
b State whether your answers to part a are natural numbers or not. b State whether your answers to part a are integers or not. with writing the first
-------------------------------------------------------------- book that included
Answers zero and negative i
. . . 5(-2)-4 -l14 Write the expressions, substituting VST,

— a I —_—-m sm M e = — = - |
lnvestlgatlon, natural numbers Fe e the rarmbers for the lotter ‘
State whether each statement is true or false. If it is false, give an example to show why. .. 4-(=2) 5
a True or false? Whenever you add two natural numbers the i i 4'+2(-2) ‘

. Ifa + b=c, we say .
sum will be a natural number. ' _ T N nunbereageon v @B | You can use your GDC to evaluate |
| that ¢ is the sum of a ™ . |
| 5--2-4 -7 F this.
[ and b. | 244
b True or false? Whenever you multiply two natural numbers, (ffaxb=c we — ) _f‘_2 % When using your GDC to input ‘
. = I 4242-2 ] g '
the product will be a natural number. e ‘ Sractional exprejsszolns, remember to |
use brackets to indicate clearly the '
| of a and b. ) I the d o r ‘
’ g | numerator ana tne aenominator, or GDC help on CD: Alternative
o 7 —— x &= ) Ran Ve
c True c_)r false? Whenever you subtract two natural numbers TR e 299 use the fraction template. demonstrations for the -nhﬂﬁ-‘gl ® |
the difference will be a natural number. _ , I . . Plus and Casio FX-98606I[
that ¢ is the difference b i integer ii notan integer GDCs are on the CD. j
| of aand b. | '
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Exercise 1B
1 a Solve the equation 4x + 2 = 0.

b State whether or not your solution to part a is an integer.
2 a Solve the equation 42 = 4.
b

State whether or not your solutions to part a are integers.

3 a Find the value of these expressions when ¢ = —2 and b = 4.

a—-b & 9
a+b b

b State whether or not your answers to part a are integers.

Investigation - integers

State whether each of these statements is true or false. If false, [ If 2=¢ then we |
| b

give an example to show why.

@& The sum of two integers is always an integer.

b The difference of two integers is always an integer.
¢ The quotient of two integers is always an integer.
d The product of two integers is always an integer.

The set of rational numbers, Q

| say that ¢ is the |
| quotient of a and b. |
Quotient means |

ratio.

In the investigation you should have found that the quotient of two
integers is not always an integer. So we need a new set as there are

quantities that cannot be represented with integers. This set is Q, the

set of rational numbers.

= The set of rational numbers Q is

{g where p and g are integers and q# O}

|; Note that ¢ 2 O as
division by O is not
| defined.

This definition means that a number is rational if it can
be written as the quotient of two integers. Here are
examples of rational numbers.

® 71is a rational number as it can be written as z,
and both 7 and 1 are integers. :

® —3is a rational number as it can be written as :§)
and both —3 and 1 are integers. I

® (is a rational number as it can be written as 9,
and both 0 and 4 are integers. 4

® —1.51s a rational number as it can be written as ﬁ,
and both —3 and 2 are integers. £

f i
Qs an extension of Z. |

The decimal expansion of a
rational number may have a
finite number of decimal places (for
example —1.5) or may recur (for

example 0.6). A number with recurring
digits has a period, which is the digit

or group of digits that is repeated
after the decimal point. For example,
the period of 0.666686... is 6 and the

Lperiod of 0.7676786... is 76.

® 0.6=0.666... is a rational number as it can be written as g,

and both 6 and 9 are integers.

Number and algebra 1

From these examples we can see that any integer is also a rational
number but not all rational numbers are integers. You can represent
some of the rational numbers on the number line like this:

T T T >

0.5 1 1.25

0

Example 4

a Express 1.3 as a fraction.
b Hence calculate 1.3 +%

Give your answer as a fraction.

Answers
a Letg=1.3then
a=1.3333...
10a =13.333... Multiply by 10 to obtain another
number with the same period.
10a —a=13.333... - 1.3333... Subtract a from 10a.
=12
9a =12 Divide both sides by 9.
g=12_4 Simplify to its simplest form.
9 3
b 1.3+ el + 52 Use a common denominator of 15
O RSN ORI or your GDC.

Exercise 1C

1 a Find the decimal expansion of these fractions.

2 52 4 -l
3 4 9 7 5
b For each fraction in a, state whether its decimal expansion
i 1s finite il recurs.
2 a Express 0.5 as a fraction. b Express 1.8 as a fraction.

Hence calculate 0.5 + 1.8. Give your answer as a fraction.

3 a Write down a rational number whose decimal expansion is finite,

b Write down a rational number whose decimal expansion recurs.
¢ Write down a rational number whose decimal expansion has
a period that starts in the fourth digit after the decimal point.

For any pair of rational numbers, you can always find a rational
number that lies between them on the number line. For example,
the arithmetic mean of two numbers is halfway between those
numbers.

the history of rational
numbers on pages

40-41.

Find out more about

‘Hence’ is a

command term that
is frequently used in
exams. If you read
‘hence’ then try to
use the preceding
work to find the

required result.

| >

— —» 2-+3,
3

use your GDC.

Express 1.9asa
fraction. What do you
notice? Is it true that
1.9=2?
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Example 5

a Write down a rational number that lies on the number line between
2 and 1,
3
b Write down a second rational number that lies on the number line
2
between B and 1.
¢ Write down a third rational number that lies on the number

line between% and 1.

Answers | s P e e
. %H s I;z'nd the arithmetic mean of
, 2 . 6 3 and 1. Use your GDC to
; Q 3 simplify it.
2 4
374 17
s

‘Write down’ is a
command term that
means you don't need
to show much or any
working.

How many rational
numbers are there
between two rational
numbers?

=> A number is rational if
® it can be written as a quotient of two integers, or
® its decimal expansion is finite, or
® its decimal expansion is non-terminating but has a
recurring digit or pattern of digits.

Example 6

x+5
Y

For each of the expressions a (x+y) b

i Calculate the value when x=—4 and y = l.

ii State whether your answers to i are rational numbers or not.
Justify your answer.

Answers

L)

ii It is a rational number as
it can be written as the
quotient of two integers.

b i '4]+5=ﬁ:ﬁ
2 2

ii It is not a rational number,
Its decimal expansion is
1.4142135... It does not
have a finite number of
decimal places and does
not recur.

To justify your answer, explain how
you know it is rational.

Number and algebra 1

‘Non-terminating' is

the opposite of ‘finite’.

Exercise 1D
1 Write down three rational numbers that lie on the number line
between 2 and Z—
2 a Calculate the value of the expréssion J2(y—x) wheny =3
and x = —% .
b State whether your answer to part a is a rational number or not.

. ) 9 11
3 a Write down three rational numbers between 3 and e

b i Write down three rational numbers between —f—i and —2.

ii How many rational numbers are there between —f—g and —27

Investigation - rational numbers

State whether each of these statements is true or false. If a statement is
false, explain why by giving an example.

a The difference of two rational numbers is always a rational humber.

b The square of a rational number is always a rational number.

¢ The quotient of two rational numbers is sometimes a rational number.
d The square root of a rational number is always a rational number.

The set of real numbers, R

In the investigation you should have found that the square

root of a rational number is not always a rational number.

So we need a new set, as there are quantities that cannot be
represented with rational numbers. For example, we could think of
a circle with radius 1 cm.

What is the area, 4, of this circle? ~ N\
A=mxr? ( lem )
A=rnx(lcm)? \ /{
A =rcm? S

Is 7 a rational number? The decimal expansion of 7 from the GDC
is 3.141592654 — but these are just the first nine digits after the
decimal point.

The decimal expansion of 7 has an infinite number of
digits after the decimal point, and no period (no repeating pattern).

=> Any number that has a decimal expansion with an infinite
number of digits after the decimal point and no period is an
irrational number.

You can find the first
ten thousand digits of
7 from this website:
http://www.joyofpi.

com/pi.html.
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N

Irrational numbers include, for example, 7, V2, v/3. Example 8
P
= The set of rational numbers together with the set of irrational How many real & z(fv; ;h;S i o e cig e e e < Egbkeling. sD:mWeenac:c:tTSnt?r?
numbers complete th . 1 numbers are there? . . _ e '
P ¢ number line and form the set of rea b State whether p = —r is a solution to the inequality given in part a. mathematics?
numbers R Can we count them? S :v ________________________ g _____ DAL oimy] e
— - “-A-n-s-wers """"""" We are using an
Natural numbers N a 8+x>5 Tl tg neeele
=B — ( On March 14 (or, in month/day £ et that x = =3 is not
0 1 2 3 4 5 6 format, 3/14) a lot of people around o > included. Different
Integers Z the world celebrate Pi Day, as 3, 1 3 5 1 9 1 countries have
N = and 4 are the three most significant b S <-3 different notations to
-n=-3.142...,80 T < —

digits of z. Also March 14 is Albert represent the same

Rationals Q p is not a solution of the inequality.

Einstein’s birthday so sometimes both thing. Furthermore,

5 5 1 i :
2 7 7 events are celebrated together. Pi . different teachers
—t % 4 Approximation Day is July 22, or Exercise 1F from the same
¥ 210123 . in the day/month format 22/7, which 1 a Solve these inequalities. country use different
Real numbers R complete the number line is an approximation to the value of r. i 05<%<15 i B-a=1 notations!
2 oz 2
= . * > b Represent the solution to part a on the number line.
3 2-10 1 2 3 c State whether the numbers ¢ = 1.5 and ¢ = /5 are solutions |
) oy : 0 I
Example 7 to the inequalities given in part a.

2 a Solve these inequalities.
i 2x+1>-1 ii 4<x+1<8 i 2—x>-1
b Represent the solutions to part a on the number line.
c¢ Copy and complete this table. Put a v/ if the number p is a

Calculate each of these measurements and state whether it is rational
or irrational.

a The length / of a diagonal of a square with side length of 1cm.

b The area 4 of a circle with radius \% cm. solution to the inequality given.
_________________________________________________________________ —_ Inequality
AnS\Zlvers 1cm 2x+1>-1 | 4<sx+1<8|2-—x>-1 |
a ’=12+1]2 Use Pythagoras’ theorem. -
12=2 -2
\/l_z V2 J2 =14142.., )
2 is an irrational number 1t is not finite, not ng, |
; finite, not recurring J10 |
b A=nr Use the formula for the area of o |
A:n'x(ijz—n:xl a circle. |
Jr : |
A=Tlcm? 1.2 Approximations and error |
1 1s a rational number It is important that you understand the difference between an exact }

=
value and an approximate value.
| Exercise 1E Sometimes, as in the following examples, we approximate a quantity |
i 1 a Calculate the length, %, of the hypotenuse of a right-angled because the exact values are not known (maybe because the instrument |
triangle with sides 2cm and 1.5 cm. we use to take the measurements only reaches a certain accuracy).
b State whether / is rational or irrational, 15 =l ® The approximate area of Ecuador is 283 561 km?.
2 a Calculate the area, 4, of a circle with diameter 10 cm. \ ® The present height of the Great Pyramid of Giza is approximately
b State whether A is rational or irrational. 2 138.8m.

® The weight of an apple is approximately 250g.

Number and algebra 1
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Sometimes we approximate a quantity because we don’t need the
exact value, as in the following examples.

e India’s population is about 1800000 000.

e I run for about 3 hours every Sunday.

e China’s economy grew at an average rate of 10% per year during
the period 1990-2004.

Rounding a number is the process of approximating this number to a
given degree of accuracy.

Rounding numbers to the nearest unit, nearest 10,
nearest 100, nearest 1000, etc.

- Rounding a number to the nearest 10 is the same as rounding
it to the nearest muttiple of 10.

Rounding a number to the nearest 100 is the same as

rounding it to the nearest multiple of 100.

|

Example 9

Answers
a 250

b 1100

a Write down 247 correct to the nearest ten.
b Write down 1050 correct to the nearest hundred.

Both 240 and 250 are multiples of
10 but 250 is closer to 247.

Both 1000 and 1100 are multiples
of 100 and 1050 is exactly in the
middle. Because the digit after the
one being rounded is 5, round up.

Exercise 1G

1 Write these numbers correct to the nearest unit.

a 3584 b 245 c

108.9 d 10016.01

2 Write these numbers correct to the nearest 10.

a 246.25 b 109 c

1015.03 d 269

3 Write these numbers correct to the nearest 100.

< T T T T T >
3700 3725 3750 3775 3800

Digit to the right of the
rounded digit is less than 5.

To round 3746 to the nearest hundred: To round 81 650 to the nearest thousand:
37@6 8150
v ¢

< T T T T >
81000 81250 81500 81750 82000

Digit to the right of the
rounded digit is 5 or above.

|
3746 is closer to

Rounded number: 3.7 )00’ 3700 than to 3800. Rounded number: 82 000

Change all the digits to
the right of the rounded
digit to 0.

Leave the rounded
digit unchanged.

Add 1 to the
rounded digit.

- Rules for rounding

If the digit after the one that is being rounded is less than 5
then keep the rounded digit unchanged and change all the
remaining digits to the right of this to 0.

If the digit after the one that is being rounded is 5 or more
then add 1 to the rounded digit and change all remaining
digits to the right of this to 0.

Number and algebra 1

81650 is closer to

82000 than to 81000.

Change all the digits to
the right of the rounded
digit to 0.

a 140 b 150 c 1240 d 3062

4 Write these numbers correct to the nearest 1000.
a 105607 b 1500 c 9640 d 952

5 Write down a number that correct to the nearest 100 is 200.
6 Write down a number that correct to the nearest 1000 is 3000.

7 Write down a number that correct to the nearest unit is 6.

Rounding numbers to a given number
of decimal places (dp)

This is rounding numbers to the nearest tenth, to the nearest
hundredth, etc.

= Rounding a number correct to one decimal place is the same
as rounding it to the nearest tenth.

Rounding a number correct to two decimal places is the same
as rounding it to the nearest hundredth.

Rounding a number correct to three decimal places is the
same as rounding it to the nearest thousandth.




To write 3.021 correct to [ dp:

Rounded First digit to
digit the right is
less than 5
NUMBER 3 ° 0 2 1
RAUNDED, 3 o L | e ey SN | |—
NUMBER
Rounded Digits to Digits to
digit remains the right of the right of
unchanged rounded digit rounded digit
are deleted are deleted
To write 10.583 correct to 2 dp:
NUMBER 110 | e 5 8 3
ROUNDED
NUMBER 1|10 | e 5 8 | s
Rounded Digits to the right
digit remains |of rounded digit are
unchanged deleted
To write 4.371 to 1 dp:
Rounded First digit to
digit the right is
more than 5
NUMBER 4 ° 3 7 1
ROUNDED
NUMBER 4 ® 4 1" w0 smmes
Rounded digit | Digits to the right Digits to
is changed of rounded digit | the right of
to 1 more are deleted rounded digit
are deleted

3.021 =3.0(1dp)

10.583 = 10.58 (2dp)

4.371 = 4.4 (1dp)

=> Rounding rules for decimals

o If the digit after the one that is being rounded is less than 5
keep the rounded digit unchanged and delete all the
following digits. ‘

e If the digit after the one that is being rounded is 5 or more then
add 1 to the rounded digit and delete all the following digits.

Example 10

Answers

a 10.045 = 10.05 (2dp)

b 1.06=1.1(ldp)

a Write down 10.045 correct to 2 dp.
b Write down 1.06 correct to 1 dp.

10.045 Next digit is 5, so round up:

10.05

1.06 Next digit is 6, so round up: 1.1

Number and algebra 1

Exercise 1H

1 Write these numbers correct to 1 dp.

a 45.67 b 301.065 c 2.401 d 0.09
2 Write these numbers correct to 2 dp.
a 0.0047 b 201.305 c 9.6201 d 28.0751

3 Write these numbers correct to the nearest thousandth.

a 10.0485 b 3.9002 ¢ 201.7805 d 0.00841
4 Calculate Lz; use your GDC.
3.08 x 0.012

Give your answer correct to
a ldp b 2dp ¢ 3dp

_ (rta) . .
5 Given that p = 3.15 and ¢ = 0.8, find the value of 5+ g BVIng
your answer correct to
a 2dp b 3dp

6 Write down a number that correct to 2 dp is 2.37.

¢ nearest unit d nearest ten.

7 Write down a number that correct to 1 dp is 4.1.

d nearest 100 e nearest 1000.

Rounding numbers to a given number
of significant figures (sf)

- The number of significant figures in a result is the number of
figures that are known with some degree of reliability.

This sometimes depends on the measurement that is being taken.
For example, if the length of a pencil is measured with a ruler
whose smallest division is 1 mm, then the measurement is only
accurate to the nearest millimetre.

You can say: The length of this pencil is 14.6cm.

But you cannot say: The length of this pencil is 14.63 cm.

The length of the pencil can be given correct to 3 sf but cannot be
given correct to 4 sf.

Rules for significant figures:

e All non-zero digits are significant. 2578kg has 4 sf

® Zeros between non-zero digits are 20004 km has 5sf

significant.

® Zeros to the left of the first non-zero
digit are not significant.

0.023¢g has 2sf

® Zeros placed after other digits but to the | 0.2.00ml has 3 sf
right of the decimal point are significant.

Lo i i it
e —Cle

1010 12 13 14 15

¥ 1
| ]
14 3 14

Fivnhmnndinadnntbisnkamhosabiad il el

g

-
o
9

Make sure you
understand when a
digit is significant.
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The rules for rounding to a given number of significant figuresare W [T T T T T T T T T TS S s e
.. . Answers
similar to the ones for rounding to the nearest 10, 1000, etc. orto a a 497 5466301
number of decimal places. ' T AR 2 ug
(12,4 497.5466391 [
This example shows you the method. 2143
Example 11 .
a Write down 24.31 correct to 2 sf.
b Write down 1005 correct to 3 sf.
¢ Write down 0.2981 correct to 2 sf. 1199
I- —————————————————————————————————————————————————————————————— 4 )
Answers 2431 b i 498 497.54 3 =498 (3sf)
a 2431=24Q2s) | _ y . . T
2 2425 245 2475 25 o0 D ASVEg),
Digit to right of N
rounded digit is less than 5. Exercise 11
l 1 Write the number of significant figures of each of these numbers. |
a 106 b 200 c 0.02 d 1290 e 1209

Rounded number: 2(@)(>)(00) |
2 Write these numbers correct to 1 sf.

Change the digits to a 280 b 0.072 c 390.8 d 0.00132

digit unchanged the right of the rounded )
g ged. digit to 0. 3 Write these numbers correct to 2 sf. J

a 355 b 0.0801 c 1.075 d 1560.03 |

Leave the rounded

b 1005 = 1010 (3sf) | Digit to right of rounded digit is equal to 5. Add 1 to

the rounded digit. Change all digits to the right of the "9+ 1= 10 Replace 4 Write these numbers correct to 3 sf. |
rounded digit to 0, the rounded digit with a 2971 b 03259 ¢ 10410 d 0.5006 |
c 0.2981 =0.30 (2sf) | Digit to right of rounded digit is greater than 5. Add 0. Add 1 to the digit to ST I X 16 [
1 to the rounded digit. Change all digits to the right the left of the rounded @ 5 Calculate Y— ul 3 i
i AL dzgl”_o g digit. Give your answer correct to |
E p— - a 1sf b 3sf c 1ldp d nearest hundredth. |
-> Rounding rules for significant figures |
e If the (n+1)th figure is less than 5 then keep the nth figure 6 Write the value of 7 correct to |
unchanged. a nearest unit b 2dp c 2sf d 3dp. |
+1)th fi i then add 1 to this figure. : |
SR izt ligurens 5 on more .en 2 _0 g 7 Write down these numbers to the accuracy stated. |
® In both cases all the figures to the right of figure # should be a 238(1 sf) b 4609 (3 sf) c 2.7002 (3 sf)
deleted if they are to the right of the decimal point and
: /3.375 . : .
Sho}ﬂd ke r.eplaced by Az F iy g1 D U Mite @i ke 8 a Calculate —,———. Write down the full calculator display.
decimal point. _ 1.5 +1.8
b Give your answer to part a correct to
Examp[e 12 i 2sf i 3sf i 4 sf. |
I
12.4° |
Let ¢ = s
© 21+43
a Write down the value of ¢ giving the full calculator display.
b Write the answer to part a correct to
i 3 significant figures ii 2 significant figures.
"""""""""""""""""""""""""""""" P Continued on next page
Nurmnber and algebra 1 Chapter 1




Often in exams you need to do multi-step calculations.

In those situations, keep at least one more significant digit in intermediate
results than needed in your final answer.

For instance, if the final answer needs to be given correct to 3 sf,
then carry at least 4 sf in the intermediate calculations, or store the

unrounded values in your GDC.

Example 13

correct to 3 significant figures.

Answers
Let x be the side length of the
triangles.
gap g2 = |57
2x% =225
¥ =112.5
x =+/112.5

x=10.6066...

L=31Xxx+12x15
L=31x%10.6066...+12x 15
L=508.804 ...

L =509cm (3sf)

The diagram represents a window grille made
of wire, to keep pigeons out of the house.
The small triangles are right-angled triangles
and are all congruent. Their hypotenuse is s
15 cm long. The other two sides are equal lengths.

Find the total length of the wire, L. Give your answer

o v e e
| e [Tl
o e
e

/ Il
—
It pe 4 4:»//— .

First find the length of the shorter
sides using Pythagoras.

15¢cm

X

Keep this value either exact or with
more than three significant figures as
this is just an intermediate value.

In the grille there are 31 sides of
triangles with length x and 12 sides
with length 15.

Exercise 1J

P EXAM-STHLE QUESTIONS

: 1 The area of a circle is 10.5cm?,
a Find the length of its radius. Give your answer correct to

four significant figures.

b Find the length of its circumference. Give your answer correct

to two significant figures.

correct to 4 sf.

2 Let the numbers p=+2 and ¢ =+/10.
: a Find the arithmetic mean of p and g. Give your answer

b Find the value of (p + ¢)%. Give your answer correct to 3 sf.
¢ Find the area of a rectangle whose sides are p cm and ¢ cm long.
Give your answer correct to 2 sf.

Number and algebra 1

f The general rule in
Mathematical Studies
is Unless otherwise
stated in the question
answers must be given
exactly or correct
to three significant

l figures.

‘Congruent’ means
exactly the same
shape and size.

Do not forget to write
down the units in your
answers.

Estimation

An estimate of a quantity is an approximation that is usually used
to check the reasonableness of an answer.

-> To estimate the answer to a calculation, round all the numbers
involved to 1sf.

Example 14

A theater has 98 rows; each row has 23 seats. Estimate the number of
seats in the theater.

Answer

100 x 20 = 2000 seats Round 98 to 1sf — 100

Round 23 to 1sf — 20

Example 15

Estimate the average speed of a car that travels 527 km in 6 hours.

Answer
distance traveled

Average speed = —— 527 — 500 (1sp)
time taken
Round 6 down to 5 to make the
? =100 km h™ division calculation easier.

Exercise 1K

1 Estimate the answers to these calculations.

a 298 x10.75 b 3.8 c % d V103

2 Alorry is carrying 210 containers with pipes. There are 18 pipes
in each container. Estimate the number of pipes that the lorry
is carrying.

3 Japan covers an area of approximately 377 835km? and in
March 2009 Japan’s population was 127076 183. Estimate
Japan’s population density in 2009.

4 A tree yields on average 9000 copy pages. Estimate
the number of reams that can be made from one tree.

5 Mizuki runs 33km in 1.8 hours. Estimate Mizuki’s
average speed.

( Exact answer is 98 x
23 = 2254 seats.

Exact answer is

% =87.8kmh™ (3sf)

Population density =
total population
‘ land area

A ream has 500
pages.

[ Average speed=

distance traveled
time taken
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6 The Badaling Section and the Ming Mausoleums
Scenic Area of the Great Wall are limited to 53 000
visitors per day. Estimate the number of visitors per year.

7 Peter calculates the area of this square
as 1020.01 m?. Use estimation to decide

: 100.1m
whether Peter 1s correct.

Percentage errors
Sometimes you need to know the difference between an estimated
value and the exact value.

A The Great Wall of China

= The difference between an estimated or approximated value
and the exact value is called the error:
Error=v, — v,
where v, is the approximated value and v, is the exact value

Example 16

Olivia and Ramesh each went to a different concert.

In the concert that Olivia attended there were 1450 people and Olivia
estimated that there were 1300.

In the concert that Ramesh attended there were 1950 people and
Ramesh estimated that there were 1800.

Calculate the errors Olivia and Ramesh made in their estimations.

Answer
Olivia: Error = 1450 — 1300 v, — v, IS negative, S0 use v, — v,
Error = 150 people instead.

Ramesh: Error = 1950 — 1800
Error = 150 people

In Example 16, Olivia and Ramesh both made the same error, 150.
However, Ramesh’s estimate is more accurate as 150 out of 1950 is
a smaller proportion than 150 out of 1450.

Using percentages:

150 . 0 150 o — 0

W50 x 100% = 10.3% (3sf) and o x 100% = 7.69% (3sf)
Olivia’s error represents 10.3% of the total.

Ramesh’s error represents 7.69% of the total.

These percentages help us to have a better idea of the accuracy of
the estimations. They are called percentage errors.

Ya = Ve

Vg

X 100%

- Percentage error =

where v, represents approximated value or estimated
value and v, represents the exact value.

Number and algebra 1

" =
Why do errors arise?

What kind of errors do
you know?

Do ‘error’ and
‘mistake’ have the
same meaning?

|v,— v | is the
modulus, or positive
value, of Yy~ Ve

Sometimes we don't
have the exact value.
In these cases we
replace Ve with the
accepted value.

Example 17

The size of angle M is 125.7°. Salomon measures M with a protractor
as 126°. Find the percentage error he made in measuring angle M.

Percentage error Percentage error

= (1201257} 409y, = %= "| » 100%
125.7 vy
Percentage error withv, =126, v, = 125.7
=0.239% (3sf) Use your GDC. Round to 3 sf-

Exercise 1L

s EAAM-STHLE QUESTIONS
1 Letg=52andb=4.7.

a Find the exact value of 3a + 5.
Xena estimates that the answer to part a is 140.
b Find the percentage error made by Xena in her estimation.

2 Ezequiel’s Biology marks are 8.3, 6.8 and 9.4 out of 10. His final

grade in Biology is the mean of these three marks.

a Calculate Ezequiel’s final grade in Biology.

Ezequiel wrote the three marks correct to the nearest unit to find

his final grade in Biology.

b Calculate the final grade that Ezequiel found.

¢ Calculate the percentage error made by Ezequiel when finding
his final grade in Biology.

3 The measurements of the length and width of a rectangular

kitchen are 5.34m and 3.48 m respectively.

a Calculate in m? the exact area of the kitchen.

b Write down both the length and the width correct to 1 dp.

¢ Calculate the percentage error made if the area was calculated
using the length and the width correct to 1 dp.

4 The area of a circular garden is 89m?.

a Find the radius of the garden. Give your answer correct to
three decimal places.

b Find the perimeter of the garden.

José estimates that the perimeter of the garden is 30m.

¢ Use your answer to part b to find the percentage error made
by José. Give your answer correct to two significant figures.

Chapter 1




1.3 Standard form ; .

e The number of internet users in the world up to June
2010 was 2 x 10°.

e The mass of the Earth is about 5.97 x 10%4kg.

® An estimate for the average mass of a human cell is about 10-°g.

These numbers are either very large or very small.

They are written in standard form: a way of writing very large or
very small numbers without writing a lot of zeros.

- A number is written in standard form if it is in the form a x 10*
where 1 < g < 10 and ks an integer.

A googol is the number 1 foilowed by 100 zeros. In standard form it is 10,
The name googol was invented by a 9-year-old, who was asked by his uncle,
the American mathematician Edward Kasner, to think up a name for a very
large number.

The name of the company Google comes from a misspelling of the word
googol and is related to the amount of information that the company handles.

- ™\

Example 18

These numbers are written in standard form (a x 10¥).
For each of them state the value of ¢ and of k.
a 2x10° b 5.97 x 10* c 107

Answers

a a=2k=9

b a=597k=24
c a=1;k=-9

Compare with a X 10*

Example 19

Decide which of these numbers are not written in the form a x 10#
where 1 < g < 10 and k is an integer. Justify your decisions.

|
€ 6.13x10°

a 206x%x10° b 13x107!
d 7.05 e 0.12x10°¢
Answers

Compare with a x 10*,
where I <a<10andke Z

b 13 x 107! is not written in
standard form as 13 is greater

" than 10. |
6.13 x 10% is not written in
standard form as — is not an
integer. g

e 0.12 x 10¢ is not written

in standard form as 0.12 is

smaller than 1.

If we did not use standard form, we
would write the mass of the Earth as
5970000000 OOO 000000000000 kg

When numbers are
written in standard
form it is easier to
® compare them

@® calculate with them.

Abu Kamil Shuja
(c.850-c.930), also
know as al-Hasib
al-Misri, meaning ‘the
calculator from Egypt’,
was one of the first

to introduce symbols
for indices, such as
X™ X" =XM1
algebra.

Number and algebra 1

i

Example 20

Write these numbers in standard form, showing your working.
a 257000000 b 0.00043

Answers
a 257000000

.. sok=28&

257000000 = 2.57 x 108

First significant figure of 257 000000
is 2. Place the decimal point
immediately after 2.

Moving the decimal point 8 places to

the right is the same as multiplying
by 10%.

First significant figure of 0.00043 is 4.
Place the decimal point immediately
after 4.

Moving the decimal point 4 places

to the leff is the same as multiplying
by 107,

b 0.00043

T_Jsok=—4

0.00043 =4.3x 10

Tips to write a number

| 2 Find k.

Exercise 1M
1 Which of these numbers are written in standard form?

1
25107 12x10° 10" 3.15x102 0.81x10°

2 Write these numbers in standard form.
a 135600 b 0.00245 c 16000000000
d 0.000108 e 0.23x103

3 Write these numbers in ascending order.
2.3x10°  34x10° 021x107 215x10*

4 Write these numbers in descending order.

3.621x 10"  31.62x10° 0.3621x 10*  3.261 x 10°

Change them to

or decimal places.

Example 21

-5 + V121
(T =0y,
a Calculate the value of x. Write down the full calculator display.
b Write your answer to part a correct to 3 sf.
¢ Write your answer to part b in the form a x 10
where 1 <a<10and ke Z.

Let x =

» Continued on next page

in standard form:

1 Write down a: write
down all the
significant figures
of the number and
place the decimal
point immediately
after the first
significant figure.

e.g 2.3 x 10°

= 2300000.
A decimal number is
a ‘normal’ number
written to base 10. It
doesn't necessarily
have a decimal point

=l |

decimal numbers, J|
|
|
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Answers
a 0.1666666667 Use your GDC.
m_ Number & Algebra w na
~sef121 0.1666666667
{7-1)?
54121 1.67e-1
(7-1)?
N
2198
b 0.167 0.166/666...
c 1.67x10™" 3 sf, round up

Calculations with numbers expressed
in standard form
You can use your GDC for calculations in standard form.

Example 22

Letx=2.4x10%and y =5.10 x 10°.

a Find the value of 3x + y.

b Write your answer to part a correct to 2 sf.

¢ Write your answer to part b in the form g X 10* where 1 <a < 10
and % is an integer.

____________________

Answers

a 3 X 24 X 104 + 510 X 105 W} Number & Algebra w ‘B
= 582000 32.4-10%45.1-105 582000, 1)

b 580000 32,410%45.110° 5.825

c 5.8x10°

2/951

Exercise 1N

1 Giventhatx=6.3 x 10°and y = 2.8 X 10%, calculate the following.
Give your answers in the form a x 10 where 1 <a<10and k€ Z.
X X
X b — c |-
a xXy 5 5
2 Letx=2.5%10°and y = 3.48 x 10°.
a Find the arithmetic mean of x and y. Give your answer in the
forma X 10fwhere ]l <a<10and ke Z. .
b Give your answer to part a correct to the nearest million.

Number and algebra 1

Careful!

1.67 E-1 is calculator
notation and is not
accepted as an
answer. You must
interpret it as 1.67 X
1071,

Always use a GDC in

this type of question,
but show the working
as shown in a.

¢ ERAM-STHLE GUESTIONS

:3 Letr=22.05x%102and g =3.15 x 10°

: a Write down ¢ in the form g X 10t where 1 < g < 10
and k€ 7Z.

b Calculate 5.
q

c Write your answer to part b in the form a X 10* where
1<a<l10and ke Z.

P4 Letx=225x 108,

: a Write xin the form a X 10t where ] <@ < 10 and k€ Z.
+ b State whether the following statement is true: x* > 102°
Justify your answer.

c i Calculate .
Jx

ii Give your answer to part i in the form a x 10¢
where 1 <a<10and ke Z.

1.4 Sl units of measurement

Avriel is baking a tuna pie.
He needs a tuna can whose net weight is 180g.
Another ingredient is 240ml of milk.
He bakes the pie in a preheated oven to 200°C for 20 minutes.
Ariel recycles material. He has decided to use the metal
Jrom the can so he needs to take some measurements:
The height of the tuna can is 4cm.
The total area of metal used to make the tuna can was 219 cm?.
The volume of the tuna can is 314 cm?.

Here we have seen how in an everyday situation we deal with
different kinds of units such as g, ml, °C, minutes, cm, cm?, cm?.
These units are internationally accepted and have the same
meaning in any part of the world.

Sl is the international abbreviation for the International
System of Units (in French, Systéme international d’unités).
There are seven base units (see table). Each unit is accurately

defined and the definition is independent from the other six units.

»
The 1.1th General

Conference on
Weights and
Measures, CGPM,
held in 1960, adopted
the name Systéme
International d'Unités.
The CGPM is made
up of representatives
from 54 member
states and 31
associate states and
economies.

Chapter 1




The seven base units and their respective quantities are given in the

following table.

Investigation - S| units

Does the use of S|

Base quantity Base unit name | Base unit symbol : gs(wprrzzzynzgizi r;i?i:e??:yiz/&?slasr:rlei:s'ir;zr(ianrlz\gel:abﬁ? A |
o - o |
Length metre m (one meirchs defined Find the others think of mathematics |
kilogram K i ' i i i 1 '
Mass o8 & in the Sl as the ¢ Choose at least two of them and describe situations 852 um\,/irsa |
Time second S distance travelled by where they are used. language ' |
Electric current ampere A light in a vacuum
. 1
Temperature kelvin K in 299792458 of
Amount of a second. Example 24
substance jioe ol
. ; Convert each measurement to the stated unit.
Intensity of light |candela cd o e 5 ks = 1
In the Sl there are other units, the derived units. These units are ) ;-\-n-s-v;/;e;s- ---------------------- A |
expressed in terms of the base units. Some of these units along with a ldm=10"m Use the information on prefixes given

their quantities are listed below: 2 b 1das=10's in the table on the previous page.
® The square metre (m?) for area | Derived units are c lhg=10g dm reads decimetre
® The cubic metre (m?) for volume products of powers of das reads decasecond
. i h ds hect
® The metre per second (ms™') for speed or velocity CETS S | Bl aan
® The kilogram per cubic metre (kg m~°) for density or mass

x10 x10 x10 x10 x10 x10
density NOANNRNRN . =
—> In Mathematical Studies, the most common Sl base units used This diagram will |

k ‘ h | aa sl | d c m
unit help you to convert
are m, kg and s, and derived units are m? (area), m® (volume), ‘ L] | 2 |
kmh (velocity), kg m (density).

| UUUUMU | | between Sl units. |

| <10 <10 +10 +10 +10 =10

Example 23 '

Example 25

Write down the symbol used for the quantities in bold:
a The velocity of an object that travels 1000km in 3 hours.
b The density of an object with a mass of 550g and a volume of

|

|

Convert each measurement to the stated unit. Give your answers in ‘
standard form. !
|

|

|

|

400 e, Lo o EelISksy | 0 (BEREl] - 4
---------------------------------------------------------------- Answers
Answers a Im=102hm 1In this example replace ‘SI unit’ in
a kmh! Velocity is kilometres per hour. 2.8m =2.8 x 102hm the diagram with m.
b gcm™ Density is grams per cubic To convert from m to hm
centimetre.

divide by 10 twice therefore
Im = 107hm.

Sl prefixes b 1s=10°ms In this example replace ‘ST unit’ in
3200s = 3200 x 10°ms the diagram with s.
To avoid writing very small or very large quantities we use prefix =3.2 x 10ms To convert from s to ms multiply by

names and prefix symbols. Some of these are shown in this table. 10 three times therefore

Factor | Prefix | Symbol | Factor | Prefix | Symbol — v Is= ] s . Ao
10° Kilo K 102 mill m The kilogram is the ¢ lkg= 10 dg ) In thzls examplé replace ‘SI unit’ in
; only Sl base unit with 0.5kg = 0.5 x 10*dg the diagram with g.
— pecte i 10 gentl ¢ a prefix as part of its =5x10°dg To convert from kg to dg multiply by
10t deca da 107t deci d s 10 four times therefore 1 kg = 10/ dg.
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Exercise 10 To convert from m? to dm? we multiply by 100 or 102

_ L You can use the same method to convert from
1 Write down the symbol used for the quantities in bold.

i ) ) . 2 2
a The acceleration of an object that has units measured in ® km®to hm x10% %102 x102 x10° x10° x102

kilometres per hour squared. ® hm’to dam? ﬂ/ﬂ/ﬂ m m m
b The den:sity of an object with a mass of 23kg and a volume : ganzli to mj [ k2 [ m? [ dam2 [ m? [ am2| cm? ['mmzl
of 1.5m>. L0 G PN VY TS LY LY Y
¢ The average speed of an object that travels 500m in 70 seconds. ® cm’to mm? VAV AT AV V)
+102 +10% +10? +10% +107 +102
, 2 Write down these units in words. Example 26
a dag b cs c mm d dm
3 Convert each of these to the stated unit. Convert each measurement to the stated unit.
- a 32kmtom b 0.87m to dam c 128cmtom Suayounainer 1 Lk '
1 _ ; a 1.5m?to cm?
4 Convert each of these to the stated unit. b 3240 m? to km?
a 500gtokg b 357kgto dag c 1080dgto hg B T e s s A e .
Answers |
5 Convert each of these to the stated unit. a Im?=10%cm? To convert from m? to cm? l
a 0.080stoms b 1200sto das c¢ 0.8hstods Therefore multiply by 107 twice; this is
. 1.5m? = 1.5 x 10*cm? Jtiply by 10*
6 a Convert 67800000mg to kg. Give your answer correct to — 15000 cm? Zz , l)l;)i ]}]04
th t kg. B
b C ¢ neaie;s 8§2 o I b 1m?=10"%km? To convert from m? to km? divide by
onver m to km. {s1ve your answer correct to the Therefore 107 three times; this is divide by 10°
nearest km. . . 3240m? = 3240 x 10%km? or multiply by 107,
c¢ Convert 0.654 g to mg. Give your answer in the form = 0.003 240 km? (102 = 10°
ax 10*where 1 <g<10and ke Z. B
Volume
Area and volume Sl units The diagrams show two different ways of representing 1 m?,
Area i
The diagrams show two different ways of representing 1m?, i
b’
| 1m i 10dm |- R L rﬂ,'J
L2 s 10dm I B )
/,f im == i . l r_ 10dm
I im 10dm
e todm A A cubic metreis equal A d
. ) cubic metre is equa 1m?3=1000dm?
A A sqL:are metre is f A 1m?=100dm? ot hEalITE 0E
| equal to Fthhe a.;ea ofa cube with sides of
T:I:;tfﬁ 1Wnl1 T length 1 m. !
Im*=ImXImx Im=10dm X 10dm x 10dm = 1000 dm?
Im’=1m x Im=10dm x 10dm = 100dm?
Number and algebra 1 Chapter 1
ih-.




To convert from m?3 to dm? we multiply by 1000 or 10°.
You can use the same method to convert from

km? to hm? x10% x103 x10% %103 x10? x10°
hm? to dam3 Y QY QY QY AY )
dam? to m? i

dm? i [km3.| e e o | e Imm3'
m-” to cm ey S i

dm o em? YUVYUY

+10% +10° +103 +10% +10° +10°

Example 27

Convert each measurement to the stated unit,
Give your answers in standard form.

a 0.8m3tocm?

b 15900cm’ to dam’

Answers

a 1m®=10°m? To convert from m?’ to cm® multiply

Therefore by 10° twice; this is multiply by 1(°.
0.8m?>=0.8 x 10°cm? (10°)? = 10°
=8 x 10°cm?

b lcm?=10"dam? To convert from cm?’ to dam’ divide
Therefore by 10° three times; this is multiply
15900 cm? by 1072
= 15900 x 10~°dam?®
=1.59 x 10~5dam?

Exercise 1P

Convert these measurements to the stated unit.
Give your answers in full.
a 2.36m’to cm?®

¢ 5400 mm? to cm?

e 0.8km?tohm?

1

b 1.5dm?to dam?®
d 0.06m?to mm?
f 35 000m? to km?

Convert these measurements to the stated unit.

Give your answers in the form g X 10 where 1 <a < 10
and ke Z.

a 5Sm’tocm? b 0.1dam?3to m?

¢ 3500000mm3todm® d 255m3to mm3

e 12000m?to dam? f 0.7802hm? to dam?®

The side length of a square is 13 cm. Find its area in
a cm’ b m?

The side length of a cube is 0.85m. Find the volume of the cube in
a m’ b cm?

Number and algebra 1

13¢cm

5 Write these measurements in order of size starting from the
smallest.
0.081 dam?, 8000000 mm?, 82 dm?, 7560 cm?, 0.8 m?

6 Write these measurements in order of size starting from the
smallest.
11.2m?, 1200dm?, 0.01 dam3, 11 020000000 mm?, 10900000 cm?

Non-Sl units accepted in the Sl

-> There are some units that are non-Sl units but are accepted for
use with the SI because they are widely used in everyday life,
for example, min, h, /.

Each of these non-SI units has an exact definition in terms of an SI
unit. The table below shows some of these units along with their
equivalents in SI units.

Quantity Name of unit Symbol Equivalents in Sl units
time minute min 1min=60s

hour h 1h =60min = 3600s

day d 1d=24h=86400s

area hectare ha lha=1hm?=10*m?
volume litre L, ¢ 1¢=1dm?3
mass tonne t 1t =10%kg

Example 28

a Convert 3d 15h 6min to seconds.
b Convert the average speed of 12kmh™! to ms™.

Answers
a 1d=86400s 1 day = 24 hours
= 3d =259200s =24 X 60min
1h =3600s = 15h = 54000s =24 X 60X 60s
Imin = 60s = 6min = 360s
Therefore
3d 15h 6min = 2592005
+ 54000s + 3605
=313560s
b Average speed = 12kmh™! )
= in 1 h the object moved LS i
12km =60x 60s
= in 36005 it moved 12000m | 2% = 12000m
Average speed = [2000}m;
3600 s
=3.33ms ! (3sf)

[ Convert all to the
| same unit.

' Convert all to the
same unit.”

with measures

|J The Sl prefixes are
used with ¢, but not
used with min, h and d.

| ‘=" means ‘therefore’

or ‘implies’.

Average speed
_ distance traveled
time taken

Chapter 1
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Example 29

Convert
a 120hltocl
b 5400¢ to m?

Answers

a 120hl =120 x 10%*cl
= 1200000 cl

b 1/=1dm?’

= 5400/ = 5400 dm>
5400 dm?® = 5400 x 1073 m?
=54m’

To convert from hl to cl, multiply by
10 four times, i.e. multiply
by 104

To convert from dm? to m’ we divide

by 107 once; this is multiply by 107,

Exercise 1Q

1 a Convert 1d 2h 23m to seconds.
b Give your answer to part a correct to the nearest 100.

2 a Convert 2d 5m to seconds.

b Give your answer to part a in the form a X 10* where

1<a<10and ke Z.

3 Convert these measurements to the stated unit.

Give your answers in full.
a 5/toml

b 0.56mltohl

c 4500daltocl

4 Convert these measurements to the stated unit. Give your
answers in the form a X 10* where 1 <a <10 and ke Z.
a 500/tocm® b 145.8dltodm® ¢ 8hltocm?

5 Convert these measurements to the stated unit.
Give your answers to the nearest unit.
a 12.5dm*to4 b 0.368m?tohl c 809cmitocl

6 A particle travels 3000m at an average speed of 40mmin~".

1

a Find in minutes the time travelled by the particle.
b Give your answer to part a in seconds.

HAM-STHLE QUESTION

E
: 7 A cubic container has sides that are 1.5m long.
: a Find the volume of the container. Give your answer in m?,

container.
Justify your answer.

Number and algebra 1

b Give your answer to part a in dm”.
¢ Decide whether 4000/ of water can be poured in the

AAM-STHLE QUESTIONE

£
: 8 The volume of a tea cup is 220cm®. Mercedes always serves a tea

4 . . . s
cup to 3 of its capacity to avoid spilling any.
a Find, in 7, the amount of tea that Mercedes serves in a tea cup.

The volume of Mercedes’ teapot is 1.5¢.

b Find the maximum number of tea cups that Mercedes can serve

from one teapot.

9 The distance by air from Buenos Aires to Cape Town is 6900 km.

An airplane flies at an average speed of 800kmh!.
a Find the time it takes for this airplane to fly from Buenos Aires
to Cape Town.

Abouo takes this flight and then flies to Johannesburg, which is
1393 km from Cape Town. The flight is 2 hours long.
b Find the average speed of this second airplane.

Abouo leaves Buenos Aires at 10:00 a.m. When he arrives at Cape

Town he waits 1.5 hours until the next flight.
¢ Find the time at which he arrives at Johannesburg.

Temperature

=> There are three temperature scales:
® kelvin (K)

@ Celsius (°C)
® Fahrenheit (°F)

The kelvin (K) is the only SI base unit of temperature and is mainly
used by scientists. The °C is an SI derived unit. The Celsius scale is
used in most countries but not in the United States, where the
Fahrenheit scale is used. In the following table the freezing and
boiling points of water for each of the three scales are shown.

Scale Freezing point | Boiling point
of water of water
Fahrenheit (°F) 32 212
Celsius (°C) 0 100
kelvin (K) 273.15 373.15

The formula used to convert from °C to °F is
tp = % X t. + 32

The formula used to convert from K to °C is

t.=t, —273.15

Fahrenheit 451

is the name of a
book written by

Ray Bradbury. The
title refers to the
temperature at which
paper combusts.
This temperature is
also known as the
flashpoint of paper.

| In this formula

In this formula

t. represents
temperature in °C
and t_ represents
temperature in °F.

t, represents

temperature in °C
and t, represents
temperature in K.
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Example 30
Convert | You will derive formulae |
a 25°Cto°F b 300K to°C ¢ 200°F to °C like this to model
e A e e e e e e e oy S e e T s T e e s e | real-life situtations in
Answers | chapter 6.
9
a 2x25+32=77°F Use the formula t. == X to + 32
5 e 5
b 300-273.15=26.85°C Use the formula t =ty —273.15
c 200 = J Xt. +32 Rearrange to make t . the subject of
> 5 the formula.
t. = (200-32) x 5
t.=93.3°C(3sf)

Exercise 1R

1 Convert into °C. Give your answer correct to one tenth of a degree.
a 280K b 80°F

2 Convert into °F. Give your answer correct to the nearest degree.
a 21°C b 2°C

3 a Convert 290K to °C.
b Hence convert 290 X to °F.

4 a The formula to convert from K to °C is o=t — 273.15.
Find the formula used to convert from °C to K.

. 9
b The formula to convert from °C to °F 1s ¢, = 3 X te + 32.

Find the formula used to convert from °F to °C.

Review exercise

Paper 1 style questions
: EXAM-STHLE QUESTION
: Consider the numbers 5, —75, -3, %, 2.3 and the number
sets N, Z, (@ and R.

Complete the following table by placing a tick (v') in the
appropriate box if the number is an element of the set.

T 5 i
5 5 -3 2 2.3

m O |N |2

Number and algebra 1

P EXAM-STHLE QLUESTIONE
2 Given the numbers

14.1x 107" 1.4x102 2 0.00139x 10> 1414 x 102

a state which of these numbers is irrational
b write down v/2 correct to five significant figures
¢ write down these numbers in ascending order.

3 The mass of a container is 2690kg.

a Write down this weight in the form a x 10* where 1 < a < 10
and ke Z.
Nelson estimates that the mass of ‘the container is 2.7 x 10 kg.
b i Write down this mass in full.
ii Find the percentage error made by Nelson in his
estimation.

4 Light travels in empty space at a speed of 299792458 ms™'.

SebssessbEssssnnnnannas

a Write this value correct to three significant figures.

b Use your answer to part a to find in km the distance that the
light travels in 1 second.

¢ Use your answer to part b to find in kmh! the speed at
which the light travels in empty space. Give your answer in
the form a X 10*where 1 <g< 10and k€ Z.

The total mass of 90 identical books is 52200g.

a Calculate the exact mass of one book in kg.

b Write down your answer to part a correct to one significant
figure.

Matilda estimates that the mass of any of these books is 0.4 kg.
She uses the answer to part b to find the percentage error made
in her estimation.

¢ Find this percentage error.

The volume, V, of a cubic jar is 1560 cm?.
a Write down V'in dm?.

Sean works in the school cafeteria making juice. He pours
S . . 3
the juice in these jars. He always fills the jars up to v of

their height.
b Find in /£ the amount of juice that Sean pours in each jar.
He makes 25/ of juice per day.
c i Find the number of jars that Sean pours per day.
ii Write down the amount of juice left.

30y°

Jr+l

a Find the exact value of x when y = 1.25.

b Write down the value of x correct to three significant figures.

¢ Write down your answer to part b in the form a x 10*
where 1 <a<10and ke Z.

Letx =

Chapter 1




: 10

P11

AM-STHLE QUESTIONE

The side length of a square field is x m.
a Write down in terms of x an expression for the area of the field.
The area of the field is 2.56 km?.
b i Find the value of x.
ii Find, in metres, the perimeter of the field.

The formula to convert from the kelvin scale to the Fahrenheit scale is
t = % X t, —459.67
where £, represents temperature in K and #, represents temperature in °F.
a Find the temperature in °F for 300 K.
b Find the temperature in K for 100 °F. Give your answer to
the nearest unit.

Consider the inequality 2x + 5 > x + 6.
a Solve the inequality.
b Represent the solution to part a on a copy of the
number line. —
¢ Decide which of these numbers are solutions to the > 2 1 0 1 23
inequality given in part a.
T 101

= _ ; i — -3
1 2 5 3 2.06 = 1.2 %10

The size of an A4 sheet is 210mm X 297 mm.

a Find the area of an A4 sheet. Give your answer in mm?.
b Give your answer to part a in m?.

One ream has 500 pages. It weighs 75gm ™.

¢ Find the mass of one page.

d Find the mass of one ream. Give your answer in kg.

Paper 2 style questions

L )
= kE#

: 1

AM-STHLE GLUESTION

The figure shows a rectangular field. The field is 1260m

wide and 2500 m long.

a Calculate the perimeter of the field. Give your answer in km. 1260m
The owner of the field, Enrico, wants to fence it. The cost

of fencing is $327.64 per km. 2500m

b Calculate the cost of fencing the field. Give your answer Figure not to scale

correct to two decimal places.

Enrico estimates that the perimeter of the field is 7.6 km.
He uses this estimation to calculate the cost of fencing the field.
¢ Calculate the percentage error made by Enrico when using
his estimation of the perimeter of the field to calculate
the cost of fencing.
d Calculate the area of the field. Give your answer in square kilometres (km?).

Number and algebra 1

: ERAM-STHLE QUIESTIONS
2 A running track is made of a rectangular shape 800 m by 400 m

with semicircles at each end as shown in the figure below.

800m
e T

Figure not to scale

400m

a Find the perimeter of the running track. Give your answer correct
to the nearest metre.

Elger runs 14200 m around the track.
b Find the number of complete laps that Elger runs around the
running track.

Elger runs at an average speed of 19kmh™!,

c Find the time it takes Elger to complete one lap. Give your answer
in hours.

d Find the time in minutes it takes Elger to run 14200m. Give your
answer correct to 5 sf.

Elger estimates that it takes him 44 minutes to run 14200m.
e Find the percentage error made by Elger in his estimation.

3 A chocolate shop makes spherical chocolates with a diameter of 2.5cm.

a Calculate the volume of each of these chocolates in cm?.
Give your answer correct to two decimal places.

The chocolates are sold in cylindrical boxes which have a radius of

12.5mm and a height of 15cm.

b Calculate the volume of each of these cylindrical boxes in cm?.
Give your answer correct to two decimal places.

c¢ Show that the maximum number of chocolates that fit in each of
these boxes is 6.

The boxes are filled with 6 chocolates.

d Find the volume of the box that is not occupied by the chocolates.

e Give your answer to part d in mm?.

f Give your answer to part d in the form a x 10* where
l<a<l10andke Z.

Chapter 1




CHAPTER 1 SUMMARY

The number sets

The set of natural numbers Nis {0, 1, 2, 3,4, 5, ...}
The set of integers Z is {..., -4, -3,-2,-1,0,1, 2, 3,4, ...}.

The set of rational numbers Q is 2 where p and q are integers and g # 0}
A number is rational if q

B it can be written as a quotient of two integers, or

B its decimal expansion is finite, or

® its decimal expansion has a recurring digit or pattern of digits.

Any number that has a decimal expansion with an infinite number of
digits after the decimal point and with no period is an irrational number.
The set of rational numbers together with the set of irrational numbers
complete the number line and form the set of real numbers, R.

Approximations and error

Rounding a number to the nearest 10 is the same as rounding it to the nearest
multiple of 10.
Rounding a number to the nearest 100 is the same as rounding it to the nearest
multiple of 100.
Rules for rounding
m If the digit after the one that is being rounded is less than 5 then keep
the rounded digit unchanged and change all the remaining digits to the .
right of this to 0.
B [f the digit after the one that is being rounded is 5 or more then add 1 to the
rounded digit and change all remaining digits to the right of this to 0.
Rounding a number correct to one decimal place is the same as rounding it to the
nearest tenth.
Rounding a number correct to two decimal places is the same as rounding it to the
nearest hundredth.
Rounding a number correct to three decimal places is the same as rounding it to
the nearest thousandth.
Rounding rules for decimals
B If the digit after the one that is being rounded is less than 5 keep the rounded digit
unchanged and delete all the following digits.
m If the digit after the one that is being rounded is 5 or more then add 1 to the
rounded digit and delete all the following digits.
The number of significant figures in a result is the number of
figures that are known with some degree of reliability.

©

Continued on next page

Number and algebra 1

Rules for significant figures:
®  All non-zero digits are significant.
®  Zeros between non-zero digits are significant.
® Zeros to the left of the first non-zero digit are not significant. :
m Zeros placed after other digits but to the right of the decimal point are significant.
Rounding rules for significant figures
® If the (n+1)th figure is less than 5 then keep the nth figure unchanged.
® If the (n+1)th figure is 5 or more then add 1 to this figure.
® In both cases all the figures to the right of figure n should be deleted if they are
to the right of the decimal point and should be replaced by zeros if they are
to the left of the decimal point.
To estimate the answer to a calculation, round all the numbers involved to 1 sf.
The difference between an estimated or approximated value and the exact value
is called the error:

Error=v, — v,
where v, is the approximated value and v, is the exact value.
Va — ¥
VE
where v, represents approximated value or estimated value and v, represents the
exact value.

Percentage error = X 100%

Standard form

A number is written in standard form if it is in the form g x 10¢
where 1 < ¢ < 10 and £ is an integer.

Sl units of measurement

In Mathematical Studies the most common Sl base units used

are m, kg and s, and derived units are m? (area), m’ (volume),

kmh™ (velocity), kgm™ (density).

To avoid writing very small or very large quantities we use prefix names and prefix
symbols. Some of these are shown in this table.

Factor | Prefix | Symbol | Factor | Prefix | Symbol
10° kilo k 103 milli m
102 hecto h 102 centi C
10* deca da 107 deci d

There are some units that are non-Sl units but are accepted for use with the SI
because they are widely used in everyday life, for example, min, h, /.

There are three temperature scales: kelvin (K), Celsius (°C) and Fahrenheit (°F).

Chapter 1




Theory Of knOWIedge © He knew enough circle it must therefore not exist in the first place.

theorems to deduce that all . .
the o i " His colleagues were convinced, but they most
|
€ green line segments certainly weren’t happy, and they threw him off |

A ra tional exp I,a natio n Figore 3 I(Iefir:gglj[;eas:dwsec:ecg:ﬁdssze a ship leaving him to drown. No doubt the
1gure

d by th iginal stick story has gained a few details over the years, .
measured by the original stick. but the discovery of irrational numbers did '

So could the part colored purple. have a profound effect on the Greek I|

The Pythagorean School, around 2500 = What fract'ion of the longer stick is the So he started again with the small square  mathematicians, who for several centuries |
years ago, believed that all numbers were shorter stick? ’ and diagonal and made the same picture left the study of Number and concentrated on |
rational. This idea was expressed interms @ What fraction of the shorter stick is the within it... and again within that ... the ‘safe’ topic of Geometry. '
of sticks of different lengths which could be longer stick? o
measured exactly by a third, shorter stick. . T T e e He argued that B Were irrational numbers created or
oks: setaiaatel ) . because the discovered? l
For example these sticks: divides exactly into both larger sticks, the B <ouare was 8. Do iational numbers exlst?
two sticks are said to be ‘commensurable’. >\ getting smaller ) ‘
can both be measured by this one: i3 GEit e EErsems peleyeel Tat el Figure 4 Figure 5 every time,
like this: numbers could be rgpresented by a series the measuring stick must be even smaller, T I o
e A e of commensurable lines. in the end vanishing, because the just the tip of the iceberg.
- . reduction could be repeated indefinitely. Even 1hough there are an ‘
| oty ol e s = The Pythagorean Schoo.l had very strict rules Because the stick got so small it would vanish, infinite number of vationals,
B What is the ratio of the shorter stick to and was a school of philosophy as well as S S— there are infinitely more
the longer one? of mathematics. Find out more about its e ——— irrationals. |

—

principles and beliefs. :’.« cantor S pl’OOf

.F Géo_xg » r.described mﬁmtely big sets as that time. He suffered from severe depression -
Hindu N S (S g sl ’» either ¢ountably infinite of uncountably and finished his life in a sanatorium.
infinite. Countably infinite sets described a
Arabic 0 P ) A k| e S [ 7S S < Wherefdom%ur L R set where each member could be counted
Medieval ol e el ekt - with the natural numbers: 1, 2, 3, 4, ... . The
4

i
i
T
&
)
o
N

Brahmi - - = | =

Cantor lived in Vienna during World War I,
when the Austro-Hungarian Empire was
collapsing. His fellow citizens were fearful of
the change they saw around them. Perhaps ‘

« When was zero discovered ~ or was it process would go on forever, but because the

| i 2
Medgm. OFfi L2, 1y3 A (N 2 J L members of the set had been put in some sort . e
) i Cantor ‘changing’ the concept of number was
== = = I . of order you could move forward counting AStER o |
. . - them without leaving any out. He showed ' -
nstrates an irrational number . ed _ y ’ |
Hlppasus Hemnonst . | « that rational numbers could be ordered in this ® Can mathematics develop ‘in a bubble’? |
According to Ieggnd one Of the 2 If _a kSt'(_:k COlf(ljd measuret’;wod i?fregfernce way, but that it was impossible to do this with ® Can mathematicians ever be free from
Pythagoreans, Hippasus, f|r§t c.lemonstrated sticks it could measure the \ itrational numbers. Whatever order you e |
that V2 was not rational. It is likely that between them. In the example above, it R L Y
Hippasus used the idea that sticks of length the difference is 2 times the measuring number’s missing from the list.
V2 and 1 could not both be measured by stick. ’ . .
First, a few things Hippasus did 1 a stick that could measure slightly un(.:omfortable) part of mathematics,
Kn OV\,/ both the side and the but at the time they caused even more
. : troversy than Hippasus did in his day.
' e diagonal of a square then it clois!
1 Pythagoras' theorem: this V2 By
ith side length 1 has a 1 could measure the | Cantor was seen as.ur.1derm1n1ng [
SHHEHegT = g i i { mathematics and his ideas were rejected by
di | of lensth V2 difference, shown in green ! : 2
lagonal of leng ) in Figure 2 Figure 2 . almost all contemporary mathematicians of
Figure 1 . igure N .
o . C = = :
" Wiltiam Duaham in his book 4 -
Journey through tGrenius
hints at how Hippasus might

Chapter 1
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19 LilVioo
4.1-4.3 Discrete and continuous data: frequency tables; mid-interval values; upper
and lower boundaries. Frequency histograms

4.4 Cumulative frequency tables; cumulative frequency curves; median and
quartiles. Box and whisker diagrams

4.5 Measures of central tendency: mean; median; mode; estimate of a mean;
modal class

4.6 Measures of dispersion: range, interquartile range, standard deviation

Betore you
4
Yo w k k

1 Collect and represent data using 1 Maerwen wants to find out information
a apictogram g 1 ﬁ k k k about the numbers of men, women,

Age 12 % ﬁ ﬁ k k boys and girls using a library. Design a
PRER

k k k ﬁ suitable data-collection sheet to collect
Age 13 k ﬁ k ﬁ the information.
k t k 2 These data show the number of different

colored sweets in a packet.

[ Color | blue | green | red |orange | yellow
' [ [ [

iFrequency_- 18] | 7 8 4 6

b abar chart 10-

a Draw a pictogram to represent these
data.

b Draw a bar chart to represent these
data.

¢ apie chart e I M ¢ Draw a pie chart to represent these

Age (years) data.

W Age 11 3 On graph paper, draw a set of axes such

Age 12 that 1 cm represents 2 units on the x-axis

Age 13 and 1cm represents 10 units on the y-axis.

Frequency , |

24—4

Age 14

2 Set up axes on graphs using given scales.

b3
/]

—_
¥y ?‘-
4 :
- _‘.‘:;-._
Z3 » ;
- 4 %
P =0
]';fr 5 A L «:' 3
B .
P ETE — S 3| B2 — 1.:* :
rry = K __
s | ;
\ > |

B

Every country needs basic information on its population so that it
can plan and develop the services it needs. For example, to plan a
road network you need to know the size of the population so you
can estimate the amount of traffic in an area.

To collect information on a population, governments often
organize a census. A census is a survey of the whole population
of a country.

The information collected includes data on age, gender,
health, housing, employment and transport. The data are
then analyzed and presented in tables, charts and

¥
In what other

areas of society is
mathematics used in
a practical way?

of sharing and
analyzing data from
different countries?

s ™
What are the benefits

spreadsheets. All data should be processed so that ( When was the last census in your

information on individuals is protected. The United country? Is the census information

Nations recommends that population censuses should published in the public domain?

be taken at least every 10 years. How has technology changed the
way census data is collected and
presented?

Chapter2 4 43




. — _ Examples of data that can only take specific values include shoe
Investigation - population distribution size, hat size and dress size.

In the United Kingdom, there is a census every 10 years. cellar discrete?
-> Continuous data can be measured. They can take any value
within a range.

Is the number of
grains of salt in a salt

These population pyramids are based on information collected
in the 2001 census. They show the distribution of age ranges in
Tower Hamlets, London, and Christchurch, Dorset.

Examples of continuous data include weight, height and time.
Census 2001: Tower Hamlets Census 2001: Christchurch

l oot | | | — Continuous data can be expressed to a required number of
it ol
l -\Bi

significant figures. The greater the accuracy required, the more
significant figures the data will have.

The weighing scale was invented Time is a continuous measure

at a time when countries began because it can take any numerical

trading materials and a standard value in a particular range. For The number of shoes
measurement was required to example, the time taken for world- and shoe size are
ensure fair trading. class sprinters to run 100 m can be examples of discrete

= . data.
recorded as any fraction of a second.

- T = ¥ L] .I | 1
16% 12% 8% 4% 0% 4I% 8% 12% 16% 10% 8% 6% 4% 2% 0% 2% 4% 6% 8% 10%

Men (i Women — UK Average [5 Men | | Women — UK Average m \_—_

. 0 | ‘
|

Compare the population pyramids for Tower Hamlets and Christchurch, | All information from When conducting a statistical investigation, the whole of a group -
the 2001 census - - . :
Simply based on these data, make a number of conjectures about NN from which we may collect data is known as the population. It is
not always possible, or even necessary, to access data for a whole
these two areas. WWww.0ons.gov.uk by i
, ‘ population. o
Fully research the areas to test your conjectures. How accurate searching for ‘2001 . . . A weighing scale
were you? census data’. You can make conclusions about a population by collecting data gives us continuous |
from a sample. It is usually cheaper and quicker to collect data from data. |
In this ch 1l TR tabl h dat a sample. | E)an the wording of a
n this chapter you will organize data in frequency tables, graph data . . ' _
I et;) of éliagrams aid analyze data 1(1]sing a range é)f measures How is education data A sample is a small group chosen from the population. survey question and
i . . . the way the data are
used to investigate .
S A random sample is one where each element has the same chance presented introduce |

Sia of being included. bias?

level of education and |
There are two main types of data: qualitative and quantitative. patterns of creating A biased sample is one that is not random.

Qualitative data are data that are not given numerically, for families and fertility?

et : — It is important that a sample is random and not biased —
example, favorite color. Quantitative data are numerical. it must be representative of the elements being

Sampling will not be examined.
However, if you use sampling when
writing your Mathematical Studies

Quantitative data can be further classified as discrete or investigated. To ensure that the different members project, you will need to discuss how
continuous. of the population have an equal probability of being you picked your sample and convince
selected you could choose people by picking names the moderator that it is indeed a
-> Discrete data are either data that can be counted or data that out of a hat. Or you could assign a number to each random sample.
can only take specific values. member of the population and then choose =
Examples of data that can be counted include the number of sweets : numbers at rapdom using the random Are exit polls a good
in a packet, the number of people who prefer tea to coffee, and the number function on a GDC. way of predicting the

. results of an election?
number of pairs of shoes that a person owns. L =

Chapter 2 ,“{ e
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Example 1

Kiki wants to find out if there is any connection between eating
breakfast and grades among students in her school. However, there are
too many students in the school to ask everyone. She needs to pick a
sample.

How can she make sure that the sample she picks is a random sample?

Answer
Kiki can use her GDC to Does each student have the same
generate random numbers and chance of being included in her
use the students who have those sample? If yes, it is a random
numbers on the school register. sample.

Example 2

Ayako is conducting a survey to find out how much money women
who live in London spend on fashion in a month. She only interviews
women coming out of Harrods (a very exclusive store). Is this a
random sample?

Answer

No, because the sample will not Is Ayako only asking ‘women who
come from the total population live in London’?

of women in London and some Do all women who live in London
of the women she interviews shop at Harrods?

may not even belong to the

population.

1 State whether these data are discrete or continuous.
a The number of sweets in a packet
The heights of students in Grade 8
The dress sizes of a girls’ pipe band
The number of red cars in a parking lot
The weights of kittens
The marks obtained by Grade 7 in a science test
The times taken for students to write their World Literature paper
The weights of apples in a 5kg bag
The number of ¢m of rain each day during the month of April
The number of heads when a coin is tossed 60 times
The times taken for athletes to run a marathon
The number of visitors to the Blue Mosque each day.

M 0 A o6 o

— g e

o 2,
. A6 Y
Fazed 3

In market research,

a sample of the
population is
interviewed in order
to collect data about
customers. Many
research methods
have been developed
since companies
began to carry

out formal market
research in the 1920s.

r

2 State whether the following samples are random or biased.
a When researching if people eat breakfast, only interview
the people in the canteen.
b When researching spending habits, interview every third
person you meet,
¢ When researching spending habits on cars, Josh interviews

men exiting a garage.

d When comparing GDP to child mortality, Eizo chooses
the countries from a numbered list, by generating random
numbers on his GDC.

e When researching the sleeping habits of children, Adham
distributes a questionnaire to the students in his school.

GDP, gross domestic
product, is the total
value of goods
produced and services
provided in a country
in a year.

L ]

2.2 Simple d
When there is a large amount of data, it is easier to interpret if the

data are organized in a frequency table or displayed as a graph.

Example 3

The numbers of sweets in 24 packets are shown below.

22 23 22 22 23 21 22 22 20 22 24 21
22 21 22 23 22 22 24 20 22 23 22 22

Organize this information in a frequency table.

| Now you can see how
many packets have
each number of sweets.

Answer
Number Tally Frequency Draw a chart with three columns.
of sweets Write the possible data values

20 I 2 | sweets’ column.

21 [] 3 Use tally marks to record each

22 gl 13 column.

23 (] 4 For each row, count up the tally marks and write the

24 (| 5 N total in the ‘Frequency’ column.
’ TOTAL | 24 Add up the values in the 'Freq

- ' out the total frequency.

in the ‘Number of

value in the ‘Tally’

uency’ column to work

m

wr
Pt

1302,112‘3'01'2‘250214’3\21‘

Organize this information in a frequency table.

1 The numbers of goals scored by Ajax football team during their last 25 games were:

01 2 3 5

.fl'::_l
Chapter2 frvf
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2 The numbers of heads obtained when twelve coins were tossed 50 times are recorded
below.

8 35 71 9 210 512 7 6 6 8§12 410 2 6 6 8 4 511 3

4 6 8 6 7 5 311 2105 6 7 5 8 9 21011 012 3 6 6 5
Organize this information in a frequency table.

3 The ages of the girls in a hockey club are;
10 11 12 10 9 11 15 13 12 16 11 13 14 12 10 10 11 9 9 10

10 12 15 16 12 11 13 10 15 13 12 11 15 16 11 12 10 9 10 11
Organize this information in a frequency table.

4 It is stated that there are 90 crisps in a box.
Viktoras checked 30 boxes and the numbers of crisps in them are recorded below.

90 90 91 90 89 89 90 90 92 90 90 88 89 90 90
91 90 89 90 88 89 90 91 90 92 88 89 90 90 90

Organize this information in a frequency table.

5 Sean threw a dice 50 times. The numbers that appeared are shown below.

11326 656 4436213356321 4
1 53 46 2554213642316 3 235

Organize this information in a frequency table.

5 6 3 2
3 3 2 6
¢ EXAM-STYLE QUESTION

: 6 The numbers of games played in matches at a badminton tournament are recorded below.
8 8 10 11 9 7 8 7 11 12 7 8 10 10 11 9 9 8 11 7 9 8

The raw data have been organized in the frequency table.

Games | Frequency

7 4
8 m
9 4
10 n
11 4
12 1

Write down the values of w2 and .

When there are a lot of data values spread over a wide range it is
useful to group the data. Depending on the number of data values,
there should be between 5 and 15 groups, or classes, of equal width.

The classes must cover the range of the values and they must not
overlap — each data value must belong to only one class.

You can organize both discrete and continuous data in grouped
frequency tables.

Example 4
Loni made 30 telephone calls one week. The times of the calls, in ' |
minutes, were recorded. |
31 122 96 81 22 1.2 15.0 48 212 136
17.3 22.3 1.5 46 312 26.7 7.8 18.2 354 1.6 The frequency table
29 55 12.8 283 16.9 1.3 5.6 7.8 83 6.9 gives a much clearer
Organize this information in a grouped frequency table. picture of the data.
Answer
Time (t) Frequency First decide on the size
0<t<5 10 and the number of classes:
5<t<10 7 N Smallest number = 1.2 so classes
10<t< 15 3 start at 0. i
15<t<20 4 Largest number = 35.4 so classes ”
20 <t<25 2 finish at 40. |
| 25<t<30 ] [ 2 Using a class width of 5,
30<t<35 1 there will be (40 = 5 =) 8 classes in
35<t<40 1 total.
Exercise 2C

1 Organize each of these sets of data in a grouped frequency table.
a2 5 12 21 7 9 25 31 17 19 22 23 15 24 5
34 45 32 13 43 7 11 32 6 18 40 23 32 22 8

|

|

|

|

|

b 10 24 31 29 42 19 55 65 46 72 35 48 68 56 92 !
12 33 77 56 45 82 76 56 34 12 78 89 45 59 32 [
26 97 67 54 34 18 77 59 34 27 13 19 63 65 22 |
|

|

|

|

c 8 12 4 2 6 3 9 10 11 9 7 5 14 2 3 16

3
5 13 14 4 8 17 3 1519 5 3 9 10 11 14 15

1
9

v avpnrs =l lnipimie ia o il et
Loper ST Ig¥wer DCUNGAries

To find the upper and lower boundaries of a class, calculate the
mean of the upper value from one class and the lower value from
the following class.




Example 5 Exercise 2D

. . 1 Copy these tables and fill in the missing lower and upper
This table shows the heights Height (xcm) | Frequency boundary values,
of ﬂowers in a garden. 0<x<10 5 s ] - B |
Write down 10 < x < 20 12 . _CIass | Lower boundary _Upper boundary
a the upper boundary of . | :
20<x< 30 21 9-12 _ 12.5
the first class | ! e —
b the lower boundary of 30 <x<40 15 f 13-16 | B I -
the third class. 40 < x <50 6 ‘ | 1720 | 16.5 |
_______________________________________________________________ . 2104 |
Answers L2 i _— | — |
10+10 _ Upper value of the first class 1s 10. b - : — = =
T 10 ) '[ Time (t seconds) Lov!er boundary ‘ Uppei boundary |
The upper boundary of the first class is 20<t<2.2 | _
the mean of these two values. |' 290<t<D4 f '
b 20120 _ 20 Upper value of the second class is 20. ‘ 24<t<2.6 ‘ ‘
2 Lower value of the third class is 20. -
The lower boundary of the third class
is the mean of these two values. _ )
Frequency histograms
Example 6 | A frequency histogram is a useful way to represent data visually. In thfe Mathematical |
> Tod p hist find the 1 3 Studies course you
. 0 draw a frequency histogram, find the lower and upper will only deal with
;F;l:hts:leosfh::;rlsl t:;zeensuorﬁbie;saosfhzalrs Shoe size | Frequency These are European boundaries of the classes and draw the bars between these frequency histograms
g 15-19 3 shoe S What are boundaries. There should be no spaces between the bars. that have equal class
o day. 5004 o the equivalent shoe —
Write down — sizes in your country? The class boundaries are plotted on the x-axis and the frequency '- ' -
a the upper boundary of the first class 25-29 12 1 values on the y-axis.
and the last class 30-34 22
b the lower boundary of the first class 35-39 45 Here are the frequency histograms for Examples 5 and 6. English statistician
and the fourth class. 40-44 31 54 80 Karl Pearson
"""""""""""""""""""""""""""""""""""""""""""" 4 (1857-19386) first
Answers > 204 used the term
a Upper boundary of the first Upper value of the first class is 19. T R 8 g 30+ 'histogram' in 1895,
19420 _ Lower value of the second class is 20. E ! = '
class: =19.5 shop manager use 10 £ 204
The upper boundary of the first class R
Upper boundary of the last is the mean of these two numbers. - i) 104
o 44+45 _ e Similarly for last class. 0 .lf\ 20\ 3 \4q 50 o-
| Barsstartat | i
b Lower boundary of the first Upper value of the previous class et boundaries] o oty
class: 14+15 _ 14.5 would be 14. Lower value of the first G boundaries
' ' class is 15. The lower boundary of )
Lower boundary of the fourth | the first class is the mean of these two
| GlaeeE 29 ;30 =295 numbers. Similarly for fourth class. |
Descriptive statistics Chapter 2




6 Yuri decided to count the number of weeds in one square metre
_ ) of grass. He chose 80 plots of one square metre. The results
1 The costs, in euros, of 80 dinners Cost of dinner in euros (¢) | Frequency for each square metre are:
are shown in the table. 10<c< 15 ' 2
Draw a histogram to display this 15 < ¢ < 20 ' 8 22 24 21 12 8 14 34 62 54 6 28 42 35 22 14 18 9 24 12 18
information. 20<c<25 E—— 31 47 17 9 35 24 41 52 38 19 5 23 31 65 32 46 15 13 74 22 ‘
25<¢< 30 25
30<c<35 14 9 13 22 55 47 52 14 13 21 19 52 33 71 12 22 17 58 42 31 16 |
35<¢<40 _ 11 2 15 31 73 45 31 12 8 4 33 42 57 61 48 43 27 14 5 14 26
d0=¢<49 - 3 a Organize this information in a grouped frequency table. |
45<c<150 - 3 b Draw a histogram to represent the information graphically. !
2 The table shows th.e age distribution Age (x) Frequency | 7 Simi recorded the nymbers pf vans per five minutes that drove down
of teachers at Genius Academy. 50 <x<30 | 4 her street over a period of eight hours. Her results were:
g Wr1teddgwn t?e lo;velr and upper 30 <x<40 8 Number of vans (x) | Frequency L
. ll’joun e o e et | A0=x<50 10 1<x<5 | 12
e P 50 < x < 60 9 6<x<10 23
the information. _
60<x<70 3 11<x<15 _ 31 [
16 <x <20 . 13
3 The masses of 150 melons are Mass (xkg) | Frequency 21 < x < 25 9
recorded in the table. 04<x<0.6 | 21 26 < x < 30 5
a Write down the lower and upper | g5 <x<0.8 36 31 <x < 35 5
boundaries of the third class. 08 <x<1.0 34 36 < x < 40 1 |
b Draw a histogram to represent 10<x<1.2 29 |
the information. 12<x<1.4 | 18 a Write down the lower and upper boundaries of the fourth class.
1.4<x<1.6 12 b Draw a histogram to represent the information. |
4 Thelengths of 100 worms (to the S 8 The numbers of visitors per hour to the Taj Mahal are recorded |
nearest cm) are given in the table. length(cm) 4 5|6 7 8 9 10 in the table. |
a Write dqwn the lower and upper Frequency 181201261151 8 | 6 | 7 : Time (6 e — |
boundaries of each class. . . . : . — |
b Draw a histogram to represent the information. 09:00 <t <10:00 | 324 |
] 10:00 < t < 11:00 356 '
5 50 people were asked how often they traveled by train each ' 11:00 <t < 12:00 | 388
month. The results were: 12:00 < t < 13:00 | 435 |
g8 7 10 5 23 4 16 9 62 28 13:00 < t < 14:00 498 |
14 53 29 11 34 33 68 75 12 79 14:00 < t < 15:00 | 563 _ |
22 54 67 55 13 32 41 58 36 2 15:00 < t < 16:00 | 436 '
26 80 65 38 52 71 2 16 36 40 | 16:00 < t < 17:00 250 |
18 24 52 64 76 16 6 18 28 40 15002121800 AP |
a Organize this information in a grouped frequency table. ) Draw a histogram to represent this information.
b Draw a histogram to represent the information graphically. : : - -
@\ Chapter2 4 :
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2.4 Measures of central tendency

Data can be summarized by using a measure of central tendency

such as the mode, median or mean.

frequently.

The median of a data set is the valu

The mean of a data set is the sum o
the number of values.

= The mode of a data set is the value that occurs most

when the data are arranged in size order.

e that lies in the middle

f all the values divided by

When there are two ‘middle’ values, the

median is the midpoint

between the two middle values. To find the midpoint, add the two

middle values and divide by two.

Example 7

Hereisasetofdata:5 4 8 447 8 91
Find the mode, median and mean.

Answer

5(4)8(@)4)7891115
4

Mode =

14445()788911
Median =5

Mean =
1+44+4+4+5+5+7+8+8+9+11
11

_s
11
Mean =6

115

The value ‘4’ occurs three times.

First arrange the data in size order.
There are 11 entries, so the

11+1
= 6th value.

median is the

The mean is the
sum of all the values

number of values

How do you know
which measure of
central tendency is
the best to use?

Can you mislead
people by quoting
statistics? For
example, the numbers
1, 1, 100 have mode
=1, median = 1 and
mean = 34.

You have to be aware
that there may be
outliers (isolated
points outside the
normal range of
values) that skew the
statistics.

What are the ethical
implications of using
statistics to mislead

people?

You can also use a GDC to calculate the median and mean.

Enter the data values:

Desc Stats w

—@ ] o

GDC help on CD: Alternative

demonstrations for the TI-84
Plus and Casio FX-S860GIl
GDCs are on the CD. J

A

' For help with
entering data values,
see Chapter 12,
Section 2.1.

@

[ The GDC screen is too '

| small to display all of
the values in the list.

‘ Scroll down to see the

| remaining values.

The value of the mean is given
by % (pronounced ‘x-bar’):

4 1.2 Desc Stats w bl x|
"Title" "One-Variable Statistics 2
X" 6.
"Zx" 66
Yy 478.
"s¥ = snax" 286356
"oxX = onx" 2.7303
"n" 11 4
“MinX" 1
Q_.‘-X s : LI
2199

The value of the median is shown as

Exercise 2F

i
i

G

a7 38 91 10 1
b3 48 2 5 6 11

i Data
Height (m): 1.52, 1.74,
1.83,1.52,1.67, 1.91 |
Age (vears): 21, 34,17, 22, |

| 56, 38

1 Calculate the mode, median and mean for each data set.

133 56 5

‘MedianX’:
W. Desc Stats » {m
"sX = sn-1x" 2.86356 A
"ox = onx" 2.7303
“n" i1 ’
"MinX" 1.
" X" 4.
"MedianX" 5%
"QX" 8.
"MaxX" 11
| "SEX = D(-R)" g2] X =
12
The German

2 Calculate the values of a, b, ¢, d and e in this table.

_i Median _ Mode - Mean
a ‘ b ‘ 1.70
28 ‘ none c
d | 48.6

Weight (kg): 54.7, 48.6,
63.2,55.1,77.9, 48.6

3 The weights of eight pumpkins are

26.3kg, 12.6kg, 33.5kg, 8.9kg, 18.7kg, 22.6kg, 31.8kg and 45.3kg.

a Find the median weight.
b Calculate the mean weight.

s ERAM-STHLE QUESTIONS
4 For these data the mode is 5, the median is 6 and the mean is 6.5.
112355578910 7¢12 12

Given that s < ¢, find the values of s and ¢.

5 Jin obtained marks of 76, 54 and 65 in his Physics, Biology and

History examinations respectively.

a Calculate his mean mark for the three examinations.
b Find the mark that Jin must achieve in Mathematics so that
the mean mark for the four examinations is exactly 68.

psychologist Gustav
Fechner (1801-1887)
popularized the use of
the median, although
French mathematician
and astronomer
Pierre-Simon Laplace
(1749-1827) had
used it previously.

Chapter 2
/!




. 6 Zoe and Shun compared their test scores. Zoe had a mean of 81 after
taking five tests and Shun had a mean of 78 after taking three tests.
Each of them took one more test and ended up with the same mean

score of 80.
a Find the grade that Zoe gained on her sixth test.
b Find the grade that Shun gained on his fourth test.

— B — — R | ST T T e T L A L T

-> For data in a frequency table, the mode is the entry that has
the largest frequency.

The median is the middle entry as the entries in the table are
already in order. For # pieces of data, the median is the nTﬂth

value.

The next example shows how to calculate the mean from a frequency table.

Example 8
Calculate the mode, median Number of sweets | Frequency
and mean of these data. 20 2 il
21 3 |
22 13
23 4
24 2
TOTAL 24 0|
Answer
Mode =22 22’ has the highest frequency (13).

M+
Median is the 3

it is between the 12th and 13th entry.
Both the 12th and 13th entries are 22,
so the median = 22.

Median = 22

= 12.5th entry, so

NUmBor | Frequency, | fx, To calculate the mean. Label the first
of sweets, f column x{.. Label the second co'lumn S
I Add a third column and label it fx,.
. Work out f, X x, for each row:
20 % 40| | 2x20=40
21 3 63| |3x21=63
22 13 286 | | 13 x22=286
23 4 92| |4x23=92
24 2 48 2%x24=48
TOTAL o4 599 Work out the total of the f, column and
the total of the fx, column.
_ 529 _ total of [x,
Mean = 2 =22.0(to 3 Sf) Mean = W

Sometimes a

question asks for
the ‘modal value’.

This means ‘the
mode’.

-> The mean from a frequency table is:
total of f xx,
total frequency

where f is the frequency of each data value xandi=1, ..k,
where % is the number of data values.

mean =

You can also use your GDC to calculate the mean and median
from a frequency table.

Enter the data values: The value of the mean is
given by x:

Desc Stats w ﬂﬂ 411 I 1.2 l, Desc Stats w
A

The IB formula for the

=
— -
> .

‘ The ¥, notation simply

| means ‘sum’. |

| This formula is

| given in the Formula I
booklet.

freq OneVar data freq: stat.resuits b
"Title" "One~Varjable Statistics
"R 22.0417
"zt 529,
gt 11683.
"sX = sn-x" 0.99%094
"ox 1= onx" 0. 978058
g
B "MinX" g
[<I>] N 7|

The value of the median is shown as ‘MedianX’:

4]1.1 l 1.2 |'.» Dess Stats w 488

OX = Gnx " 0.978058 a
o 24, »
“MinX" 20,
"QuX™ 22.
"MedianX" 22,
" X" 22.5
"MaxX" 24
| "38X = Z(x-RP" 22.9583
| 4
1/99]

@ Exercise 2G

1 A dice is thrown 29 times and the score noted. The results are
shown in the table.
a Write down the modal score.
b Write down the median score.
¢ Calculate the mean score.

BAM-STHLE GUESTION

2 The table shows the frequency of the number of visits

to the doctor per year for a group of children.
a How many children are in the group?

b Write down the modal number of visits.

¢ Calculate the mean number of visits.

Frequency

. Score | Frequency

- Number of visits ' 0 :L 2 |3 | 4 | 5

1| 4

o Ok WwN
N 0100 W

|4 [3]8]5 41|

Chapter 2




s ERAM-ETHLE QUEETIONS
: 3 A bag contains six balls numbered 1 to 6. A ball is drawn at random
: and its number noted. The ball is then returned to the bag.
The numbers for the first 30 draws are: . . S
|

¢ |[Number |1 ]2]3]4a|5]6]
: ]__Frequency I4!5!3_{n!6=5‘

a Write down the value of #.
b Calculate the mean number.
¢ Write down the modal number,

Answer [
a Modal class = 20 < r < 40
b
Time Frequency, | Midpoint, | f x,
(t seconds) f, X,
0<t<20 37 10 370
20<t <40 62 30 1860
40<t<60 46 50 2300
60 <t<80 25 70 1750
80 <t< 100 14, 90 990
100 <t < 120 9 110 990
120 <t < 140 6 130 780
140 <t < 160 4 150 600
TOTAL 200 9640
Mean = 926% =48.2 (to 3 sf)

This class interval has the largest
Srequency (62).

To work out an estimate of the mean, you must first
work out the midpoint of each class interval. Add
a third column and label it ‘Midpoint, x,". Work out
each midpoint:

0+20
Midpoint of 0 <t < 20: 5 10

20+ 4,
Midpoint of 20< t < 40: 222

=30

Midpoint of 40 < t < 60: Sl =50
Next add a fourth column and label it f x"
Then work out f, X x, for each row:

9x 110 =990

6 % 130 =780

Work out the total of the f, column and the total of
the f; x, column.

total of
Mean = =2 1% o S
total f,

- To calculate an estimate of the mean from a
total of f; xx,

total frequency
where £, is the frequency and x, is the
corresponding midpoint of each class.

grouped frequency table, use

estimate of the mean
and not an exact
value?

)
Why does this give an

Calculate a the modal class and b an estimate of the mean.

P Continued on next page

4 The table gives the frequency of grades achieved by Grade Frequency
*  students in an IB school. 1 | 1
a Calculate the mean grade. ' ' T 6
b What percentage of students achieved a grade 4 or 57 3 19
¢ Write down the modal grade. 2 : -
4 | 34
5 | 32
6 | 18
7 | 10
Mean, median and mode for grouped data
For grouped data, you can find the modal class and an
estimate of the mean.
-> For grouped data, the modal class is the group or class
interval that has the largest frequency.
The next example shows how to calculate an estimate of the mean.
Example 9
The times, in seconds, taken to complete 200 bouts of sumo wrestling
are shown in the table.
i Time Frequency : You do not know the exact data values ‘
]
(t seconds) for each group. Use the midpoint of
0<t<?20 37 each class interval as an estimate of
20<t <40 62 the values in each group. You may also
40 <t < 60 46 find the midpoint referred to as the
. ; o e ‘mid-interval value'.
80 <t< 100 11
100<t<120 = g — | To find the midpoint of a class, find the '|
120 <t <140 6 | mean of the class limits.
140 <t < 160 4 i midpoint = lower boundary;upper boundary
TOTAL 200 ! |

You can also use a GDC to calculate an estimate
grouped frequency table.

Enter the data values:

20 » Desc Stats w A am

Bicqg [ B Uﬂ
|
37
62|
46
25
1 U
[¢]>

of the mean from a

' For help with
( entering data values,
see Chapter 12,

‘ Section 2.2.

GDC help on CD: Alternative

demnonstrations for the TI-84.
Plus and Casio FX-9860Gl!
GDCs are on the CD.

Chapter 2
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You were not asked for the median but the .5 Cumulative frequency curves

GDC works it out as part of the calculation

screen (this too is only an estimate as we do -> The cumulative frequency is the sum of all of the frequencies
The value of the mean is given by x : not have all the individual values): up to and including the new value. To draw a cumulative
frequency curve you need to construct a cumulative frequency
- 1\"_] ) [12] Desc Stat i : )
2] IR T ﬂ | R i e ﬂg table, with the upper boundary of each class interval in one
OneVar mid_ptfreq: stat.results ' L - ?“X 3262098 " " column and the corresponding cumulative frequency in
! e SEnS=yarabioptatetcs "M'r;X" I another. Then plot the upper class boundary on the x-axis and
I - ashe y ‘ the cumulative frequency on the y-axis. ;
g 9640. QX" 30. Lo 4
nZar 686400. “"MedianX" 50. e
) xample 10
"sX = gn1x" 33.3816 "X 70. P
' ‘ox 1= onx" 33.298 "MaxX" 150. A supermarket is open 24 hours a day and has Number of parked |
oyt 200. v | "SSX = A (xR 221752. a free car park. The number of parked cars each eI hOuE Frequency
| "MinX" 10. v i hour is monitored over a period of several days. 0-49 6
, 1/1 A 1/99 The rgsults are shown in thg table. . 50-99 23
| ! Organize this information in a cumulative 100-149 a1
i @ Exercise 2H frequency table. 150-199 42
' : . Draw a graph of the cumulative frequency.
P ERAM-ETYLE SUESTIONS Time taken | _ grap quency. 200-249 30
1 The table shows the times taken for 25 cheetahs . (t minutes) q y ggg—gig 2;1
to cover a distance of 50km. 20<t<22 2 350399 -
a Write down the modal class. 22 <t<24 I . A e s o
b Calculate an estimate of the mean DA <t<D6 | 8 Answer
time taken. | 26<t<28 4 Nombers Erequency | Unper [lCumtiative fdd c; thz;:d column and label it ‘Upper
| 28<t<30 3 of parked boundary | frequency Madiuo s
| [ ! Work out the upper boundary of each class:
30£t<32_ 2 | cars per i oy _49+50_495
32<t<34 1 hour _ 'Pper bounaary Sl e i
: . . . : 0-49 6 | 495 6 994 100
. 2 The speeds of vehicles passing under a bridge on a Speed Upper boundary = =995
. . N Frequency 50-99 23 99.5 29 2
road are recorded in the table. (skmh-?) )
. - | 100-149 41 149.5 70 . o i 149+ 150 _ 1495
a Write down the modal class. 60 <s <70 8 loper boundary = =149.
: . | . | 150-199 42 199.5 112 :
b Calculate an estimate of the mean speed of ot 15 II Now add a fourth column and label it
. = ! - 200-249 30 249.5 142 . ; )
the vehicles. 80 < s < 90 12 Cumulative frequency’.
' 90 <s < 100 10 ' | 250-299 24 299.5 166 Work out the cumulative frequency for each
= : : 300-349 9 349 5 175 row:
: '100SS<:110' = ! 350-399 S 399.5 180 6+23=29 I'meﬁnmcummmwe
‘ : 110 <s < 120. 3 | | 29 +41 =70
: 120 <5 <130 | YO I el n N C frequency value
» - | z .l [ L — 166 +9 = 575 should equal the
3 The results of a Geography test for 25 students T %120 . // MgE 175+ 3 =180 total frequency value.
. are given in the diagram. ab ; ol i / i F)umulative frequency |
a Write down the modal class. é i_ % 0 e . is always.plotted' on |
b Calculate an estimate of the mean grade. 54l 3 . Al : the vertical axis. |
§ 27— 0 100 200 300 400 To draw the graph of the cumulative frequency,
= ey |5z B0 el ] e plot the value of the upper boundary against the
0 10 20 30 40 50 60 70 80 90100 cumulative frequency value.
Grade

Chapter 2




interpreting cumulative frequency graphs

We can use the cumulative frequency curve to find estimates of the

percentiles and quartiles.

Percentiles separate large ordered sets of data into hundredths.
Quartiles separate large ordered sets of data into quarters.

When the data are arranged in order, the lower quartile is the 25th
percentile, the median is the 50th percentile (middle value) and the

upper quartile is the 75th percentile.

The cumulative
frequency curve is
sometimes called an
ogive.

- To find the lower quartile, Q , read the value on the curve

. +1 . .
corresponding to @T on the cumulative frequency axis,

where # is the total frequency.

+ : .
to nTl on the cumulative frequency axis.

- To find the upper quartile, Q,, read the value on the curve

3(n+1)
4

corresponding to on the cumulative frequency axis.

To find the percentiles, p%, read the value on the curve

p(n+1)
100

To find the interquartile range subtract the lower quartile
from the upper quartile: IQR = Q, - Q,.

corresponding to on the cumulative frequency axis.

To find the median, read the value on the curve corresponding

For any set of data:
©  25% or one-quarter of the values are between the smallest
value and the lower quartile

| The IQR shows the

Per cent means out of '
100.

=25%

= 50%

Blw NP B

=75%

There are no
universally agreed
formulae for the
quartiles. For large n
and grouped data: n
rather than n + 1 may
be used.

spread of the middle
50% of the data

80_._ et

=
i
|
|
|

©  25% are between the lower quartile and the median

@ 25% are between the median and the upper quartile

@ 25% are between the upper quartile and the largest value

@ 50% of the data lie between the lower and upper quartiles.

In this cumulative frequency diagram (from the data in 200~

Example 10), » = 180. 180

Lower quartile = 120 (blue) 160

This is the value corresponding to 18(21+1 =45.25. 5 140+

Median =~ 173 (green) § 120
» i 180+1 _ @

This is the value corresponding to 7 = 90.5. g

Upper quartile ~ 238 (orange) . g -
.. . 3(180 +1)

This is the value corresponding to —a 135.75. 10

40th percentile ~ 153 (brown) 201

This is the value corresponding to %ﬂ =72.4. =

o The interquartile range ~ 238 — 120 = 118

100 200 300 400

Number of cars

Example 11

Time II Frequency
(t minutes)
3<t<4 4
4<t<b a2 |
5<t<6 18
6<t<7 9
7<t<8 3
8<t<9 2
9<t<10 1
a Construct a cumulative frequency table for
these data.
b Draw a cumulative frequency graph for
these data.
¢ Use your graph to estimate
i the lower quartile ii the median

iii the upper quartile
v the 30th percentile.

iv the interquartile range

50 contestants play the game of Oware. In total they have to play 49 games to arrive at a champion.
The average times for the 49 games are given in the table.

Answers
8 Time | Frequency | Upper | Cumulative
(t minutes) boundary frequency
3<t<4 4 4 4
4<t<5 (% | s 16
5<t<6 18 6 34
6<t<7 9 7 43
7<t<8 3 8 46
8<t<9 2 | 9 48
9s<t<10| 1 10 49
b 60 — —
50— S
540 = '_,;/‘/ =
_~§ - /| S50
gzo_ ........ r: | e kil U
S of y | s
o \L !
0 2 4 6 8 10 12

Time (minutes)

The game of Oware is played all over |
the world and there is even an Oware
Society.

Why must 50 contestants play 49

I games to arrive at a champion?

Can you prove this?

Check:

Total frequency: 4 + 12+ 18 + 9+ 3 +
2+1=49

Final cumulative frequency value = 49

Plot each cumulative frequency at the
upper boundary.




r— B
------------------------------------------------------------------------ N Exe
ci n=49 Read across from 12.5 on the vertical
n+l 50 ; | axis, then down to the horizontal axis. vERAM-ETHLE QLESTIONS ? Cumulative
T 26% of games last | "1 A dice is tossed 50 times. Number  Frequency =~
Lower quartile = 4.7 minutes RN oo : The number shown is — A { q : y
. . . ) : recorded each time and the > i 14
gl 50% of games last This is the value on the horizontal :  results are siven in the table g
2 2 . . i : g : 3 10— o1
BB e s axis corvesponding to 25 on the - : i ,
i 2 55 raaies : S Wit covis . a Write down the value of N. 4 b c
' * b Find the values of ¢, band c. 5 5 43
o 3(n+1) _3(49+1) o This is the value on the horizontal 6 7 50
] 37.5 75% of games last ) i |
4 . 4 . | 6.4 minutes o less. axis corresponding to 37.5 on N
Upper quartile = 6.4 minutes | | the vertical axis.
iv Interquartile range = 6.4 — 4.7 | The ‘middle’ 50% 2 The table shows the percentages scored by candidates in a test.
= 1.7 minutes Efe tgvjen;is;a;; g - | Marks (%) | 0-910-19/20-29|30-39 | 40-49|50-59/60-69|70-79| 80-89 | 90-100
v 30(n +1) = 30(49 +1) =15. 6.4 minutes. This is the value on the horizontal axis ': Frequency | 1 S 7 11 1 19 ; 43 36 . 15 2 1
100 100 corresponding to 15 on the vertical axis. : . ) ;
_ _ - \ Here is the cumulative Marks (%) ‘ Cumulative
30th percentile = 4.9 minutes | 30% of games last
4.9 minutes of less. | frequency table for the marks. | frequency
i _ a Calculate the values of s and of ¢. < 9.5, 1
: b Draw a cumulative frequency <19.5 6
Example 12 : graph for these data. | <295 s
. ¢ Use your graph to estimate . <395 24
From this cumulative 150 IR EAERE e ez e Res O [ L i the median mark f—— ; 4-3
frequency graph find 5 R : ii the lower quartile <595 | 86
i the median g 100 N iii the pass mark, if 40% of the TR e
ii the interquartile range £ B . il : candidates passed. 79'5 i X
i the 70th percentile. 5 et fith : <795 | -
£ /-;f ? <89.5 | 139
S iy i
20y l,:r e : | <100 | 140
0 10 20 30 40 50 60 70 80 90 100 © 3 A safari park is open to visitors ' Number
= every day of the year. The numbers ‘ B0 Frequency
W"A:S';I;;I'S- """"""""" of cars that pass through the park 0<n <150 ' o5
: B " each day for a whole year were 150 <n <300 | 36
=R n = 120 from grap , , :  recorded and are shown in the table. - - -
ntl _121 _ 605 Median is the value on the horizontal axis : a Draw a cumulative frequency _ 300 < n <450 _ 68 |
2 2 ' corresponding to : h hi ' 450 < n <600 102 |
Median = 35 60.5 on the vertical axis graph fo represent this 600 <n <750 - 64
: i information. | = !
o . 120+1 Interquartile range = upper quartile — lower quartile ‘ c g | 750 < n <900 | 41
it Lower quartile = 30.25th value : b Find the median and the ; .
4 Upper quartile is the value corresponding to 90.75 on : interquartile range | 900 <n < 1050 | 19
Lower quartile = 26 ; : : ] . .
: 3120+ 1) th — o T onding to 30.25 on ¢ Onwhat percentage of days Aoo=ns=2200 | 10
g corres 0 30. )
Upper quartile ———— = 90.75th value thitiiz?;lra;zs A were there more than 800 cars in the park?
it Upper quartile = 46
|
Interquartile range = 46 — 26 = 20
i «7% = 84.7th value This is the value corresponding to 84.7 on the vertical
axis.
70th percentile = 43
y Chapter 2 ({f
I [




4 Sofia studied an article in the

Helsingborgs Dagblad. She recorded

the numbers of words in each

sentence in the frequency table.

a Draw a cumulative frequency graph
to represent this information.

b Work out the lower quartile, the
median and the upper quartile of
the data.

P EHAM-STHLE QUESTIONS

: 5 A salmon farmer records the lengths of 100 salmon,
¢ measured to the nearest cm. The results are given

in the table.

a Construct a cumulative frequency
table for the data in the table.

b Draw a cumulative frequency
curve.

¢ Use the cumulative frequency
curve to find
i the median length of salmon
ii the interquartile range of

salmon length.

AL Frequency
of words
1-4 4
5-8 19
9-12 38
13-16 23
17-20 8
21-24 4
25-28 2
20-32 1
33-36 1
Length of Number of
' salmon (xcm) | salmon
| 25<x<28 | 3
28 <x<31 | 4
31<x<34 | 11
34<x<37 | 23
37<x<40 | 28
40 < x <43 15
43 <x < 46 12
46 <x<49 | 4
TOTAL | 100

6 The table shows the times taken by 100 students to complete a

puzzle.

| Time (t minutes) [11—15]16—20121—25@26—30]31-35&36—4o|
31 | 15 | 8

' Number of students | 6 | 13 | 27

a Construct a cumulative frequency table.

b Draw a cumulative frequency graph.
¢ Use your graph to estimate

i the median time

ii the interquartile range of the time

iii the time within which 75% of the students completed

the puzzle.

Descriptive statistics

2.6 Box and whisker graphs

Another useful way to represent data is a box and whisker graph
(or box and whisker plot).
A box and whisker graph looks something like this.

Median

Smallest Lower Upper Largest
value quartile quartile value

=> To draw a box and whisker graph, five pieces of information
are needed: calculate the lower quartile, median and upper
quartile for the data. Find the smallest and largest values.

Draw the box and whisker graph to scale on graph paper.

Note:

An outlier is a value that is much smaller or much larger than the
other values.

Normally we consider an outlier to be a point with a value:

® less than ‘the lower quartile — 1.5 X the interquartile
range’ or
® greater than ‘the upper quartile + 1.5 X the interquartile

Outliers will not be
examined but they
may be useful for

range’_ prO_jeCtS.
Example 13
A yacht club hosts an annual race. The numbers of people in Number
each yacht are recorded in the table,
; ) ) of people Frequency
a Find the median number of people in a yacht. 4 1
b Find the upper and lower quartiles.
. . . 5 8
¢ Draw a box and whisker graph to represent the information. 6 16
7 25
8 28
9 16
10 5
TOTAL 99

P Continued on next page
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Answers
a n=299, so the median is the number of
1 1
people in the 99; = % = 50th yacht.
Number | Frequency  Cumulative
of people frequency
4 1 1
5 8 9
6 16 25
7 25 50
8 28 78
9 16 94
10 5 99

The median number of people is 7.
b The lower quartile is the number of people

in the P+l 25th yacht.

The lower quartile is 6.

The upper quartile is the number of people
3(99+1)

in the = 75th yacht.
The upper quartile is 8.

op (EPL S e
|

=
|

|

|
0 1 2 3 4 5 6 7 8 9 10
Number of people

The 50th yacht is in the group highlighted red.

The 25th yacht is in the group highlighted green.

The 75th yacht is in the group highlighted blue.

Need five pieces of information to draw a box and
whisker graph:

Smallest number of people = 4

Lower quartile = 6 (from part b)

Median = 7 (from part a)

Upper quartile = & (from part b)

Largest number = 10

You can also find all the data for the box and whisker graph using your GDC.

Enter the ‘Number of people’ and ‘Frequency’ into lists named ‘Number’ and
‘Freq’ in a Lists & Spreadsheets page. Add a Data & Statistics page and press
MENU 2: Plot Properties|5: Add X Variable with Frequency and select the
two lists. To read the values use the touchpad to move the arrow over them.

These GDC screenshots show the median and the upper quartile (Q,).

411 I 1.2 ff; Desc Stats w ﬂu 411 I 1.2 |/ Dest Stats w ﬂm
Medlgn: 7 (038
i ) GDC help on CD: Alternative
. demonstrations for the TI-84 i
2 ‘jg Plus and Casio FXiQHEGGFi A
GDCs are on the CD. &
L) L] 1 L] ¥ L) T T L] L T L i L] T T
35 45 55 65 75 85 85 10 35 45 55 65 75 85 95 10
number{freq} number{freq}

Example 14

Answer

First arrange the data in
ascending order:
4.3,4.8,5.6,5.6,5.7,5.8,6.5,
7.2,7.5,7.8,7.9,8.2, 8.6, 8.8,
9.2,9.7,9.9,10.3, 10.7, 11.3,
11.4,12.1,12.6,13.1, 134
n=25

Lowest value = 4.3

+1

Lower quartile: 2541 _ 6.5,

so between 6th and 7th value
6th value = 5.8,
7th value = 6.5,

6.5th value = 25165 _ ¢ 15
Median = 8.6

(the 252” —13th valuej
Upper quartile: % =19.5,

so between 19th and 20th value

19th value = 10.7,

20th value = 11.3,

10.7+11.3 _
e

19.5th value = 11

Largest value = 13.4

Fﬂﬂi*i

0 5 10 15
Weight (kg)

The weights, in kilograms, of 25 koala bears are:
43,7.2,5.6,4.8,10.7,9.7,5.6,7.8,8.2,11.4,7.9, 12.6, 13.1,
5.7,9.9,11.3,13.4,8.8,7.5,5.8,9.2,10.3, 12.1, 6.5, 8.6
Draw a box and whisker graph to represent the information.

..................................................................

Need five pieces of information to plot a
box and whisker graph.

To find the 6.5th
value, calculate the
mean of the 6th and

7th values.

Chapter 2




Using a GDC:
Enter the data into a list. You do not need to put it in order.
These GDC screenshots show the median and the upper

quartile (Q,).
I KA E Desc Stats g (a2 Dest Stats w #e
Median: 8.6 Q11
]
i' —— f—— ——] P
| 456 7 8 9101 1213 14 456 7 8 9 101 1213 14
weight . weight -

Exercise 2J

@ 1 The numbers of sweets in 45 bags are:

34 33 35 33 32 33 34 34 32 35 33 32 36 31 33 34
33 34 33 32 35 31 33 32 32 34 33 36 33 30 33 32
34 35 32 33 33 32 33 31 34 33 32 33 34

a Construct a frequency table to represent the information.

b Find the median, the lower quartile and the upper quartile.

¢ Draw a box and whisker graph to represent this information.
Use a GDC to check your answer.

2 An experiment was performed 60 times. The scores from the
@ experiment were recorded in the table.
a Find the median, the lower quartile and the upper quartile.
b Draw a box and whisker graph to represent this information.
Use a GDC to check your answer.

GDC help on CD: Alternative
demonstrations for the Tl-84" ®
Plus and Casio FX-9860GlI
GDCs are on the CD. ;"

U

f You cannot use a
GDC to draw box and
whisker graphs for
grouped frequency
tables.

Score | Frequency '
1 6

12

13

15

8

6

Ok WwiN

- = l___?#_ﬂ

s EAAM-STELE QURESTION
: 3 The cumulative frequency graph shows the weights,
:  inkg, of 200 sumo wrestlers. 2009
a Write down 1804
i the median 1601
ii the lower quartile g1409
ili the upper quartile. g 122“
The lightest wrestler weighs 125kg and the heaviest § 80
weighs 188kg. 5 sl
b Draw a box and whisker graph to represent 404
the information. ool
0
100

0\ Descriptive statistics

120 140 160 180
Weight (kg)

D EXAM-STHLE DUESTIONS | Height | Cumulative |
. 4 The heights, in cm, of 180 students are given in the | (xem) | frequency
cumulative frequency table. X< 145 | 0 '
a Draw a cumulative frequency diagram to represent X < 150 | 26 1
this' information. x<155 | 81 [
b Write down - ~ x< 160 119
i the median r— f
ii the lower quartile and the upper quartile. ks 162 g 142
¢ The smallest student is 146 cm and the tallest is 183 cm. x= 170 | R
Represent this information on a box and whisker graph. L1 16/
x <180 174
x £ 185 180

5 The table shows the heights, in cm, of 50 kangaroos.
a Construct a cumulative frequency table and use it to

| Height (x cm) ' Frequency :

: 200 < x < 210 | 4
. (\i}\l;::etge czr?}lllelatlvg .frequency curve. 210 < x < 220 | 6
ow median. ' e —
¢ Find the lower quartile and the upper quartile. oo | 11
_ ) 230 <x<240 | 22
The smallest kangaroo Is 205 cm and the tallest is 258 cm. 240 < x < 250 | 5
d Draw a bpx and whisker graph to represent the 250 < x < 260 | B
information. '
interpreting box and whisker graphs
For any set of data: 25% 50% 25%
® 25% or one-quarter of the values are between the smallest N
value and the lower quartile } '
@ 25% are between the lower quartile and the median % ©%
® 25% are between the median and the upper quartile
& 25% are between the upper quartile and the largest value
® 50% of the data lie between the lower and upper quartiles.

Example 15

The box and whisker graph shows the times, in hours, that it takes to build an igloo.

b Find the interquartile range.

¢ Write down the percentage of people who took less than 5.2
hours to build an igloo.

a Write down the median time. i TFo J =R R
E

d x% of the people took more than 6.1 hours to build an igloo. 2 3 4 5
Write down the value of x.

6

P Continued on next page
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-------------------------------------------------------------------------------- 2.7 Measures of dispersion
Answers
a The median time is 5.2 hours. Measures of dispersion measure how spread out a set of data is.
b The interquartile range = 6.1 — 3.5 From the graph, upper quartile = 6.1, The simplest measure of dispersion is the range.
= 2.6 hours. lower quartile = 3.5 - :
¢ 50% of the people took less than 5.2 hours = median (from part a) -> The range is found by subtracting the smallest value from the
5.2 hours to build an igloo. 50% of data are at or below this value largest value.
d 25% of the people took more than Upper quartile = 6.1
6.1 hours to build an igloo. 75% of data are at or below this value Example 16
) The numbers of piglets in the litters of 10 pigs are:
Exercise 2K 10 12 12 13 15 16 9 10 14 11
1 The box and whisker graphs represent the scores on a Psychology _F_ir_lithe‘range.
! test fpr 40 boys agd 40 girls. Answer
' a Find the median score for the boys and Range = 16 - 9 = 7 Identify the largest value (16) and the
the girls. smallest value (9). |
b Write down the interquartile range for T ' |
the boys’ scores and the girls’ scores. = | } The interquartile range is found by subtracting the lower quartile, oo
. : . — _ |
¢ Write down the percentage of boys that i o Q,, from the upper quartile, Q,: IQR =Q, - Q,. AT T
sco.red more than 55. . gHadkastls =2 | B — Example 17 the values must be
d Write down the percentage of girls that 4 E53 S| Irls: 39,50y arranged in size order
scored more than 68. 0 10 20 30 40 50 60 70 80 90 100 Find the interquartile range of this data set.
Scores 4 5 6 6 7 8 10 10 11 14 15
2 The box and whisker graph represents the number of FIET Answer
faults made by horses in a jumping competition. T T Q, is the % = 3rd number, There are 11 numbers son = 11,
Write down T EEEn] E=s pm i|| 50 Q,=6.
a the lowest number of faults | 3(11+1)
; I ' is the = 9th number,
b the median - —] Q,ist i )
c the interquartile range sl soQ,=11.
d the largest number of faults ‘ IQR=11-6=5
e the percentage of horses that had fewer than six faults. 0 5 10 15 20 25 30
| Number of faults
; DEMAM-STYLE GUESTIN R s Il oy EEal Rl I USIng a GDC: . . . o '|:. You can use a GDC
‘ p T B 2 : - } ik fass Enter the data into a list. Then use One Variable Statistics. R TS e T
- 3 The box and whisker gre.Lph represents the ages of the E [ = | | Scroll down to find the quartiles. frequency tables but
: teaChe‘rS at MYSChOOI ngh -l | The value of Ql iS given as thx; a.nd Q3 as ‘Q3X’- it grouped
' . a Write down the age of the youngest teacher. | _ i
: i 1 ; a2 Desc Stats W b x| frequency tables.
b Write down the median age. {368, i X ,
| If 25% of the teach Ider than x, write down SR, Gt samsst N -
c o of the teachers are older X, : Sl 1 i .y . ( For finding the
the value of x. | "MinX" 4 N a0C helo on Co N | interquartile range
) | ) "X 6. eip on LUk Alternat w—’ﬂ H
d Find the interquartile range of the ages. 20 25 30 35 4}(\)ge z(lyf;arss)o 55 60 65 70 N eQdianX“ ’ o el on o e - romagsen SER.
—— i Plus and Casio FX-9860GIl
——— = — . _ ) @X ) 11 GDCs ate:th the €1 ; frequency grap.)h éee
Extension material on CD: Max¥ ) 15. J page 62. For finding
Worksheet 2 - Standard ["B5X = EdeR)! 133.63¢ the interquartile
deviation, standardization |
afvgl;;?lri]ers T ' range from a box and
2/9 whisker graph see

page 71.
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Exercise 2L

1 For each set of data calculate
i therange il

6 3 8 5 2 9

5 3 6 8 9 12

0 oo

Price of main
course in euros
18
19
20
21
22
23
24
25

4>|cn|\>woo(n4>.c>

the interquartile range.

11 21 15 8
10 9 8 13 16 12

Frequency _

Standard deviation

Example 18

The standard deviation is a measure of dispersion that gives an
idea of how the data values are related to the mean.

Mean = 7
Standard deviation = 3.10 (to 3 sf)

Find the mean and standard deviation of this data set,
4 56 81213256 9 10 9 8 3 5

Using a GDC:

Enter the data.

Mean is indicated by x.

Standard deviation is indicated by O,

LEER BFE *Desc Stats ¥ bl x|
OneVar number, 1: stat.vesuits ]
[ "Title" "One-Variable Statistics
"R 7
g 105.
"Zxe 879
Usx 1= snax" 3.20713
"ox i= onx" 3.09839
"n" 15, 4
"MinX" 2. %
% 1199 |

A Descriptive statistics

9

11 8

' When is the standard )
deviation of a set of
data small?

Can the standard
deviation equal zero?

( Why do we take the
square root to find the
standard deviation?

Why is the standard
deviation sometimes
called the root-mean-
square deviation?

' You are expected
to use a GDC to
calculate standard
deviations.

GDC help on CD: Alternative \
demonstrations for the TI-84
Plus and Casio FX-9860Gi!
GDCs are on the CD.

Example 19

50 students were asked the total number of points that they received
on their IB Diploma. The results are shown in the table,

Score on IB Boys
Diploma

Girls

31

32

33

34

[

35

36

37

38

OIRP ORI~ ELPO®OINO

39

NINEPINWO W W

Answer

Boys’ mean = 34

Boys’ standard deviation = 1.23
(to 3 sf)

Girls’ mean = 34.3 (to 3 sf)
Girls’ standard deviation = 2.41
(to 3 sf)

Both the boys and the gitls have
a mean of about 34 points. The
standard deviation for the boys
is small, which implies that most
boys achieved close to 34 points.
However, the standard deviation
for the girls is larger which
implies that some girls will have
much less than 34 points and
some will have much more.

Use your GDC to calculate the mean and standard deviation
for the boys and girls separately and comment on your answer.

Using a GDC:
411 I 12 |> Desc Stats w "
_.'“__
OneVar ib_score,boys: stat resuits =
"Tite" "One-Variable Statistics
g 34
R 850
g 28938
''sx := sn-ax" 1.25831
"ox ;= onx" 1.23288
i 25, »
"MinX" 32, o
N 1199 |

2 X7 _
"Tite" "One-Varable Stalistics
"y 34,32
"2 358
nExrt 29592,
"sx i= snax" 2.46171
ox 1= onx" 241197
"n" 25, 4
"MinX" 31,
1T "o 19 ¥
0]

To make a comment, compare the
mean to the corresponding standard
deviation.

Is standard deviation
a mathematical
discovery or an
invention?
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=
It is often impossible to find the mean and standard deviation for a whole

population. This could be due to time restrictions, financial constraints or
other reasons.

If we have, say, a random sample of 12 babies’ heights from the UK, then

the standard deviation of those 12 babies’ heights is given as ‘c,’ on a GDC.

This is the one we use for Mathematical Studies.

If we wanted to estimate the standard deviation of all the babies’ heights
in the UK, based on our random sample, then we would use ‘s’ on the
GDC.

Exercise 2M

1 For each set of data calculate the standard deviation.
a5 3 6 8 9 12 10 9 8 13 16 12 9 11 8
b Price of main
course in euros |
18 , 6
19
20
21
22
23
24
25

Frequency

AIOIN WOOO A

2 Calculate the mean and standard deviation for these data.
6 3 8 5 2 9 11 21 15 8

3 An experiment was performed 50 times. The scores
from the experiment were recorded in the table.

a Write down the range.

b Find the interquartile range.

¢ Find the mean and standard deviation.

A boat club hosts an annual race. The numbers

of people in each boat are recorded in the table. |
a Write down the range.

b Find the interquartile range.

¢ Find the mean and standard deviation.

i The 1B notation for
| standard deviation is

Score
1

o 0w

Number of
people
4

O 0 ~N o,

10

s,- When you use your
GDC, choose o, '

Frequency '
4
12
11
15
6
2

| Frequency

| 2
| 1
. 25
.15
30
. 16
| 5

5 The numbers of telephone calls to a call center were

P E
§6

27

monitored every hour for a month. The data collected are
shown in the table.

Use your GDC to find

a the mean number of calls per hour

b the standard deviation

c the range

d the interquartile range.

ARM-STHLE QUESTIOHNS
The mean of these numbers is 33.
16 41 24 x 62 18 25

a Find the value of x.

b Calculate the standard deviation.
¢ Find the range.

d Find the interquartile range.

80 plants were measured and their heights (correct to the
nearest cm) recorded in the table,

a Write down the value of m.

b Find the mean height.

¢ Find the standard deviation of the heights.

d Find the interquartile range of the heights.

The 60 IBDP students at Golden Globe Academy
complete a questionnaire about the number of pairs of
shoes that they own. The results are shown in the table.
a Find the range and interquartile range.

b Find the mean and standard deviation.

Number of : Frequency
calls per hour | _
60 18| |
62 T |
64 40 |
66 . 855 |
68 T |
70 32 I |
72 | 15 | i
74 | 13 |
76 T
78 T
|
I-l(ilﬁl;t ! Freqqency
10 | 7
11 | m
12 | 21
13 I 22
14 11 ‘
15 7
16 3|
Pairs of ‘ Frequency ‘
shoes | .
5 | 6
6o 8
7 | 15
8 10 |
9 | 5 |
10 | 12 |
11 | 1
12 | 3
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: EXAM-STHLE QLUESTIONS

are shown in the table.

Time (m minutes) ' Frequency
15<m< 20 _ 3
20€m<25 | 7
25<m <30 10
30<m<35 | 11
35<m<40 | 12
40<m<45 | 5
45<m<50 | 2

: 10 The percentage marks obtained for an ITGS
: (Information Technology for a Global Society)
test by the 25 boys and 25 girls at Bright High |
are shown in the table.
a Calculate an estimated value for the mean
and standard deviation for the girls and the
boys separately. |
b Comment on your findings.

9 The times taken for 50 students to complete a crossword puzzle

Find an approximation for the mean and standard deviation.

Girls’
frequency

0

O ON W ~NOTWw o o

| Use the midpoint of
each class to estimate
the mean and the
standard deviation of
grouped data.

Percentage
mark

0<x<10

10 <x <20
20<x<30 |

30 <x <40

40<x<50 |
| 50<x<60 |
60<x<70 |
70 <x<80 |

80 <x<90

90 < x < 100 |

Review exercise
Paper 1 style questions

s ERAM-STHLE QUESTIONE
: 1 The mean of the twelve numbers listed is 6.
3448359586735

a Find the value of 4.
b Find the median of these numbers.

The mean of the ten numbers listed is 5.
4 3 a6 8 4 6 6 7 5

a Find the value of a.
b Find the median of these numbers.

Descriptive statistics

Boys’
_ frequency
2

N NO NO O R P

3

a
b
c

The lengths of nine snakes, in metres, are:
65 46 7.2 50 24 39 129 10.3 6.1

i Find the mean length of the snakes.
ii Find the standard deviation of the length of the snakes.
b Find the median length of the snakes.

a

A survey was conducted of the number of bathrooms in 150
randomly chosen houses. The results are shown in the table.

s EXAM-ETILE GUESTIONS
3 For the set of numbers

417629111368 106

calculate the mean
find the mode
find the median.

| Number of bathrooms | 1 | 2"‘ 3[a]s5]s6 ‘

j Number of houses

|79 31]22]10] 5 [13]

a State whether the data are discrete or continuous.

b Write down the mean number of bathrooms per house.
¢ Write down the standard deviation of the number of

The table shows the age distribution of members of a chess club.

bathrooms per house.

Age_(ye_ars) Number of member§

20 <x <30 | 15
30<x<40 | 23
40£x<50.[ 34
| 50 <x<60 | 42
| 60<x<70 | 13

a Calculate an estimate of the mean age.
b Draw a histogram to represent these data.

Using the cumulative frequency graph,

write down the value of

a
b
c
d

the median

the lower quartile

the upper quartile

the interquartile range.

Cumulative frequency

120 +————— N

100 4——4-

80

60 -

40

20

7

10 20 30 40 50 60 70 80 90
X

Chapter2 |




} EXAM-STYLE BUESTION | Number of horses | Frequency P EHAM-STHLE DUESTIONS
8 The numbers of horses counted in 35 fields are ' 8 | 4 @ 4 The cumulative frequency graph shows the 160 {REIEIE |
:  represented in the table. 10 | 9 :  monthly incomes, in South African Rand, 140~ e //,./‘
Draw a box and whisker graph to represent this i 12 ’ 7 ZAR, of 150 people. 5 1204l 1 K] B / =il el
information. i 15 12 . a Write down the median and find the %100-- - - / Exkat bR B
. o1 3 interquartile range. o 80 E - / B
Paper 2 style questions . b Given that the lowest monthly income is £ 60 IR L IR L
{ EMAM-STHLE QUESTIONS : 6000 ZAR and the highest is 3 40 / B :
{1 Nineteen students carried out an experiment to measure 23500 ZAR, d'ra\.;v a box e.lnd whisker graph 2091 i // T
gravitational acceleration in cm s™. ECREPEEEFRt (s trformation. 0 4000 8000 12 (!)oo 16000 20000 24000
: The results are given to the nearest whole number. : ¢ Drawa frequency table for the monthly Monthly income (ZAR)
: : incomes.
20 i SO SEE 00 S0 9 20 A0 :d Useyour GDC to find an estimate of the mean and standard
97 98 101 98 99 96 96 100 97 : deviation of the monthly incomes.
: a Use these results to find an estimate for : . . .
| the mean value for the acceleratiQn @ : :hxf';f}cliﬁvgi %}?2 rfrel;n;;f ;25;8 pEc ECERSE i (hElEbIE: VZZ'ih:v(:vgg) I Frequ:ncy .
b ;I glsnﬁijgtl :ﬁg:jg;g;i;:fe elff)rratt}ll(;nr'esults b Calculate an estimate of the mean and the standard i 50 ; w <55 | 16
ii Use the table to find the median value and UEviatan . : 55<w <60 | 45
: . _ : ¢ Construct a cumulative frequency table and use it to i
the interquartile range. draw the curnulative frequency graph. 60<w<65 | 58
2 A gardener wanted to estimate the number of weeds Number of woods | Froquency d Write down the median, the lower quartile and the ?g i vv: : ;g ! ;12
¢ on the sports field. : upper quartile. = :
He selected at random 100 sample spots, each of area ' O ) e The lowest weight is 47kg and the heaviest is 76 kg. /5 < w <80 6
100cm?, and counted the number of weeds in each spot. | 13—24 22 : Use this information to draw a box and whisker graph.
:  The table shows the results of his survey. ‘ T T3 @ : 6 A group of 60 women were asked at what age they had their 247
a i Construct a cumulative frequency table 20-24 7 first child. The information is shown in the histogram. 204+
and use it to draw the cumulative frequency curve. ‘ 25-29 4 - a Calculate an approximation for the mean and _ 16-
f ii Write down the median number of weeds. standard deviation. g,
iii Find the percentage of spots that have more than 19 weeds. : b Write down the modal class. g
: b i Estimate the mean number of weeds per spot. : ¢ Construct a cumulative frequency table for the data ST
ii Estimate the standard deviation of the number of weeds per spot. : and draw the cumulative frequency curve. 4=
: . : d Use your graph to find the median and interquartile 0 = ]
: The area of the field is 8000 m?. f s 10 15 20 25 30 35 40 45
: ili Estimate the total number of weeds on the field. : : e Given that the youngest age was 16 and the oldest was 39, Age (vears)
3 The marks for a test are given in the frequency table. 0M<axr 'iv ’1‘0 [ Frequ;ncy : draw a box and whisker graph to represent the information.
* Complos s combaiefemmeyablents | oo | as | [ 7 e g s, e st scond, 100 | st | s
b Find the median mark. 20 < x < 30 ! 21 participants waited for an elevator are shown in 0<t<10 | 5
; : g 30<x<40 35 the table. I 10 <t <20 19
: ¢ Find the interquartile range. TP o $ a2 Write down the modal class, = . —
i 60% of the candidates passed the examination. = ; <00 | 55 ‘- b Calculate an estimate of the mean time and the - ; . : o) | -
: d Find the pass mark. - i : standard deviation. = ! !
e Given that the lowest mark was 9 and the highest Q0 x= 70 f == | ¢ Construct a cumulative frequency table and use =0 | 16 |
was 98, draw a box and whisker graph to et ;- ¥ ' it to draw the cumulative frequency graph. 50<t<60 | 12 |
represent the information. 9800 S X <19000 =- i?) | : d Write down the median and interquartile range. 60<t<70 | 8 |
X< . | &
B Descriptive statistics Chapter 2 f;_f”!:'.:{ﬁ}' ‘
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AAM-STHLE QUESTIONS

d
e

b
c

The cumulative frequency graph shows the e [ T g iR
daily number of visitors to the Mausoleumon g L . L L AT L
Tiananmen Square in the month of Janvary. | |

Write down the median, the lower quartile g B

and the upper quartile. g 207 [

Given that the least number of visitors was é l6Fmert

4000 and the most was 5700, draw é 124 :' ' T o Mt e

a box and whisker graph to represent 3 e e Rt ALY LI S e

the information. ol f . / LR

Construct a frequency table for this '] L/" E I

information. ?3500 4000 4500 5000 5500 6000

Write down the modal class. Number of visitors
Calculate an estimate of the mean and the standard deviation.

The cumulative frequency graph shows the 240 e [
weights, in kg, of 200 professional wrestlers. 290 el il
Construct a grouped frequency table % B S o B f : i
for this information. g [
Write down the modal class. £ 120- et = | R i ) s e B
Calculate an estimate of the mean weight. 2 807 i B i
(&) ]
40+ 4 2 e
0 Y | |

Weight (kg)

CHAPTER 2 SUMMARY
Classification of data

Discrete data are either data that can be counted or data that
can only take specific values.
Continuous data can be measured. They can take any value within a range.

Grouped discrete or continuous data

To draw a frequency histogram, find the lower and upper boundaries of the classes and
draw the bar between these boundaries. There should be no spaces between the bars.

Measures of central tendency

The mode of a data set is the value that occurs most frequently.

The median of a data set is the value that lies in the middle when the data are
arranged in size order.

The mean of a data set is the sum of all the values divided by the number of values.
For data in a frequency table, the mode is the entry that has the largest frequency.

Continued on next page

Descriptive statistics

f T
100 120 140 160 180 200

The median is the middle entry as the entries in the table are already in order. For #
pieces of data, the median is the nTch value.

The mean from a frequency table is:

total of f xx,
mean = —————
total frequency
where f; is the frequency of each data value x,and 7 = 1, ..., k, where k is the number
of data values.
For grouped data, the modal class is the group or class interval that has the largest
frequency.
To calculate the mean from a grouped frequency table, an estimate of the mean is
total of f X x,
total frequency
where f is the frequency and x, is the corresponding midpoint of each class.

Cumulative frequency curves

L]

The cumulative frequency is the sum of all of the frequencies up to and including
the new value. To draw a cumulative frequency curve you need to construct a
cumulative frequency table, with the upper boundary of each class interval in one
column and the corresponding cumulative frequency in another. Then plot the

upper class boundary on the x-axis and the cumulative frequency on the y-axis.
n+l1

To find the lower quartile, Q,, read the value on the curve corresponding to )

on
the cumulative frequency axis, where # is the total frequency. k

. . +
To find the median, read the value on the curve corresponding to nTl on the
cumulative frequency axis.

To find the upper quartile, Q,, read the value on the curve corresponding to

3n+1)
on the cumulative frequency axis. 4

To find the percentiles, p%, read the value on the curve corresponding to pntl)

on the cumulative frequency axis. ot
To find the interquartile range subtract the lower quartile from the upper quartile:

IQR=Q,-Q,.

Box and whisker graphs

e

To draw a box and whisker graph, five pieces of information are needed: calculate
the lower quartile, median and upper quartile for the data. Find the smallest and
largest values. ‘

Measures of dispersion

®

L

The range is found by subtracting the smallest value from the largest value.

The interquartile range is found by subtracting the lower quartile, Q,, from the
upper quartile, Q,: IQR =Q, - Q,.

The standard deviation is often referred to as the ‘root-mean-square deviation’ because
we find the deviation of each entry from the mean, then we square these values and
find the mean of the squared values, and, finally, we take the square root of this answer.
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“Statistical thinking will one day be as
necessary for efficient citizenship as the
ability to read and write.”

H. G. Wells (1866-1946)

—

Statistically speaking

Descriptive statistics describe the basic features of a data set.

|
|
| ® What do you think

H. G. Wells meant?

] Descriptive statistics reduce lists of data into a simple summary such as a )
B Do you agree with him?
|

single average (a number) or a visual form such as a graph or diagram.

| |
g . How accurate are these |
N | visual representations: |
| Case study 2 -. |
Case StUdy 1 ® Xrays |
i d and the
d a boss. Ten appliances were teste |
A company has 3 employecs anc & number of faults each one had @ Snapshots

The employees earn 2500 euros a month recorded below.

® Paintings?
and the boss earns 25 000 euros a month.

0000001519 2531

A report in the local newspaper states that
the average salary in the company 13 8125

euros a month.

The company advertises that the

f faults is 0. I3 9 9
average number of fau There are three kinds of lies:

® Which average has the company lies, damned lies, and statistics.”

| ® Which average has the newspaper used?
used?

Benjamin Disraeli (1084-1881)
Popularized by

M Does this average give a fair
representation of the average salary?

|
# s the company misleading people? Do statistics ‘lie’? . |
|

. gl b & s it morally acceptable for the Mark Twain (1835-1910) B Are all statistics ‘accurate’?
i 3 m . ‘ o
3! “Which ‘Zg 11111567 f\:)vhi? ° company to advertise the ‘facts’ in o .
e — this manner? Misleading graphs
'~ What is wrong with this graph? ¥ What is wrong with this 3D histogram? j
A
32T
16
8
4
|
2 |
1
: |
|
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trigonometry 1

CHAPTER OBJECTIVES:
5.1 Gradient; intercept; equation of a line in two dimensions; point
of intersection of two lines; parallel lines; perpendicular lines

/5.2 Use of sine, cosine and tangent ratios to find the sides and angles

of a right-angled triangle; angles of depression and elevation
5.3 Use of the sine rule and the cosine rule; use of area of a
triangle; construction of labeled diagrams from verbal statements

Before you start

You should know how to:

1

Skills check

Use Pythagoras’ theorem, e.g. 1 a Find the height /4 of triangle ABC.

Find the length of side AC if AB =2cm B

and BC = 5¢cm. :
2 2 — 2 !

% o SESIESS BE 25¢cm h 25¢cm

K“H_‘x‘ 5em 22 + AC2 = 52 E \
SN AC=25-4 e )
! o 9 _ i A

g Zom e N b Find the side length of a square if the
=4.58cm (3 sf) length of its diagonal is 10 cm.

Find the midpoint of a line and the 2 a A isthe point (-3, 5) and B is

the point (3, 7).
i Find the midpoint of AB.
ii Find the distance AB.
b The midpoint between C(2, p) and
D(g,—4) is M(2.5,1).
Find the values of p and q.

distance between two given points, e.g.
If Ais(-3,4)and Bis (1, 2):

a Midpoint of AB is (‘3“ .4;_2J
= (_11 3)

b Distance AB is
JU=(=3)) +(2-4) =4’ +2°

=20
=4.47(35f)

Geometry and trigonometry 1

When a lighthouse is designed, distances and angles are involved.
The lighthouse needs to be tall enough for the light to be seen from
a distance. Also, if a boat comes close into shore, could it still see
the light?

In a manned lighthouse, if the keeper lowers his eyes and looks
down to a boat, he can use this angle and the height of the
lighthouse to calculate how far out the boat is. Problems like this
can be solved using trigonometry — the part of mathematics that
links the angles and lengths of a triangle. Using trigonometry you
can calculate lengths that cannot be measured directly, such as the
distance from a boat to the base of the lighthouse, the height of a
tree or a building, the width of a river, etc.

This chapter will show you how to draw diagrams to represent these
types of problem, and use trigonometry to solve them.

Geometry came before trigonometry. In Egypt, after the flood seasons,
nobody would know the borders of their lands so geo-metry, the art of ‘earth-
measuring’, was invented. Geometry and trigonometry complement each
other and ‘are used extensively in a number of fields such as astronomy,
physics, engineering, mechanics and navigation.

r

&3

A les Eclaireurs Light-
house, in Tierra del
Fuego, Argentina,
is near Ushuaia, the
southernmost city in
the world. It has been
guiding sailors since
1920.

rThis lighthouse is
sometimes called the
Lighthouse at the End
of the World, as in the
Jules Verne novel.
However, the writer
was inspired by the
lighthouse San Juan
de Salvamento, on
another island nearby.
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3.1 Gradient of a line
A bread factory has two bread-making machines, A and B.

Both machines make 400kg of bread per day at a constant rate.

Machine A makes 400kg in 10 hours.
Machine B makes the 400kg in 8 hours.

For each machine, these graphs show the number of kilograms of
bread made, y, in x hours. For example, in 2 hours machine A makes
80 kilograms of bread and machine B makes 100 kilograms of bread.

Machine A Machine B
L/ s }’\
B T T T T/
o 320- - o 82011 //
g = L]id < N I O
§ 2409 AT & 2T AT
2 160 LA L 2 1604 / I
] P4 g Al L]
[aa] o
804—{— L 80—/
0 12345678 91011% 00 1234567891011%
Time (hours) Time (hours)

| This graph shows that machine A
makes 40 kg of bread per hour.

The next graph shows the number of kilograms of bread
made by both machines.

The line for machine B is steeper than the line for machine A.

The gradient of a line tells you how steep it is. The
gradient of line B is greater than the gradient of line A.
vertical step

The gradient of a line = ————
horizontal step

vertical step

Gradient of line A= ——— 400
horizontal step
=209 - 40 =
10
Gradient of line B = _Yericalstep
horizontal step Py 400
400 7
=— =50 7
8 T

This graph shows the number of kilograms of bread still
to be made by machine A. At the beginning of the day the
machine has 400kg to make, after 1 hour the machine has
360 kg to make, and so on.

Geometry and trigonometry 1

' This graph shows that machine B
makes 50 kg of bread per hour.

I
e i |
= 3004—— _.l_ / / .
3 = { el ;i 1N 1
€ 200+ I A2
& 1004+
v, G .
0 1234567 8091011%
Time (hours)

The gradient tells you the rate at
which the machine is working:

A’s rate = 40kg per hour and

B's rate = 50kg per hour |

2004 ‘\E\ 1T

Bread remaining to

0 1234567891011
Time (hours)

Line C has a negative gradient; it slopes downwards

from left to right.

Gradient of line C =

_ —400

10
=—40

horizontal step

vertical step

-400

10

" Each hour there is

Yo= N
X, =%

gradient of L is m =

= If A(x,, ) and B(x,, y,) are two points that lie on line L, the

' Note that the suffix order 2, then 1 in
the gradient formula is the same in
_ both the numerator and denominator.

Example 1

40kg less bread to

be made.

a A(1,5)and B(2, 8)

b A4(0, 4) and B(3, -2)
c A2, 6) and B(-1, 6)
d A(1,5)and B(1,-2)

Answers
a x=1
n=5 :m:J’z_J’l
x,=2 =52
=8
:8;5:3
-1
b x=0
y, =4 N )
X, = X, =X
¥, =2
3-0
c x=2
yl—_é N T=T k!
x,=-1 X, =X,
=6
% :6;6:0
-1-2

Find the gradient of the line L that passes through the points

Substitute into the gradient formula.

Gradient = 3
For each I unit that x increases, y
increases 3 units.

Substitute into the gradient formula.

Gradient = 2
For each 1 unit that x increases,
y decreases by 2 units.

Substitute into the gradient formula.
Gradient = 0

For each I unit that x increases,
y remains constant. The line is
horizontal,

N
10 R
sl [ B/
6 ~A/ 3nits
4 Tkt
3] umt
2 i
_f20 2 X
N
= —
6 =
A
2 llil'lit |
r2units
b _1n0 E _flx
i B
L4
b/
8 A
a
Bl g ANl
2 LdIEd
b 10 1 3 3 4x
=Z

P Continued on next page

Chapter 3




d x=1
»=3 :m_yz“%
= ]
¥, =-2
_—2=-5_-1
1-1 0

Substitute into the gradient formula.

Remember that division by zero is
not defined therefore the gradient
of this line is not defined. The
line is vertical.

Exercise 3A

1 Plot the points A(2,7), B(0,9), C(0,-9) and D(2,~7) on a graph.

Find the gradients of the lines
a AB
¢ BD

2 For each of these lines

it find the gradient.

3

I

o

1
NI
L,
i Al T
J:n-‘hb L a2 s
HhS
3>
¥

£

/|

Y Eg .

=Y

[
B2 ON

=R (Q‘x

v

W MO\

b AC
d CD

i write down the coordinates of the points A and B

b i
8
8 i
AN 4
R R
249\ 2 3 ¥
a4
| A [ -
=
d %
3_ S— ————
s /]
- ._1 e
B .
2 4 97 4%
Ly
=9
=3
f [/
4“ A
3
o ,2_._ = — —
. B
D O 4\6 B
2
i

Geometry and trigonometry 1

s
]

| @

The scales on the
Xx-axis and y-axis are

not always the same.

Example 2

Answers

a Y
7

N

o
1

PR Y CO- S N

b %
3
2
1 >
b 4O P e
2 1.1 1 2 .bzta
4 (N El g
_Z_S

a Draw a line that passes through the point A(1,4) with gradient —1.
b Draw a line that passes through the point A(0,-2) with gradient %

Plot the point A(1, 4).

The gradient is —1 so,

= -
m=-1=_L_rSt

1 x-step
so every time that x increases by

1 unit, y decreases by 1 unit.

Plot the point A(0,-2).

2
The gradient is 3%

_2_y-step
3 x-step

m

so every time that x increases by
3 units, y increases by 2 units.

ﬁoad gradients
are often given as

percentages or ratios.
How do road signs

show gradient in your
country? '

Exercise 3B

1 a Draw aline with gradient % that passes through the point A(0, 3).

b Draw a line with gradient -3 that passes through the point B(1, 2).
¢ Draw a line with gradient 2 that passes through the point C(3,-1).

2 For each of these lines, points A, B and C lie on the same line.
i find the gradient of line AB.
ii find the second coordinate of point C:

A(2,5), B(3,7) and C(4, p)
A(0,2), B(1,6) and C(2,2)
A(0,0), B(1,-5) and C(2, 9)
A(0,-1), B(1,0) and C(4,s)

o Q06 oo

¢ EXAM-STHLE QUESTIONS
3 The gradient of the line passing through points P (-1, 5) and

SRssssssbessnssnnnnn

Q(a, 10) is 4.

a Write down an expression in terms of a for the gradient of PQ.

b Find the value of 4.

A(-5,1), B(~6,4) and C(-4, 7)

4 Inline MN, every time that x increases by 1 unit, y increases by
0.5 units. Point M is (2, 6) and point N is (-3, £).
a Write down the gradient of MN.

b Write down an expression for the gradient of MN in terms of .

¢ Find the value of ¢

You may use a graph
or the gradient

7=
formula, m =

Xo =%y

Chapter 3




Parallel lines

-> Parallel lines have the same gradient. This means that
e if two lines are parallel then they have the same gradient
e if two lines have the same gradient then they are parallel.

b/
4“ /Ll ;
2
% / | The symbols, L, || L, Note that, although
AT 7 — | mean ‘L, is parallel the gradient of a
1 —t— | to sz_ vertical line is not
> | defined, two vertical
a4 A0 Va4 ¢ & :
/._1_.. = lines are parallel.
2 -
| 3_ L ik
Example 3

Line L, passes through the points A(0,-3) and B(-7, 4).
a Find the gradient of L,. b Draw and label L,.
¢ Draw and label a second line L, passing through the origin and

parallel to L,.
Answers
4-(-3) _ o} .
a m= 0 -1 Substitute into the gradient formula.
b and ¢ For L,, plot A and B and join them.
N For L,, draw a line through the
_Lz_ [ _"i origin parallel to L.

| 7
|

(e W
1

1
T
1
T
1
(3]
1
o7
1
=
1]
()
N
i
=3
-
>

2
|

|
<

& A

Exercise 3C

1 Line L, passes through the points A(2, 5) and B(0, —4).

a Find the gradientof L. b Draw and label L .

¢ Draw and label a second line L, passing through the point
C(0,2) and parallel to L,.

Decide whether each line is parallel to the y-axis, the x-axis
or neither:

a the line passing through the points P(1, 7) and Q(12, 7)
b the line passing through the points P(1, 7) and T(1, -3)
¢ the line passing through the points P(1, 7) and M(2, 5).

Geometry and trigonometry 1

| Remember that the

| origin is the point

| 0(0,0), the point
where the x-axis and

| the y-axis meet.

3 Complete these statements to make them true.
a Any horizontal line is parallel to the __ -axis.
b Any vertical line is parallel to the ___ -axis.
¢ Any horizontal line has gradient equal to

4 PQ is parallel to the x-axis. The coordinates of P and Q are (5, 3)
and (8, a) respectively. Write down the value of a.

5 MN is parallel to the y-axis. The coordinates of M and N are
respectively (m, 24) and (-5, 2). Write down the value of m.

Perpendicular lines

= Two lines are perpendicular if, and only if, they make an
angle of 90°.
This means that
® if two lines are perpendicular then they make an angle of 90°
@ if two lines make an angle of 90° then they are
perpendicular.

The next example shows you the numerical relationship between
the gradients of two perpendicular lines that are not horizontal and
vertical.

Example 4
The diagram shows two perpendicular ,,y“ i
lines L, and L,. 34— il

a Find the gradients of L, and L,.
b Show that the product of their gradients | Vi
is equal to -1.

- <_
L3 I Lz.
| | -4 I |
Answers
a Letm, be the gradient of L, Use the diagram to find m, and m,,
and m, the gradienlt of L,. y,
m, =2and m,=—= 4
; 2 EE b Zg I
b 2x——=-1 ki 2 i
z i /It
I~ =
48D -4 N2 3 4x
/20 [ M =N
_ Slal |
= —

" Note that the gradient |

=> Two lines are perpendicular if the product of their gradients
is —1.

The x-axis and the y-axis "
are perpendicular.

Any vertical line is
perpendicular to any
horizontal line.

of L, is positive and
the gradient of L, is
negative. |

In general, if the
gradient of a line is
m, the gradient of a
perpendicuiar line

is ——
m

a and b are reciprocal |
if axb=1lora==

For example:
2 and 5, s and 3
23 4
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Exercise 3D

1 Which of these pairs of numbers are negative reciprocals?

a Zemd—l b—éandi c 3andl d -land!
2 3 4 3

2 Which of these pairs of gradients are of perpendicular lines?
1
a %and% b %and—% c —3and—§ d land-1
3 Find the gradient of lines that are perpendicular to a line with
gradient
2 1
a 3 b = c —— d 1 e -1
3 4
4 Find the gradient of any line perpendicular to the line passing
through the points
a A(-2,6)and B(1,-1) b A(5,10)and B(0,-2)

5 Each diagram shows a line and a point A.
i Write down the gradient of the line.
ii Write down the gradient of any line that is perpendicular
to this line.
iii Copy the diagram and draw a line perpendicular to the red
line passing through the point A.

a i b % c
4 -4+ 2
[ TV
- 3 e R
I % il _ M
A
) | o |
w3801 234x  api]i3ix  4by X
2 Ll dal [ /]
L] EERENEEE /1]
N Wk 4 “ q 4

¢ EXAM-STHLE BUESTIONS

: 6 Line L, passes through the points P (0, 3) and Q(-2,a).

a Find an expression for the gradient of L, in terms of a.
L, is perpendicular to line L,. The gradient of L, 1s 2.

b Write down the gradient of L.
¢ Find the value of a.

The points A (3, 5) and B(5,-8) lie on the line L.
a Find the gradient of L,.

A second line, L,, is perpendicular to L.

b Write down the gradient of L,.

L, passes through the points P(5,0) and Q(z, 2).
¢ Find the value of «.

3.2 Equations of lines

The coordinates x and y of any point on a line L are linked by
an equation, called the equation of the line.

This means that:

® If a point Q lies on a line L then the coordinates of Q satisfy the
equation of L.

o If the coordinates of any point Q satisfy the equation of a line L
then the point Q lies on L.

y

=> The equation of a straight line can be written in the form
y =mx + ¢, where
® m is the gradient
® cisthe y-intercept (y-coordinate of the point where the
line crosses the y-axis).

¥ = mx + c1s the gradient-intercept form of the straight line equation.

Example 5

The line L passes through the point A(1,7) and has gradient 5.
Find the equation of L.
Give your answer in the form y = mx + c.

Answer
Let P(x, ) be any point on L.
The gradient of Lis 5
x =1
n=T Y7 _s Use the gradient formula with
* = x—1 A and P, and equate to 5.
=Y
y—=T7=5(x-1) Multiply both sides by (x — 1)
y—71=5x-5 Expand brackets.
y=5x+2 Add 7 to both sides.
y =mx +cwherem = 5 and
c=2
Use A(7, 1) to check: Check that
7=5x1+2 ®  the coordinates of the point A(1, 7)
satisfy the equation of the line.

Geometry and trigonometry 1

Values for variables
x and y are said to
satisfy an equation
if, when the variables
are replaced by the
respective values,
the two sides of the
equation are equal.

|' The equation
y=mx+cisinthe
Formula booklet.
You will revisit this
equation again in
Chapter 4.

As well as y = mx + ¢,
some people express
the equation of a line
asy=ax+bor
y=mx+b

| Note that in the
equationy = 5x + 2
® 5 multiplies x, and
the gradient of the
lineism=>5
® Putting x = 0 in the
equation of L,
y=5x0+2=2
[ Therefore the point
| (0, 2) lieson L.

Chapter 3




Example 6

i 1
| The line L has gradient 3 and passes through A (2, -1).

a Find the equation of L. Give your answer in the form y =mx + ¢
b Write down the point of intersection of L with the y-axis.

¢ Find the point of intersection of L with the x-axis.

d Draw the line L showing clearly the information found in b and ¢.

Answers ]
1 Substitute m =~ in the equation
a =—x+c 3
3 y=mxtc
-1==x2+¢ Substitute the coordinates of point
A(2,~1) in the equation of the line.
| -l==+¢
| 3
c= _5 Make ¢ the subject of the equation.
3
' y= 1 smed Substitute ¢ in the equation of the
3 3 line.
5 The line crosses the y-axis at the
b (0’ _5) point (0, ¢).
c 0==-x—= Any point on the x-axis has the form
S 9 (k, 0).
1 x= J Substitute y = 0 in the equation
g 8 of L.
x=5

Therefore L intersects the
x-axis at the point (5, 0).

d 1/
4
3 —
2 —
; x-intercept
| = |
| >
240 | 2 3745 6%
=1
/ < ]
| —&
3§ Wnteﬁcep il
| - ..___4-

Exercise 3E

1 Find the equation of a line with
a gradient 3 that passes through the point A(1,4)

b gradient g that passes through the point A (4, 8)

¢ gradient -2 that passes through the point A (-3, 0)
Give your answers in the form y = mx + c.

Geometry and trigonometry 1

Note that you could
find the equation
of L using the
same method as in
Example 5.

2 For each of these lines write down
i the gradient
ii the point of intersection with the y-axis
ii the point of intersection with the x-axis.

a y=2x+1 b y=-3x+2 ¢ y=—-x+3 d y:_gx_l

P ERAM-STHLE QUESTIONS

.
4

.
.
.
.

-
.
.

.
.
.
.

3 Aline has equation y = M ?

a Write the equation in the form y = mx + ¢.

b Write down the gradient of the line.

¢ Write down the y-intercept.

d Find the point of intersection of the line with the x-axis.

4 The line AB joins the points A (2,—4) and B(1, 1).
a Find the gradient of AB.
b Find the equation of AB in the form y =mx + ¢

5 The line PQ joins the points P(1,3) and Q(2, 5).

a Find the gradient of PQ.

b Find the equation of PQ in the form y = mx + ¢

¢ Find the gradient of all lines perpendicular to PQ.

d Find the equation of a line perpendicular to PQ that passes
through A (0, 2).

6 Line L has gradient 3 and is perpendicular to line L,
a Write down the gradient of L,.

Line L, passes through the point P(5, 1).
b Find the equation of L,. Give your answer in the form y = mx + ¢
¢ Find the x-coordinate of the point where L, meets the x-axis.

7 Find the equations of these lines, in the form y = mx + ¢

N }:\ b )h c }:‘
- 4 4 4
3 3 ! 3
2 ] W — — 2 == = - .2_
1
1 1 — ] S -
.3 b0 : X M hHh hO N g 0 i
4 -3 /%4 0 » 4B 2 ) ) tp 2ol 12 3 4
o =2 =2 — 5. -
3 3 - -3J _
-4 =4 g " W—
d I\ e A f 7
4 - - 4 -
5 3 3 —
T T2 24— — 12 ]
B 1 ol N . ) .
N ~ 1
s kO Aoax > 4 »
B e L, 3475 s op O = x -4_.3_:2;1719/4 A X
-'2’] =2 /r P
@ (| Ly % M
32 (“: =1 é ¥ -
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Example 7

Find the equation of line L.

Answers
a The gradient of Lis
_2-5 _ 3
1-(-3) 4

Let P(x, y) be any point on L.
The gradient of L is also

x,=-3

=5 _
H =
X,=x x—(=3)
Y. =Y
y=5 __3
x—(-3) 4

4(y—5)=-3(x+3)

4y-20=-3x-9
3x+4y-11=0

b The point Q(g, tj lieson L

so its coordinates must satisfy
the equation of L.
3x+4y—-11=0

3><§+4><t—11=0

5+4r-11=0
4r-6=0
4r=6

t=15

a Line L joins the points A(-3, 5) and B(1, 2).

Give your answer in the form ax + by + ¢ =0 where g, b, c € Z

b The point Q(g, tJ lies on L. Find the value of «.

Use the gradient formula with the
coordinates of A and B,

Use the gradient formula with A and
P (or Band P).

Equate gradients.

Cross multiply.
2L o axd=bxc

b d

Expand brackets.

Rearrange equation to form
ax+by+d=20
a=3b=4d=-11

Check that both points A and B
satisfy the equation of the line.

Substitute the coordinates of Q in the
equation of L.

Solve for t.

The equation
ax+by+d=0is
called the general
form and is also in
the Formula booklet.

ax+by+c=0

where g, band ce Z.

-> The equation of a straight line can be written in the form

Geometry and trigonometry 1

| Note that any multiple '

of this equation would
also be correct as
long as

ab,de Z,e.g.
-3x—-4y+11=0or

6x+8y—-22=0

Discuss: How many

points do we need to
determine a line?
Investigate: the
meaning of the word
‘collinear'. When do
we say that three

or more points are
collinear?

¢ EXAM-STHLE QUESTION

Exercise 3F

1

Find the equations of these lines. Give your answers in the form

ax +by + ¢ =0 where g, b, c € Z.

a A line with gradient —4 that passes through the point A (5, 0).
b A line with gradient % that passes through the point A (2, 3).

¢ The line joining the points A(3,-2) and B(-1, 3).
d The line joining the points A(0, 5) and B(-5, 0).

Rewrite each of these equations in the form y = mx + ¢,

a 3x+y=0
d 2x—4y=0

b x+y+1=0
e 6x+3y-9=0

c 2x+y-1=0

The line L has equation 3x— 6y + 6 = 0.

a Write down the equation of L in the form y = mx + c.
b Write down the x-intercept.

c Write down the y-intercept.

The equation of a lineis y = 2x—6
a Which of these points lie on this line?

A(3,0), B(0,3),C(1,4),D(4,2), E(10,12), F(5,4)

b The point (g, 7) lies on this line. Find the value of a.
¢ The point (7, £) lies on this line. Find the value of .

The equation of a line is -6x + 2y -2 =0
a Which of these points lie on this line?

A(1,4),B(0,1), C(1,0), D(2,6), E(—é, 0), F(-1,2)

b The point (g, 3) lies on this line. Find the value of a.
¢ The point (10, #) lies on this line. Find the value of +.

The table has four equations and four pairs of conditions. Match
each equation with the pair of conditions that satisfies that line.

' Make y the subject of
the formula

Equation

Conditions

Bx-3y+15=0

The x-intercept is 2.5 and the y-intercept is 5

y=2x-5

The gradient is =2 and the line passes through the point (1,-7)

10x + 5y + 25 = 0

The line passes through the points (0, -5) and (2.5,0)

O|lOo|lmw|>»

y=-2x+5

T ®|m|(m

The y-intercept is (0,5) and the gradient is 2

: 7 Theline L, has equation 2x—y +6 =0

a Write down the gradient of L .

b Write down the y-intercept of L,.

¢ The point A(c, 1.5) lies on L,. Find the value of .
d The point B(5, ) lies on L,. Find the value of +.

saenas

srnsssnnns

Line L,is parallel to L.

e Write down the gradient of L,.
f Find the equation of L, if it passes through C(0,4).
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s EXAM-STHLE QUESTION
8 The line L, joins the points A (1, 2) and B(-1, 6).
¢ a Find the equation of L,.
C is the point (10, —16).
b Decide whether A, B and C are collinear, giving a reason for
your answer.

| Vertical and horizontal lines

Vertical lines are parallel to the y-axis.
Horizontal lines are parallel to the x-axis.

Investigation - vertical and horizontal lines

The diagram shows two vertical lines, L, and L,.

1 a Write down the coordinates of at least five points lying on L,.
b What do you notice about the coordinates of the points from a?
What do their coordinates have in common?
c What is the condition for a point to lie on L,?
Write down this condition in the form x = k where k takes a
particular value.

2 a Write down the coordinates of at least five points lying on L.
b What do you notice about the coordinates of the points from a?
What do their coordinates have in common?
c What is the condition for a point to lie on L,?
Write down this condition in the form x = k where k takes a
particular value.

3 What is the equation of a vertical line passing through
the point (1,-3)?

The diagram shows two horizontal lines, L and L,.
4 a Write down the coordinates of at least five points lying on L..

What do their coordinates have in common?

c What is the condition for a point to lie on L,?
Write down this condition in the form y = k where k takes
a particular value.

a Write down the coordinates of at least five points lying on L,.
b What do you notice about the coordinates of the points
from a? What do their coordinates have in common?
¢ What is the condition for a point to lie on L,?
Write down this condition in the form y = k where k takes
a particular value.
What is the equation of a horizontal line passing through
the point (1, -3)?

Geometry and trigonometry 1

b What do you notice about the coordinates of the points from a? 1

Ly

-

o

where kis a constant.

® The equation of any horizontal line is of the form y =

where kis a constant.

-> @ The equation of any vertical line is of the form x = £

Intersection of lines in two dimensions

=> If two lines are parallel then they have the same gradient and

do not intersect.

Parallel lines L, and L, can be:

Coincident lines (the same line)

eg. 2x+y=3and
6x+3y=9

® Different lines

e.g 2x+y=23and
2x+y=-1

I Y
L = L, therefore L, and L, have Lo
they have the same the same gradient
gradient and the but different
same y-intercept. y-intercepts. \
There is an infinite 7 > There is no >
number of points " point of 1 X
of intersection. intersection.

= If two lines L, and L, are not parallel then they intersect at just one point.

point of intersection

/

To find the point of intersection write m,x, + ¢, = m,x, + c, and solve for x.

Example 8

Find the point of intersection of the lines y = 2x + 1 and —x—y + 4 = 0.

Answer

Algebraically
y=2x+landy=-x+4
2x+1=—x+4

3x=3
x=1
soy=2x1+1

Write both equations in the
gradient—intercept form.
Equate expressions for y.
Solve for x.

Substitute for x in one of the
=3 equations to find y.
The point of intersection is (1, 3).

P Continued on next page
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Using GDC Method 1
'.1 1.1 l.r Geo and trig ¥ ‘n
MY ftatan
{1,3)
J X

~10 ' 10

20)=-x+4
3
Bl -6.67
Using GDC Method 2

I 11 l; Geo and rig w 48

linSolv (y=2'x+1 {xy}) tusd 7
n € —x—y+4=0' 9

Rearrange both equations into the
gradient—intercept form.

Solve the pair of simultaneous
equations

2x+y=1

Exercise 3G

1 Write down the equations of these lines.

o

a 3

w .ll:x

mo
L

-

¥

i
TS
|
(e
L]
>
]
(=3
=
h.)l-o

]

B oG

b <y

1
=
11
o
|
Lyed
[}
[==3

i
B oW K o

Find the point of intersection of each pair of lines.

a y=3x—6andy=—x+2

o

y=3andx=-7
y=15x+4andy=1

= ® QA 0

y-axis and y = 4

Geometry and trigonometry 1

—x+ 5y=0andéx+y—2=0

—x+2y+6=0andx+y-3=0

Show that the lines L with equation -5x + y +1 = 0 and
L,with equation 10x -2y +4 = 0 are parallel.

| For help with drawing
graphs on your
GDC, see Chapter 12,
Section 3.4,
Example 18.

| For help with solving

| simultaneous
equations on your
GDC, see Chapter 12,

Section 1.1, Example 1.

demonstrations for the TI-641 ("~

Plus and Casio FX-9860Gl!

GDCs are on the CD. r’,"'

4 State, with reasons, whether each pair of lines meet at
i onlyonepoint i an infinite number of points
iii no point.
a y=3(x-5) andx—§y+6:0
| b JHrl:—landy:—x+1
x-2
c y=4x—8and4x-2y=0
d x—y+3=0and3x—-3y+9=0

P EAAM-STHLE QUESTION

5 Line L, has gradient 5 and intersects line L, at the point
A1, 0).

: a Find the equation of L .

:  Line L, is perpendicular to L.
b Find the equation of L,.

Point A lies on both
| lines.

3.3 The sine, cosine and tangent ratios

Trigonometry is the study of lengths and angles in triangles.
This section looks at trigonometry in right-angled triangles.

In a right-angled triangle the side opposite the right angle is the
hypotenuse, which is the longest side.

@ AC is the hypotenuse
e ABis adjacent to angle A (A)
e BC is opposite A

Investigation - right-angled triangles

Draw a diagram of two triangles like this.

4 Measure the lengths DE and BC. Calculate the ratio =——
BC

What do you notice about your answers to questions 2 to 47?

In the diagram the right-angled triangles ABC and ADE have the
same angles, and corresponding sides are in the same ratio.
. AB BC BC. . )
The ratios —, — and — in triangle ABC are respectively
AC AB

AC
equal to the ratios Q, o and o) in triangle ADE.
AE  AE AD

Some textbooks

use ‘right triangle’
instead of right-angled
triangle.

C

[\WOtenuse

Opposite

B . Adjacent

1 Measure the angles at E and C. What do you notice? E
2 Measure the lengths AB and AD. Calculate the ratio A

AB
3 Measure the lengths AE and AC. Calculate the ratio HE

AC

DE D

| Two triangles with
the same angles and
corresponding sides
in the same ratio
are called similar
triangles.
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Therefore

AB AD _ Adjacentto A

AC AE Hypotenuse

BC _ DE _ Opposite A
AC AE Hypotenuse

BC _ DE _ Opposite A

AB AD Adjacent to A

Note that both AB and AD are Some textbooks call
adjacent to A, and AC and AE the two shorter sides

are the hypotenuses. of a right-angled
triangle the ‘legs’ of

Note that both BC and DE are the triangle.
opposite A, and both AC and AE

are the hypotenuses.

Note that both BC and DE are
opposite A, and both AB and AD
are adjacent to A.

In any triangle similar to triangle ABC these ratios will remain the

same.
=> Three trigonometric ratios in a right-angled triangle are | oris the Greek letter
defined as ‘alpha’.
) Ovpvposite side ® ‘sing’ is read
sin o= L___ . Hypotenuse - ‘sine of '
Hypotenuse Opposite .
angle | ® ‘cosa’isread
Adjacent side | o ‘cosine of o’
coOsot=———————— : :
Hypotenuse Adjacent to ¢ ® ‘tana’ is read
s ‘tangent of o'
Opposite side
S e
Adjacent side .
[ You can use the
| acronym SOHCAHTOA
Example 9 to help you remember

a C

Answers
BC

C

For each triangle, write down the three trigonometric ratios for the
angle 6 in terms of the sides of the triangle.

a sinf= ﬂ, cosf=—"—" tanO =
AC AC

b sinf= B—, cosf = ﬁ, tan @ =
AC AC

which ratio is which.

SOH as Sin o= 9
CAH as Cos o=

TOA as Tan o=

AB
BC

BC
AB

Geometry and trigonometry 1

Example 10

For each of these right-angled triangles find the value of
i sina ii cosa iii tan a.
a a b p

Answers |
a AB?=32+4 First find the hypotenuse.
AB=5 Use Pythagoras.
Now o
i sinog=-—=X sinog =22
AB hyp
; 4
sing=—
5
2 AC ]
n coso=— Cosa:a—dj
AB hyp
cosq = 3
T 5
iii tana= £C rano =22
AC adj
tana = i
T3
b DE?+4.82=¢62 First find DE.
DE =36
4 . DE 3.6
i sing=—="+
DF 6
sina = 0.6
- EF 438
ii cosoqg=—=—"1
DF 6
cosa=0.8
iii tano=2E-36
EF .8
tana =0.75
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Exercise 3H
1 Copy and complete this table.

Triangle Hypotenuse

Side opposite o

Side adjacent to o

R

2 Write down the three trigonometric ratios for the angle & in terms
of the sides of the triangle.
a a b

Find the exact value of
i sino ii coso

Geometry and trigonometry 1

iii tano.

i

4 For each triangle write down a trigonometric equation to link
angle f3 and the side marked x.

14 f

Finding the sides of a right-angled triangle

If you know the size of one of the acute angles and the length of
one side in a right-angled triangle you can find

@ the lengths of the other sides using trigonometric ratios
e the third angle using the sum of the interior angles of a triangle,

Example 11

Find the length of the
unknown sides in
triangle ABC.

Answer

To find BC:

cos 30° = B—SC

BC = 8cos 30°

BC =6.93 cm (to 3sf)

Give your answer to 3sf,

A
hyp
opp
| 30°/
C adj B

Cosine links the unknown side BC
(adjacent to the 30° angle) and the known
side AB (the hypotenuse).

Use the GDC ro solve for BC.

11 Graandwp ¥ E 1% ]
e
Heonl30) 69282 7|

A

P Continued on next page

' Label the sides
opposite, adjacent
and hypotenuse so
you can identify which
ones you know.

Remember to

set your GDC in

degrees. To change

to degree mode

press fatOn and

choose 5:Settings &
| Status | 2:Settings |
| 1:General

Angls:.

Exponential Farmat |
Real or Cixnpla: |
Calculation Mode:

Vagtor Formet. | Ractinouty =)

] ] e o) ]

Use the tabd; key to
move to Angle and
select Degree. Press
( enter| and then select
4:Current to return to
| the document.

GDC help on CD: Alternative?}‘
demonstrations for the TI-84. \
Plus and Casio FX-9860GIl .~
GDCs are on the CD. y
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To find AC:
Method 1

; AC
sin30° = —

AC = 8sin 30°
=4cm

Method 2
AC2 + BC?= AB?
AC? + (8cos 30°)? = 8

AC = /8" — (8c0s30°)

=4cm

¢ adj B

Sine links the known and the unknown
sides.
Solve for AC. Use the GDC:

] ot ik b ¥ .F

ssin(30) [

|
»

T

Use Pythagoras as you already know two
sides of the triangle.

Solve for AC. Use the GDC:
an )

Exercise 3l

Find the lengths of the sides marked with letters. Give your answers
correct to two decimal places.

1 2

6em 3

20.52-
X

~15° 50m

' You could also use
tangent as you know
the angle and the
adjacent.

Geometry and trigonometry 1

i

Example 12

b Find the size of D.

¢ Find EF.

d Find DFE

Give your answers to 3 sf.

adj

F
b D+ 90°+ 50° = 180°
D = 40°
c tan50°=L
EF
U
tan 50°
=587m

d sin50°=—_—
DF

DF =

sin50° oLl

In triangle DEF, E = 90°, F= 50° and DE = 7m
a Represent this information in a clear labeled diagram.

Draw a diagram. Label the triangle
in alphabetical order clockwise.

The sum of the interior angles of a
triangle is 180P.

Tangent links the known
and the unknown sides.
Use the GDC to solve for EF.

Sine links the known and the
unknown sides.

Use the GDC to solve for DF.

Exercise 3J

1 In triangle PQR, R = 90°, P=21°, PR = 15¢cm.
a Represent this information in a clear and labeled diagram.

b Write down the size of Q
¢ Find QR.

2 Intriangle STU, T = 90°, U = 55°, SU = 35¢cm.
a Represent this information in a clear and labeled diagram.

b Write down the size of S.
¢ Find TU.

3 Intriangle ZWV, V= 90°, W =

15°, WV = 30cm.

a Represent this information in a clear and labeled diagram.

b Write down the size of 2
¢ Find VZ.

The astronomer
Aryabhata, born in
India is about 476 CE,
believed that the
Sun, planets and
stars circled the
Earth in different
orbits. He began to
invent trigonometry
in order to calculate
the distances from
planets to the Earth.

F
|

D can also be

described as EDF or

ZFDE. Make sure you

understand all these
notations.

| Label the triangle in

alphabetical order

clockwise.
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JERAMESTYEEgUeESTIORE. 0 R e S e e e S e
* 4 In triangle LMN, N = 90°, L= 33°, LN = 58 cm. Rherciore Use the GDC.
2 o : 5 . ) B=48.2° J1_1| Geo and irig w a8
: a Represent this information in a clear and labeled diagram. - —
: b Write down the size of M. o {32) |
| : ¢ FindLM. !
: 5 Inrectangle ABCD, DC = 12¢m and the diagonal A B
| : BD makes an angle of 30° with DC. A
: ¢ a Find the length of BC. o .
f : b Find the perimeter of the rectangle ABCD. D 12em c .
: ¢ Find the area of the rectangle ABCD. Angle A Use the angle sum of a triangle.
: . . 90°+ B+ A =180° Using the GDC:
! : 6 When the sun makes an angle of 46° with the horizon 90° +48.18... + A= 180° ) Gon andibisw 4
| a tree casts a shadow of 7m. iy = LR 10 481897
Find the height of the tree. °°s"(—)
7 A ladder 7 metres long leans against a wall, touching a window iz Tl R
sill, and makes an angle of 50° with the ground. |
a Represent this information in a clear and labeled diagram. i
b Find the height of the window sill above the ground. U
¢ Find how far the foot of the ladder is from the foot of the wall. 299
Finding the angles of a right-angled triangle Example 14
If you know the lengths of two sides in a right-angled triangle, you ,
can find Find the angle marked 0 in each triangle.
. . Gi
® the length of the other side by using Pythagoras . ive your answers correct to tf;e nearest degree.
. . . |
e the size of the two acute angles by using the appropriate = :
:._ trigonometric ratios.
Example 13
] Find the sizes of the two acute angles in this triangle.
A .
h | cos™ (E) is read ‘ Answers )
15 RN i e 10" a tanfd= = Use tangent; it links the adjacent and
[ 15 ‘ the opposite.
; a8
|| | 2w B - 0 =tan I[EJ ‘O=tan” (gj " means ‘the angle
" """""""""""""""""""""""""""""""""""""""""""" i with a tangent of s,
' Answer 5
Angle B Cosine links adjacent and 0 =58° Use the GDC:
cosB = 10 hypotenuse. . -’_‘1 conme gg:?
15 " ool |
B = cost (%} ‘cos™ (E J " means ‘the angle with a ' ‘
cosine of — . &
| ]
. - > Continu;::l-c;n- next ;a_ge > Contin:l;a-o-n-r;;;t-p;;g_e
Geometry and trigonometry 1 Chapter 3




Use sine; it links the opposite and the

. 3
b sinf= 6.5 hypotenuse.
3 ‘O =sin"’ (63—5)’ means ‘the angle
O =sin™ (g—s—j :
o s , 3
with a sine of —".
f 6.5
0=27° Use the GDC:
m Geo and rig w um
sln"(i) 27 4864 1
65 - :
I
L3
|
!
7]
Exercise 3K

Give your answers correct to 3sf.

1 Explain the meaning of

a sin! (0.6) b tan"|.

[\

2 Calculate
a sin'(0.6) b tan“(

—

3 Find the acute angle o if

a sinx=0.2 b cosozz3

O

G =)

)l

= c tano=1.

4 Find the sizes of the two acute angles in these triangles.

C
I.
12.5km
St h
Q
B im A

Y

150m\

X

5 In triangle BCD, D= 90°, BD =

a Represent this information
b Find the size of C.

Geometry and trigonometry 1

10km

7.2¢cm
{2.6em

54 cm, DC = 42cm.
in a clear and labeled diagram.

E

ks
8:m |3 m

F

6 In triangle EFG, G = 90°, FG = 56m, EF = 82m.
a Represent this information in a clear and labeled diagram.
b Find the size of F-

7 In triangle HIJ, J = 90°,1J = 18 m, HI = 25m.
a Represent this information in a clear and labeled diagram.
b Find the size of H.

8 Inrectangle ABCD, BC =5cmand DC = 10 cm.
A B

// 5cm

D 10cm C

Find the size of the angle that the diagonal BD makes with the
side DC.

9 The length and width of a rectangle are 20cm and 13cm
respectively.
Find the angle between a diagonal and the shorter side
of the rectangle.

10 A ladder 8 m long leans against a vertical wall.
The base of the ladder is 3m away from the wall.
Calculate the angle between the wall and the ladder.

¢ EXAM-STHLE QUIESTIONS
11 a On a pair of Cartesian axes plot the points A(3,0) and B(0,4).

Use the same scale on both axes.

b Draw the line AB.

¢ Find the size of the acute angle that the line AB makes with
the x-axis.

12a On a pair of Cartesian axes plot the points A(-1,0) and B(1,4).

Use the same scale on both axes.

b Draw the line AB.

¢ Find the size of the acute angle that the line AB makes with the
x-axis.

Finding right-angled triangles in other shapes

So far you have found unknown sides and angles in right-angled
triangles. Next you will learn how to find unknown sides and angles in
triangles that are not right-angled and in shapes such as rectangles,
rhombuses and trapeziums.

The technique is to break down the shapes into smaller ones that
contain right-angled triangles.
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Name of shape | Shape

Where are the right-angled
triangles?

, Isosceles or
i equilateral
' triangles g 7

Rectangles or
' squares

=5
-~
b

1

| Circle

_ =

—

o Investigation - 2-D shapes

| How can you break these shapes into smaller shapes so that
i at least one of them is a right-angled triangle?

To do this you need to know the properties of 2-D shapes.

Rhombus

What is the property of the diagonals of a rhombus?

Make an accurate drawing of a rhombus on squared paper.
Draw the diagonals. How many right-angled triangles do you
obtain? Are they congruent? Why?

Comment on your findings.

o

Kite

What is the property of the diagonals of a kite?

Make an accurate drawing of a kite on squared paper.

Draw the diagonals. How many right-angled triangles do you obtain?
Are they congruent? Why? Comment on your findings.

Parallelogram

Draw a parallelogram like this one on squared paper.

There is a rectangle that has the same base and height as this
parallelogram. Draw dotted lines where you would cut the
parallelogram and rearrange it to make a rectangle.

How many shapes do you obtain? How many of them are
right-angled triangles? Comment on your findings.

4 Triangle B
Draw a triangle like this one.

Every triangle has three heights, one for each base (or side).

Draw the height relative to AC (this is the line segment drawn from

B to AC and perpendicular to AC). You will get two right-angled
triangles that make up the triangle ABC. Under what conditions would

Continued on next page

Geometry and trigonometry 1

these triangles be congruent? Comment on your findings. o

©

5 Trapezium
Draw a trapezium like this one.

A B

Draw a line from D perpendicular to AB and a line from
C perpendicular to AB. You will get two right-angled triangles.
What is the condition for these triangles to be congruent?

6 Regular polygon
Here are a regular hexagon and a regular pentagon.

3 A A regular polygon

has all sides equal
B lengths and all angles

B 0, / equal.

0 is the center of each polygon.

For each polygon:

What type of triangle is ABO? Why? Draw a line from O perpendicular to the
side AB to form two right-angled triangles. These two triangles are congruent.

Explain why.

Example 15

Triangle ABC is isosceles. The two equal sides AB and BC are 10 cm
long and each makes an angle of 40° with AC.

a Represent this information in a clear and labeled diagram.

b Find the length of AC.

¢ Find the perimeter of triangle ABC.

AP = 10cos 40°
AC =2 x10cos40°

= 35.3cm (to 3sf)

Make AP the subject of the
equation.

AC=153cm Use the fact that AC = 2 X AP.
¢ Perimeter = AB + BC + CA
=1532...+2x10

Answers
a B
10¢m 10cm
Y 40° 40°,
A (5
b B In an isosceles triangle the fri .
. Bisect means ‘cut in
\ perpendicular from the apex to i
10em 10cm . half’.
A . \ the base bisects the base,
A/ . —p c making two vight-angled
triangles.
AP df
cos 40° = — cos =22
10 hyp
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Example 16

The diagonals of a rhombus are 10cm and 5 ¢cm. Find the size of the
larger angle of the rhombus.

Draw a diagram, showing the | The diagonals of the
diagonals. rhombus bisect each
other at right angles.

Let O be the point where the
diagonals meet.

‘Angle OAB’ and
OAB are alternative
notation for A.

tan angle OAB = =N
2.5

In triangle ABO, angle OAB is
greater than angle OBA (it is
opposite the larger side). So find
angle OAB.

o 5 0,
Angle OAB = tan™| - = oPP
g an (2.5) tan aaj’

Angle BAD =2 x OAB

=2 X tan™ [i)
2.5

Angle BAD = 127° (to 3sf)

Angle BAD (or BCD) is the larger
angle of the rhombus.

Investigation-rhombus

1 Use a ruler and a pair of compasses to construct a rhombus with a side length of 6em.
2 Construct another rhombus with a side length of 6cm that is not congruent to the one
you drew in 1.
3 How many different rhombuses with a side length of 6cm could you construct?
In what ways do they differ?

Exercise 3L

@ 1 Triangle ABC is isosceles. The two equal sides AC and BC are
7cm long and they each make an angle of 65° with AB.
a Represent this information in a clear and labeled diagram.
b Find the length of AB.
c Find the perimeter of triangle ABC (give your answer correct
to the nearest centimetre).

Geometry and trigonometry 1

2 The diagonals of a thombus are 12cm and 7 cm. Find the size of
the smaller angle of the rhombus.

3 The size of the larger angle of a rthombus is 120° and the longer
diagonal is 7 cm. '
a Represent this information in a clear and labeled diagram.
b Find the length of the shorter diagonal.
{ EXAM-STHLE GUESTIONS
4 In the diagram ABCD is a trapezium where AD || BC, D E

CD = BA = 6m, BC = 12m and DA = 16m ] ‘
a Show that DE = 2m.

b Find the size of D. c

5 In the diagram PQRS is a trapezium, PQ || SR, P 7om
' PQ=7cm, RS =10cm, QR = 5cm and S= 90°

a Find the height, PS, of the trapezium.

b Find the area of the trapezium. S 10cm R

¢ Find the size of angle SRQ.

: 6 The length of the shorter side of a rectangular park is 400 m.
:  The park has a straight path 600 m long joining two opposite
corners.
a Represent this information in a clear and labeled diagram.
b Find the size of the angle that the path makes with the longer
side of the park.

7 a On a pair of Cartesian axes, plot the points A(3, 2), C(-1, —-4),

and D (-1, 2). Use the same scale on both axes.
B is a point such that ABCD is a rectangle.

b i PlotB on your diagram.
it Write down the coordinates of the point B.

¢ Write down the length of
i AB ii BC.

d Hence find the size of the angle that a diagonal of
the rectangle makes with one of the shorter sides.

Angles of elevation and depression

- The angle of elevation is
the angle you lift your eyes
through to look at something
above.

e ™

Horizontal l . elevation.

Horizontal

- The angle of depression is
the angle you lower your
eyes through to look at
something below.

--3

Ny a is the angle of

B is the angle of
depression.
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Notice that both the angle of elevation and the angle of depression
are measured from the horizontal.

Example 17

From a yacht, 150 metres out at sea, the angle of elevation of the top of a cliff
is 17°. The angle of elevation to the top of a lighthouse on the cliff is 20°.
This information is shown in the diagram.
a Find the height of the cliff.

b Hence find the height of the lighthouse.

150 150m
x=459m (to 3 sf)

b Let ybe the distance from the top of the
lighthouse to the sea. /‘ y
y 120° i

150m
Answers
a Let xbe the height of the cliff X
tan17°= L |17° I

Geometry and trigonometry 1

tan 20° = ﬁ 150m
y =54.5955...m Use the unrounded value of x to
height of the lighthouse =y — x findy —x.
= 8.74m (to 3sf)
Example 18
A boy standing on a hill at X can see a boat on a lake at Y as shown
in the diagram. The vertical distance from X to Y is 60 m and the
horizontal distance is 100 m.
Find:
a the shortest distance between ; x.__
the boy and the boat s IBO ]
b the angle of depression of the N
boat from the boy. 100m
b 1 e e e e e e e T 0 T O . e o
Answers
a XY?=100%+ 60? Use Pythagoras. '..The chortest
XY =117m (to 3sf) A i
60 . 100m distance is the
b tanf= 100 T g B O length XY.
The angle of depression adj com
= 31.0° (to 3sf) Y

Ihl

Exercise 3M

1 Find the angle of elevation of the top of a tree 13m high from
a point 25m away on level ground.

' Draw a diagram for
each question.

2 A church spire 81 metres high casts a shadow 63 metres long.
Find the angle of elevation of the sun.

3 The angle of depression from the top of a cliff to a ship
at sea is 14°. The ship is 500 metres from shore.
Find the height of the cliff.

4 Tind the angle of depression from the top of a cliff 145 metres
high to a ship at sea 1.2 kilometres from the shore.

5 A man whose eye is 1.5 metres above ground level
stands 20 metres from the base of a tree.
The angle of elevation to the top of the tree is 45°.
Calculate the height of the tree.

6 The height of a tree is 61.7 metres and the angle of
elevation to the top of the tree from ground level is 62.4°.
Calculate the distance from the tree to the point at which
the angle was measured.

¢ EHAM-STHLE QUESTION
7

The angle of depression of town B from town A is 12°. A, 2km
a Find the angle of elevation of town A from town B. [Nz
The horizontal distance between the towns is 2km. ;.
b Find the vertical distance between the towns.
Give your answer correct to the nearest metre.

3.4 The sine and cosine rules

The sine and cosine rules are formulae
that will help you to find unknown sides
and angles in a triangle. They enable you
to use trigonomentry in triangles that

are not right-angled.

o The side opposite |
Ais a.
® The side opposite

Bis b.
The formula and notation are simpler if you | ® The side opposite
label triangles like this. Cisc.

Also notice that
® Ajs between sides
b and c.

The sine rule

If you have this information about a triangle:

® Bis between sides

e two angles and one side, or
aand c.

® two sides and a non-included angle, O B i ”
IS between sides

a and b.

then you can find the other sides and angles

of the triangle. <
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=> Sinerule
In any triangle ABC with angles A, Band C, and opposite

sides a, b and ¢ respectively: e
a b ¢ A

- — a
sinA sinB sinC

sinA _sinB_sinC g
a b c

Example 19

In triangle ABC, b = 16 cm, ¢ = 10cm and B=135°.

a Represent the given information in a labeled diagram.
b Find the size of angle C.

¢ Hence find the size of angle A.

Answers
& B
10_!:m a
A "«
Hecm c
16 10

b =
sin 135°  sin C

Substitute in the sine rule.

16sin C= 10sin 135° Cross multiphy,
e 10sin135° v = .
16 ake sin C the subject of the
a . Sformula.
S: = %6'2 ) gt Use your GDC.
¢ A+B+C=180°
A +135° +26.227... = 180° Use your GDC.

A =18.8° (to 3sf)

Example 20

The sine rule is in the |
Formula booklet. ‘

Cross multiply. |

a c
—=—&ad=bc

b d |

In triangle PQR, find the length of RQ. Give your answer correct to
two significant figures.
P

10km
T20° 82°%
R Q
________________________________ A P e S R SRS

Answer

P =78 RQ is opposite angle P so first find

the size of angle P.
RQ __10 Substitute in the sine rule.

sin 78°  sin 82°
L 10sin 78°
sin 82°

= 9.9km(to 2sf)

Make RQ the subject of the formula.

Use your GDC.

Geometry and trigonometry 1

( Ptolemy (c. 90-168 CE), )
in his 13-volume work
Almagest, wrote sine
values for angles form
0° to 90°. He also
included theorems
similar to the sine

rule.

Exercise 3N

1 Find the sides marked with letters.

a Y b P r c

,/ \ 80° = il
o 87° 7 m A<TJa2e
- e S
280 e

X y z 10cm

~20°

R
2 In triangle ABC, AC = 12cm, A = 30° and B= 46°.
Find the length of BC.

3 In triangle ABC, A = 15°, B=63° and AB = 10cm. Find the
length of BC. .

4 Intriangle PQR, PR = 15km, P= 25° and Q = 60°. Find the
length of QR.

5 In each triangle, find the angle indicated.
a C B b R p_

,m ——13¢cm

.,
67°™\ B
10m N ~..100°
\C 15¢m \\x 1
_ N S

A 15m C R

6 In triangle ABC,ABC =98m, AB = 67m and A = 85°.
Find the size of C.

7 Intriangle PQR, PQ =5cm, QR = 6.5cm and P = 70°.
Find the size of R.

¢ EXAM-STHLE QUESTION
: 8 In the diagram, A = 90°, CX = 10m, ACB = 30° and X = 10°

a Write down the size of angle BCX.
b Find the length of BC.
¢ Find the length of AB.

The cosine rule

If you have this information about a triangle:

@ two sides and the included angle, or
® the three sides,

then you can find the other side and angles
of the triangle.
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| These formulae are in
the Formula booklet.
The first version of
the formula is useful
when you need to find
a side. The second
version of the formula
is useful when you
need to find an angle.

- Cosinerule B
In any triangle ABC with angles A, B and C,
and opposite sides a, b and cArespectively: . ]
@ =0+ & —2bccos A
This formula can be rearranged to Z
s B it -d
COSA =—0 — A b c
Example 21
In triangle ABC, AC = 8.6m, AB = 6.3m and A =50°,
Find the lengthof BC.
i ;\wn_s‘v;u;; ) Sketch the triangle.
BC?2=8.6>+ 6.3 -2 x 8.6 x 6.3 x cos 50° Usea® = b* + ¢ )
BC?=43.9975... c — 2bccos A
BC = 6.63m (to 3sf) \
\8.6m
\,
RN
B 6.3m A

Example 22

X, Y and Z are three towns. X is 20km due north of Z.

Y is to the east of line XZ. The distance from Y to X is 16km and the
distance from Z to Y is 8km.

a Represent this information in a clear and labeled diagram.

b Find the size of angle X.

Answers
a X Remember:
[ N
20km
/Y S
" “Bkm O
i izt =
Use cos X =X TE %
VA 2yz
v — 20:t + ]6! _81 Geaandbip v L%}
b reos X == 20%16 ) 2
X =cos™ 207 +16" -8
- 2x20x16
=22.3 (to 3sf) k |
b

Geometry and trigonometry 1

2
The cosine rule

applies to any
triangle. For a right-
angled triangle

A = 90°. What does
the formula look like?
Do you recognize it?
Is the cosine rule

a generalization of
Pythagoras’ theorem?

8 The diagram shows a circle of radius 3cm and center O.

Exercise 30

1 Find the sides marked with letters.

a c

y b p 6m g B
12km / o /\6.
27 865°\Tkm P 3
- 10cm p A 01"
a B ; am
X y z
R

2 Find the angles marked with letters.

g
3

fed)
3

C

a B_ b 0 c ¥
. RS

XN15m 17.2em -~y \\100km

8m ~ // 12.6¢m N
P z
& Hom 15.30m g 123km >

a A12km

>

X

3 In triangle ABC, CB = 120m, AB = 115m and B = 110°.
Find the length of side AC.

4 In triangle POR, RQ = 6.9cm, PR = 8.7cm and R = 53°.
Find the length of side PQ.

5 Intriangle XYZ, XZ =12m, XY =8m, YZ = 10m.
Find the size of angle X.

X, Y and Z are three towns. X is 30km due south from Y.

Z is to the east of the line joining XY.

The distance from Y to Z is 25km and the distance from X to Z is 18 km.
a Represent this information in a clear and labeled diagram.

b Find the size of angle Z.

! EXAM-STYLE BUESTIONS
‘6

7 Alison, Jane and Stephen are together at point A. Jane

walks 12m due south from A and reaches point J. Stephen looks -
at Jane, turns through 110°, walks 8 m from A and reaches

point S.

a Represent this information in a clear and labeled diagram.

b Find how far Stephen is from Jane.

¢ Find how far north Stephen is from Alison.-

A and B are two points on the circumference.
The length AB is 5cm.

A triangle AOB is drawn inside the circle.
Calculate the size of angle AOB.

Chapter 3

|




The diagram shows a crane PQR that carries a flat box W.

@ ! EXAM-STHILE QUESTION
‘9

PQ is vertical, and the floor PM is horizontal.

Given that PQ = 8.2m, QR = 12.3m, POR =100° and
RW = 7.8m, calculate

a PR

b the size of angle PRQ
c the height, 4, of W above the floor, PM.

Area of a triangle

If you know one side of a triangle, the base b and the corresponding
height %, you can calculate the area of the triangle using the formula

Extension material on CD:
Worksheet 3 - Cosine and
sine rule proofs

A=Loxh) . . . -
2 Remember that a triangle has three heights, one height per side.
If you do not know the |
height, you can still calculate | i base /.
the area of the triangle as h
in the next example. ' :
| base
Example 23
Calculate the area of triangle ABC. B
7em
420
A 10cm ©
Answer
/B Use the formula
A= o (bx h) with AC as the base,
7em h )
C 4z b=10
A 10cm c Draw the height, h, the
erpendicular to AC from B.
sin42°=—;£:>h:7sin42° Bep f
Area = 1 xbXh Substitute in the formula for the area
Z of a triangle.
= %(10x7sin 42°)
=23.4cm? (to 3sf)

You can use the same method for any triangle.

Geometry and trigonometry 1

= In any triangle ABC with angles A, Band €, 4
and opposite sides a, b and ¢ respectively, ¢

this rule applies: y
3 B
Area of triangle = %ab sin C :
: c
Example 24
Calculate the area of the triangle ABC. B i
/ \'\§.6 m
FoN
| 50°.r-'“_x
uuuuu A e3m  ©
Answer
Area of triangle ABC = Substitute in the formula
1 M 5
%x8.6><6.3><sin50° S
=20.8 m? (to 3sf)
Exercise 3P
1 Calculate the area of each triangle.
a Y b B
~ a20 - o
12k
/ n/ /\km / o
A=
_\ \500
X z 81.7m Q\
9
2 Here is triangle ABC. B
. . ./‘\\
a Find the size of angle B 10 cniie® 0
b Calculate the area of triangle ABC. Cine \
— c
3 Here is triangle ABC. B
a Write down the size of angle C, D,
b Find the area of triangle ABC. 50‘\
c
50° “3m
A
4 Calculate the area of triangle XYZ. Y
16k}/ /\\ % "
X 20km 4

This formula is in the
Formula bookiet.

In the first century
CE, Hero (or Heron) of
Alexandria developed
a different method

for finding the area

of a triangle using

the lengths of the
triangle’s sides.

First find the size of
one of the angles.
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;
: EXAM-STHLE QUESTIONS : EHHM-E:T!:l'I_E i I_IE:E:TIIII HE N
: 5 The diagram shows a triangular field XYZ. Y : 6 In the diagram, triangle ABC is isosceles. A |
i XZis50m, YZis 100m and angle X is 100°. :  AB=AC, CB=20cm and angle ACB is 32°. / o |
i , oom : Find the size of angle CAB P A
a Find angle Z. R0 : md a 8 A ae o |
b Find the area of the field. Give your answer correct to the nearest 10m?. r;xshﬁ"“ N : b the length of AB e 3
: . ) L th of triangle ABC.
| : 6 The area of an isosceles triangle ABC is 4cm?®. Angle B : € MICaanCasOFaAnE)
: is 30° and AB = BC = x cm. : 7 A gardener pegs out a rope, 20 metres long, to form a triangular B i
', : a Write down, in terms of x, an expression for the area of the triangle. c ﬂower'bed as shown in this diagram. / N |
I. { b Find the value of x. %3 : a Write down the length of AC. 5m N.6m
: 7 Inthe diagram, AB = 5cm, AD = 6cm, BAD = 90°, / : Eﬁj fﬁz e fo tt}ffe aﬂr;gvlvi f}iﬁ _:/ \
:  BCD =30°, BDC = 70°. o/ : A c
! a Find the length of DB. b Find the length of DC. ool \\ 7o : 8 The diagram shows a circle with diameter 10 cm and center O. :
' : ¢ Find the area of triangle BCD. 1 B < : Points A and B lie on the circumference and the length of
: d Find the area of the quadrilateral ABCD. A gom D ¢ ABis7.5cm. A triangle AOB is drawn inside the circle.
1' : a Find the size of angle AOB. ' //9\5
| = : ' { b Find the area of triangle AOB. \{ =
‘ Review exercise , | ¢ ¢ Find the shaded area. A/‘_ BT s
Paper 1 style questions
: EXAM-STHLE QUESTIONS : Paper 2 style questions
. Give'answers correct to 3 sf. - | ExAM-STHLE GUESTIONS
: 1 Line Z, passes through the points A(1,3) and B(3, 1). | :1 a Onapair of axes plot the points A(-2, 5), B(2,2) and C(8, 10).
a Find the gradient of the line AB. f e |
Line L,is parallel to line L, and passes through the point (0, 4). The quadrilateral ABCD is a rectangle.
b Find the equation of the line L,. ! b i PlotD on the pair of axes used in a. |
{2 Line L, passes through the points A(0, 6) and B(6,0). : it Write down the coordinates of D. |
- : 1P _ . ’) : Find the gradient of line BC
Iﬂ :  a Find the gradient of the line L,. ' 7751 s € - ¢ gra dlen 0 hme d' . f line DC
! b Write down the gradient of all lines perpendicular to L. -- 2 d Hence write down the gradient of line DC.
¢ Find the equation of a line L, perpendicular to L, and ' T — e Find the equation of line DC in the form ax + by + d = 0 where a, b, d € Z.
passing through O(0,0). | f:_ 1 f Findthelengthof i DC i BC
. . . 3 > g Find the size of the angle DBC.
Consider the line L with equation y = 2x + 3. IS EEETEEEREE :
a Write down the coordinates of the point where LT _; 1T 1T 1L : 2 The diagram shows a ladder AB. The ladder rests on the horizontal B
i L meets the x-axis ii L meets the y-axis. B I P O I O ¢ ground AC. The ladder is touching the top of a vertical telephone pole CB.
b Draw L on a grid like this one. — A — The angle of elevation of the top of the pole from the foot of the \
¢ Find the size of the acute angle that L makes with the x-axis. — e :  ladder 1s 60°. The distance from the foot of the ladder to the foot \ |
: der the line L. with d P :  of the pole is 2m. |
{-opsider t. c e : . '1ony N ' a Calculate the length of the ladder. 50“_\
a The point (a,4) lies on L,. Find the value of a. ) _ ARy
he point (12.5. 5) li . I Find the value of b b Calculate the height of the pole. C 2m A
by SR "’ Jicsion i LS ' The ladder is moved in the same vertical plane so that its foot
Line L, has equation 3x~y + 1 = 0. remains on the ground and its top touches the pole at a point P
¢ Find the point of intersection between L, and L,. }  which is 1.5m below the top of the pole.
The height of a vertical cliff is 450 m. The angle of elevation from a ship to ¢ ¢ Write down the length of CP.
the top of the cliff is 31°. The ship is x metres from the bottom of the cliff. ¢ d Find the new distance from the foot of the ladder to the foot of the pole.
a Draw a diagram to show this information. : e Find the size of the new angle of elevation of the top of
b Calculate the value of x. : the pole from the foot of the ladder.
Geometry and trigonometry 1 Chapter 3




| P EXAM-STHLE GUESTION
- 3 The diagram shows a cross-country running course.
:  Runners start and finish at point A.
a Find the length of BD.
b Find the size of angle BDC, giving
your answer correct to two decimal places.
¢ Write down the size of angle ADB.
Find the length of AB.
e i Find the perimeter of the course.
ii Rafael runs at a constant speed of 3.8ms™.
Find the time it takes Rafael to complete the course.
Give your answer correct to the nearest minute.
: £ Find the area of the quadrilateral ABCD enclosed by the course.
‘ - : Give your answer in km?.

Q.

| CHAPTER 3 SUMMARY

Gradient of a line

e If A(x,, ) and B(x,, y,) are two points that lie on line L,
the gradient of L is m=22"21,
X, —X
e Parallel lines have the sari'ne glradient. This means that
m if two lines are parallel then they have the same gradient
® if two lines have the same gradient then they are parallel.

e Two lines are perpendicular if, and only if, they make /

Y1+

D 400m C

108° 300m
B
1200m /

7

y

A

Yadem=-

an angle of 90°. This means that 0
m if two lines are perpendicular then they make an angle of 90°
® if two lines make an angle of 90° then they are perpendicular.
| e Two lines are perpendicular if the product of their gradients is —1.

Equations of lines

e The equation of a straight line can be written in the form

i y=mx+ c, where m is the gradient and c is the y-intercept
(the y-coordinate of the point where the line crosses the y-axis).

ii ax+by+d=0wherea, bandde Z.

e The equation of any vertical line is of the form x = £
where k£ is a constant.

e The equation of any horizontal line is of the form
y = k where k is a constant.

e If two lines are parallel then they have the same gradient —

wy

\ / Ly
point of intersection

/
™~
0

and do not intersect.

e If two lines L, and L, are not parallel then they
intersect at just one point. To find the point of intersection
write m x, + ¢, = mx, + ¢, and solve for x.

Geometry and trigonometry 1

Continued on next page

The sine, cosine, and tangent ratios

® Three trigonometric ratios in a right-angled triangle
are defined as

. Opposite side
singg=—"—"—
Hypotenuse
Opposite
Adjacent side angle «
coso=—————
Hypotenuse
e OpPos1te s%de
Adjacent side

® The angle of elevation is the angle you lift your eyes
through to look at something above.

® The angle of depression is the angle you lower your eyes
through to look at something below.

The sine and cosine rules

® In any triangle ABC with angles A, B and C,
and opposite sides a, b and c respectively:
a b ¢
sinA  sinB  sinC

® In any triangle ABC with angles A, B and C,
and opposite sides a, b and ¢ respectively:

@ =0+ & -2bccos A

This formula can be rearranged to

A~ Pyt -
COSA=————

® In any triangle ABC with angles A, B and C, and
opposite sides a, b and c respectively, this rule applies:

Area of triangle = %ab sin C

-8

~_
.. Hypotenuse
S

s

2

3N
P\

Adjacent to o
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Making connections

Mathematics is often separated into different topics, or fields of knowledge. As long as algebra and geometry have been separated, their progress have been slow and

® List the different fields of mathematics you can think of.

® Does this help or hinder the search for more knowledge?

Algebra and geometry

Algebra and geometry are both mathematical disciplines with a
very long history.

algebra — generalizes arithmetical operations and
relationships by using letters to represent unknown
numbers. Possibly originated in solving equations, which
goes back (at least) to Babylonian mathematics.

geometry — studies the properties, measurement, and
relationships of points, lines, planes, surfaces, angles,
and solids. Origins in the very beginning of mathematics.

There was no common ground between algebra and geometry
until René Descartes, the French philosopher and
mathematician (1596-1650) showed that equations could be
represented by lines on a graph, giving people an insight into
what these equations mean, and where
their solutions are found. Cartesian
Geometry — representing equations for
given values of x and y on a system of
orthogonal (perpendicular) axes, is

named after him. /

A

y=2x+1

Y

It is said

(although the story is probably a
myth) that Descartes came up
with the idea for his coordinate
system while lying in bed and
watching a fly crawl on the ceiling
of his room.

Theory of knowledge: Making connections

|
® Why do humans feel the need to categorize and compartmentalize knowledge? mutual forces, and have marched together towards perfection. | |
|

Algebra and geometry are both useful in their own right but |
| historically it is the interaction of these two areas that has led to

many major mathematical developments and insights in the natural

sciences, economics and of course other areas of mathematics.

their uses limited, but when these two sciences have been united, they have lent each

Joseph Louis Lagrange, 1736-1813, French mathematician

Algebra and geometry
are central to
mathematics and
school mathematics
curricula around the
world. Some schools
run entirely separate
courses on geometry

Fermat’s Last Theorem

Fermat's Last Theorem states that no three positive |
integers a, b, and ¢ can satisfy the equation a” + b” = ¢"
for any integer value of n greater than 2. This theorem
was first conjectured by Pierre de Fermat in 1637, in a
note in a copy of Arithmetica, where he claimed he had
a proof that was too large to fit in the margin. His proof,

and algebra, while e . ]
if it existed, was never found. It was not solved until ¥V Andrew Wiles
others alternate . .
i ) 1995, when Andrew Wiles published a proof that he (1953-), British
mathematical topics . ) o=
had been working on in secret for seven years. mathematician.

throughout a course.

Wiles’s complex proof uses the link between what were
thought to be two separate areas of mathematics —
modular forms and elliptic curves. Don't worry, these
are not on the Mathematical Studies syllabus!

Many of the most
famous proofs have
needed input from
different aveas of
mathematics.

SEteeequpauguungnyanny
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Mathematical
models

CHAPTER OBJECTIVES:

6.1 Concept of a function, domain, range and graph; function notation;
concept of a function as a mathematical model
-l . 6.2 Drawing accurate graphs and sketch graphs; transferring a graph from GDC
' to paper; reading, interpreting and making predictions using graphs
6.3 Linear models: linear functions and their graphs
6.4 Quadratic models: quadratic functions and their graphs (parabolas); properties of a
, [ parabola; symmetry, vertex; intercepts; equation of the axis of symmetry
| | 6.5 Exponential models: exponential functions and their graphs; concept and

equation of a horizontal asymptote
' 6.6 Use of a GDC to solve equations involving combinations of the functions above
Before you start
You should know how to: Skills check
| 1 Substitute values into a formula, e.g. 1 a Find the valueof y =2.5x2+ x-1
Given that x = —1, find the value of when x = -3.
y=3x2+ 2x. b Find thevalueof /=3 x2/-1
y=3-1P+2(-)=y=1 when = 0.
¢ Find the value of d =23 —-5¢1+ 2
when ¢ = %
Use your GDC to solve quadratic @ 2 Use your GDC to solve;
equations and simultaneous equations a x2+x-3=0
in two unknowns, e.g. Solve b 2t2-¢t=2 ( For help, see
a 3x2+9x_30:0$x:2,x:_5 x_2y23 Chapter 12,
b x+y=4 =5 A= LG5 3x—5y=-2 !Sectlonsl.land1.2.
-2x+y=1

3 Find the gradient, m, of a line
joining the two points:
a A(7,-2)and B(-1, 4)

5-4 b A(-3,-2)and B(1, 8)

Find the gradient, m, of a line joining
two points, e.g. A(3, 5) and B(1, 4).

The above photo shows the positions of a diver at various moments
until he reaches the sea. Initially, the diver is at 40 m above sea level
and it takes him 4.5 seconds to reach the sea. We can use
mathematics to find a numerical relationship between the time in
seconds, £, and the diver’s height, %, in metres above sea level. The
relationship linking the time, ¢, and the height, %, is a mathematical
model. It can be described using a formula, a graph or a table of values.

To construct a mathematical model we usually begin by making
some assumptions. Here, we assume that the diver is initially at 40 m
above sea level and it takes him 4.5 seconds to reach the sea.
The formula linking the variables ¢ and % is

h=-197 (t*-20.25) wherer=>0.
You can use this model to calculate the diver’s height, %, above
sea level at different times, ¢. Substitute the value of ¢ into the
formula to get the corresponding value for 4. The table
shows three pairs of values for ¢ and 4.

The graph of 7 =-1.97(¢? - 20.25), t > 0, hy

is shown. 404 A
You can use the formula and/or the graph to 30 \\‘ L
answer questions such as: 20 \

At what height is the diver after 2 seconds? ~ \\ -
How long does 1t take the diver to reach a height of \ |
20m above sea level? of 5 1 of

t h

~ (seconds) . (metres)
0 | 400
1 | 380
4 8.37

The three pairs of
values from the table
are indicated with a e.
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6.1
6.2

6.3
| 6.4

| 6.5

| 6.6

Use your GDC to solve quadratic
equations and simultaneous equations

Find the gradient, m, of a line joining
two points, e.g. A(3, 5) and B(1, 4).

Mathematica
models

CHAPTER OBJECTIVES:

Concept of a function, domain, range and graph; function notation;

concept of a function as a mathematical model

Drawing accurate graphs and sketch graphs; transferring a graph from GDC

to paper; reading, interpreting and making predictions using graphs

Linear models: linear functions and their graphs

Quadratic models: quadratic functions and their graphs (parabolas); properties of a
parabola; symmetry, vertex; intercepts; equation of the axis of symmetry
Exponential models: exponential functions and their graphs; concept and
equation of a horizontal asymptote

Use of a GDC to solve equations involving combinations of the functions above

Before you start
You should know how to:

| 1 Substitute values into a formula, e.g.
Given that x = —1, find the value of
y=
y et

Skills check

1 a Findthevalueof y=25x2+x-1
when x = -3.

3x% + 2x. b Findthevalueof A1=3x2'—1
312+ 2-)=y=1 when £ = 0.
c¢ Find the value of d =23 -5¢1+4 2
1
when ¢ = >

2 Use your GDC to solve:
@ a x2+x-3=0

in two unknowns, e.g. Solve b 2:2—f=2 (For help, see
a 3x*+%%-30=0=x=2,x=-5 x—2y=3 Chapter 12,
b {x+ﬁ=4 s =1 3x—5y=-2 :Sectlonsl.land1.2.

2x+y=1

3 Find the gradient, m, of a line
joining the two points:
a A(7,-2)and B(-1, 4)

5-4 b A(-3,-2)and B(1, 8)

Mathematical models

ﬁ,

The above photo shows the positions of a diver at various moments
until he reaches the sea. Initially, the diver is at 40 m above sea level
and it takes him 4.5 seconds to reach the sea. We can use
mathematics to find a numerical relationship between the time in
seconds, ¢, and the diver’s height, %, in metres above sea level. The
relationship linking the time, ¢, and the height, 4, is a mathematical
model. It can be described using a formula, a graph or a table of values.

To construct a mathematical model we usually begin by making
some assumptions. Here, we assume that the diver is initially at 40 m
above sea level and it takes him 4.5 seconds to reach the sea.
The formula linking the variables ¢ and # is

=-1.97 (+*—-20.25) where t>0.
You can use this model to calculate the diver’s height, 4, above
sea level at different times, ¢. Substitute the value of ¢ into the
formula to get the corresponding value for 4. The table
shows three pairs of values for ¢ and #.

The graph of & =-1.97(t?-20.25), >0, ha

is shown.. 40 "_"

You can use the formula and/or the graph to 3041 \ L
answer questions such as: PrL il |

At what height is the diver after 2 seconds? = -\~— 5
How long does it take the diver to reach a height of \
20m above sea level? ol & 3 &t

t | h i
. (seconds) ‘ (metres) ‘
0 | 400 ‘
1 | 380 |
4 | 837 |

The three pairs of

: values from the table

| are indicated witha e. |
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In this chapter you will work with different types of mathematical
models called functions to represent a range of practical situations.
These functions help us to understand and predict the behavior of
variables.

Mathematical models that link two variables are called functions.

- A function is a relationship between two sets: a first set and a
second set. Each element ‘4’ of the first set is related to one
and only one element ‘y’ of the second set.

Example 1

Antonio and Lola are students at Green Village High School (GVHS).
Miu is a student at Japan High School (JHS).
The set of students A = {Antonio, Lola, Miu}.
The set of schools B = {GVHS, JHS}.
Decide whether these relationships are functions. Justify your decisions.
a The relationship between the first set A and the second set B:
‘x is a student at school y’.
b The relationship between the first set B and the second set A:
‘x is the school where y is a student’.

Answers

a This relationship is a function Draw a mapping diagram to show
because each element of the how the elements of set A, Antonio,
first set A is related to one Lola and Miu, are related to the
and only one element of the elements of set B, GVHS, JHS.
second set B; that is, each A B
student studies at only one "N P i

school. f{;JAntoni \ S OVHS |
{ Lola | ( )

\ Miu———% JHs /
A ./J \‘\ o f

e A

b This relationship is not a Draw a mapping diagram to
function because one element show how the elements of set B are
of the first set B, GVHS, is related to the elements

related to more than one of set A.
element in the second set A, B A
Antonio and Lola. e I
/ GVHSET—T/X”“’NO
Lola
JHS > Miu |/

\\. A Nz

In Chapter 1 we

saw sets where

the elements were
numbers. However, the
elements of a set may
be any kind of object.

A mapping diagram
is a drawing used
to show how the
elements in the first
set are matched to
the elements in the
second set.

Example 2

LetA=1{1,-1,0,2,4},B={1,0,4} and C = {1, 0, 4, 16}.

Decide whether these relationships are functions. Justify your

decisions.

a The relationship between the first set A and the second set B: ‘the
square of xis y’ or ‘y = x¥.

b The relationship between the first set A and the second set C: ‘the
square of xis ¥’ or ‘y = x%.

¢ The relationship between the first set C and the second set A: ‘the
square root of xis y’ or ‘y = Jx,

Answers

a Itisnot a function because
one element of the first set
A, 4, is not related to any
element of the second set B.

Draw a table of values.

The elements of set A are the values
of x. Use these to work out the
corresponding values of y given

vy =x° Check that the values of y
match the elements of set B.

A ! B

X [ y=x2

1 1
1] 1

o] o
2] 4
i3 .
4% = 16; 16 is not an element
of set B.

b Itis a function because each A T P
element of the first set A is x | y=x?
related to one and only one BN 1
element of the second set C. ——

-1 1
o[ o
2 4
4] 16

¢ Itis a function because each e ] A _"
element of the first set C is | x y=+Jx
relatesi to one and only one |T — .
element of the second set A. e f——

0 0
KX e
|16 | 4

In Example 2 as
the elements of the
sets are numbers,
the relationships
are numerical.

In Mathematical
Studies we work
with numerical
relationships that can
be described using
equations.

Think of everyday
situations where you
can define functions
between two sets.
For example, the
relationship between
a group of people
and their names; the
relationship between a
tree and its branches;
the relationship
between the days

and the mean
temperature of each
of these days, etc.
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1 Mius. Urquiza and Mr. Genzer both teach mathematics.
Mick and Lucy are in Mrs. Urquiza’s class. Lidia and Diana
are in Mr. Genzer’s class.
Let the set of students A = {Mick, Lucy, Lidia, Diana}
and the set of teachers B = {Mrs. Urquiza, Mr. Genzer}.
Decide whether these relationships are functions. Justify your

decisions.

a The relationship between the first set A and the second set B:
‘xis in y’s mathematics class’.

b The relationship between the first set B and the second set A:
‘x is y’s mathematics teacher’.

2 LetA = {3,750}, B= {12, 16,49, 100} and C = {49, 100}.
Decide whether these relationships are functions. Justify your

decisions.
a The first set A, the second set B and the relationship ‘xis a

factor of y’. . '
b The first set B, the second set A and the relationship ‘xis a

multiple of y'. . .
¢ The first set C, the second set A and the relationship ‘x is a

multiple of y’.
3 LetA={1,2,3,4},B=1{2,4,6} and C = {1, 2, 4, 6}.
a Decide whether these relationships are functions. Justify

your decisions.
i First set A, second set B and the relationship ‘x is half of y’.

ii First set A, second set C and the relationship ‘x is half of y’.

iii First set C, second set A and the relationship ‘x is the
double of y'.
iv First set B, second set C and the relationship ‘x is equal to ¥
v First set C, second set A and the relationship ‘x is equal to y’.
b Draw a diagram to represent the relationships from part a that
are functions.

4 Describe the following relationships between x and y using
equations.
a yisdouble x.
b Half of xis y.
¢ The cubic root of x is y.
d Half of the cube of xis y.

The equation
y = x? describes the
relationship ‘y is the
square of x’.

5 Decide whether these relationships are functions. Explain your
decision in the cases in which they are not functions.
a The first set is R, the second set is R and the relationship is
defined by the equation y = 3x + 1.
b The first set is R, the second set is R and the relationship is
defined by the equation y = x2.
¢ The first set is R, the second set is R and the relationship is
defined by the equation y = Jx.
d The first setis A = {x >0, x € R}, the second set is R and the
relationship is defined by the equation y = Jx.

numbers.

A function is a relationship between two sets: a first set and a
second set.

= @ The first set is called the domain of the function. The
elements of the domain, often thought of as the ‘x-values’,
are the independent variables.

® For each value of ‘x’ (input) there is one

and only one output. This value is
called the image of ‘x’. The set of
all the images (all the outputs)
is called the range of the function.
The elements of the range, often
thought of as the ‘y-values’, are the dependent variables.

Input Output stated.
equation
X————>y

Domain Range

Example 3

Consider the function y = x2.

a Findtheimageof i x=1 i x=-2,
b Write down the domain.

¢ Write down the range.

Answers
ai y=1 i Substitutex = 1intoy = x*
y=E)=y=1
i y=4 i Substitute x = =2 intoy = x?

y=(2)=y=4
Squaring any real number produces
another real number. So the domain
is the set of all real numbers.

b The domain is the set of real
numbers, R.

¢ The rangeisy > 0. The square of any positive or
negative number will be positive and
the square of zero is zero. So the
range is the set of all real numbers

greater than or equal to zero. take.

| R is the set of real

In Mathematical
Studies the domain
will always be the
set of real numbers
unless otherwise

We write domain and
range values as sets
inside curly brackets:
Domain = {inputs}
Range = {images or
outputs}

The domain is
assumed to be R
unless there are any
values which x cannot
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Example 4

1
' Consider the function y = X 0.
a Find theimageof: 1 x=2 i x= —%
b Write down the domain.
¢ i Decide whether y = 0 is an element of the range. Justify your

decision,
ii Decide whether y = -5 is an element of the range. Justify your

decision.

Answers
1 .
i y=5 :S‘ubstztute
i x=2and
1 em i F oy
i y—j__z i x=-intoy="
2

b The domain is the set of all
real numbers except 0.

Stnce division by zero is not defined,
the domain is the set of all real
numbers except zevo (x # 0).

i 0=2 Substitute iy =0and
g T . 1
This equation has no ii y=-5intoy= g
.solution. Therefore, y = 0 Is there an input value (x) that gives
is not an element of the an output () of 07
range.
ii 5= % Is there an input value (x) that gives
1 an output (y) of =57
X =- g

So, y = —5 is an element
of the range as it is the

. 1
image of x = o

Gottfried Leibniz

first used the
mathematical term

‘function’ in 1673.

Mathematical models

Exercise 4B

1 For each of the functions in a—d:
i Copy and complete the table. Put a x in any cells that cannot be
completed.
iit Write down the domain.
i Decide if y = 0 is in the range of the function. Justify your decision.

a y=2x b y=x2+1
— S . — : s
‘x ‘ﬂ%‘o 1|3.5‘ x ‘_3’0‘2‘2' .
ly=2| | EEE =esa| [T [ | [5]5]
1
Y=k 1 d y=x,x>0
) — o _— —
X ‘—2|—1‘O‘%‘3‘ X ‘—30% 9‘ ‘
. ] . b AL | - ; ;_
‘ 1 | ‘ | ‘ |1 ly=vx | | [ [2] J10
y= ‘g | | | | | ! ]

2 Decide whether each statement is true or false. Justify each of
your decisions. 5
a y=0isan element of the range of the function y = =.

b The equation y = x? cannot take the value —1.

¢ The equation y = x% + 3 cannot take the value 2.

d For the function y = x?— 1 there are two values of x when y = 3.
e For the function y = g— 1 the image of x = =3 is —2.

f For the function y = 2(-x + 1) the image of x = —1isy = 0.

Graph of a function

A graph can represent a function.

=> The graph of a function f'is the set of points (, y) on the
Cartesian plane where y is the image of x through the

We use different ‘|
letters to name

functionf. functions: f, g, h, etc.

' Drawing graphs
@ Draw a table of values to find some points on the graph.
On 2mm graph paper, draw and label the axes with suitable scales.

®
@ Plot the points.
[

Join the points with a straight line or a smooth curve.

Cartesian coordinates
and the Cartesian
plane are named
after the Frenchman
René Descartes
(1596-1650).

~
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Example 5

function.

Find the value of y.

Answers

D W B
vdi o~

]
o
1
2=
il
=3

4V &) B

i x-intercept is (1, 0).
ii y-intercept is (0, 1).

-199=-200+1
So A(200, 199) lies on the
graph.

B(6, y) lies on the graph, so
y=-6+1=-5=y=-5

a Draw the graph of the function y = —x + 1.

b Write down the coordinates of the point where the graph of this
function intercepts the i x-axis

¢ Decide whether the point A(200,-199) lies on the graph of this

d The point B(6, ) lies on the graph of this function.

Ix|-3|-1] o] 1] 3
tyl a| 2| 1] of-2

i y-axis.

Draw a table of values. Use
negative and positive values of x.
Use the values of x to work out the
corresponding values of y.
Whenx==3,y=—(-3)+1=4.

Use 2mm graph paper.

Let 1em = [ unit. Label

the x- and y-axes.

Plot the coordinate points

(=34, (-1,2,(0,1),(0

and (3, =2).

Join the points with a straight line.

i To find the x-intercept, read
off the point where the graph
intersects the x-axis.

ii 70 find the y-intercept, read
off the point where the graph
intersects the y-axis.

A(200, —199)

Substitute the x- and y-values into

the equation of the line to see if

they ‘fit’

B(6, y)

Substitute x = 6 into the equation of
the line to find the value of y at that
point.

Mathematical models

‘Draw’ means draw
accurately on graph

paper.

| A point P lies on the
graph of a function if
and only if the point
satisfies the equation
of the function.

In the solution to the next example, the set notation {x | x < 3} is

used. It is read as: the set of all x
than or equal to 3.

Example 6

such that x is a real number less

Here is the graph of a function f;

Use the graph to find

a the domain of f

b the range of f

¢ the points where the graph of f
intersects the 1 x-axis and

Answers

a Domainof f={x | x<3}

b Rangeof f={y|y>-4}

c i xintercepts: (-2, 0)
and (2, 0)
ii y-intercept: (0, —4)

)\
[ )
\ 8
\
v &
il y-axis. 4 |
L /
AL /
0 X
#

To find the domain from a graph of a
Junction, ‘squash’ or project the graph
against the x-axis.

A
] ‘l\ R
A
\ S
T ]
5
\\ /
= S W >
Lol LT

On the graph above, the domain is
shown by the green line.

To find the range from the graph of a
Sunction, Squash’ the graph against
the y-axis.

On the graph in part a, the range is
shown by the red line.

i Onthe x-axis the y-coordinate is
zero.

ii  On the y-axis the x-coordinate is
zero.

¢ indicates that an
endpoint lies on the
graph of a function.
In Example 6 the
point (3, 5) lies on i
the graph. To indicate
that a point does not
lie on the graph of a
function use an empty
dot, o.

Is it possible for the
graph of a function to
cut the y-axis more
than once?
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. Sketching a linear graph
@ Draw and label the axes.

Example 7

® Label the points where the graph crosses the x- or y-axis.

! 1
The x-axis intercept is at (5 , 0)

The y-axis intercept is at (0, ~1)

Sketch a graph of the function y = 3x— 1,

1
Wheny=0,x=§

Whenx=0y=-1

Draw the graph on your GDC.

t‘.l 1.1 |> *Unsaved w ‘ﬂ

2ty

10c)=3%~1

(0.333,0}

= /
(0,-1)
s 4

Now sketch the graph:
1 Draw and label the axes.
2 Copy the graph shown on the

GDC.

3 Label the points where the graph

crosses the axes.

| ‘Sketch’ means give a |

general shape of the

graph.

Exercise 4C

¢ EMAM-STHLE BUESTION

oo

this function meets

value of y.

Mathematical models

Draw the graph of the function y = 2x - 4.
Write down the coordinates of the point where the graph of

i the x-axis it the y-axis.
¢ Decide whether the point A(250, 490) lies on the graph of this
function. Justify your decision.
d The point B(—3, y) lies on the graph of this function. Find the

GDC help on CD: Alternative. \

demonstrations for the

Plus and Casio FX-9860Gl!.

GDCs are on the CD.

2 For each of the graphs of functions in a—d write down
i the domain i therange
iii the points where the graph meets the x-axis (where possible)
iv the point where the graph meets the y-axis (where

possible).
a A b N
] 0 ‘X B = =
N A
& i, 0 :x
i E_/ L\
\L
[ L\
iy
c % d %
L] /
{/ ™ T B /
-1 0 1 ’X 6 _.7..__:
—1/ —

4 0 1 2%

3 Decide whether these statements about the functions drawn in
question 2 are true or false.

Function a

i Point (1, —1) lies on this graph.

il The image of x =-21is 0. iii Whenx=26,y=1.
Function b

i There are two values of x for which y = 8.
i There are two values of x for which y = 4.
iii There is a value of x for which y = 9.

Function ¢
i The line x = 0.5 intersects the graph of this function twice.
il The line y = 0.5 intersects the graph of this function twice.
iii The image of x = 0.2 is the same as the image of x = —0.8.

Function d
i The line y = 1 intersects the graph of this function once.
il Whenx=16,y=1.
iii As the values of x increase, so do their corresponding
values of y.

4 Sketch a graph for each of these functions.
a y=2x+3 b y=—-x+2 ¢ y=3x-4
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Function notation

- y = f(x) means that the image of x through the function fis y.
x is the independent variable and y is the dependent variable.

So, for example, if f(x) =2x—5
@ f(3) represents the image of x = 3.

To find the value of f(3) substitute x =3: f(3) =2x3-5=1
& f(=1) represents the image of x = —1.
To find the value of f(—1) substitute x = —1; f(-1) =2x-1-5=-7

Example 8
Consider the function f(x) = —x? + 3x.
a Find the image of x = -2. b Find f(1).
¢ Show that the point (4, —4) lies on the graph of f.
Answers
a f(-2)=-(2?+3x-2=-10 Substitute x = =2 into
f(x) = —x% + 3x.
b f(1)=-12+3x1=2 Substitute x = 1 into f (x).
c f4)=-4+3x4=-+4 If (4, —4) lies on the graph of [ then
So (4, —4) lies on the graph. f(4) = —4. Substitute x = 4.

Exercise 4D

1 Consider the function f(x) = x (x — 1)(x + 3).

¢ Show that f(-3) = 0.

Justify your decision.

b Calculate d(2.5).
¢ Calculate the image of £ = 1.

a Calculate C(2).
Find the value of 5.

Find the value of a.

ST R BESTION

Here is the graph of

Ithemati wce

Consider the function d(¢) = 5¢—¢2.
a Write down the independent variable of this function.

a Write down the value of i »(1)
b The point (m, 9) lies on the graph. Find the value of m.
¢ Find the value of ¢ for which v(f) = 0.

d Find the set of values of ¢ for which v(£) < 0.

a Calculate f(2). b Find the image of x = >

d Decide whether the point (—1, —4) lies on the graph of f.

d Show that d(1) and d(4) take the same value.
Consider the function C(n) = 100 — 10n.

b The point (3, b) lies on the graph of the function C.

¢ The point (g, 0) lies on the graph of the function C.

the function v(¥) = -3¢ + 6.

i v(3).

| We use different

variables and different

letters for functions;
for example, d = v(t),
m = C(n), etc.

f f(3) = 1 can be read

as: ‘fat 3 equals 1'or

‘f of 3 equals 1'.

One of the first
mathematicians to
study the concept of
function was French
Philosopher Nicole
Oresme (1323-82).
He worked with
independent and
dependent variable

guantities.
V(ﬂin
9 —
—§ —
2
b 4O ) 4t
—1=3
=6
._g_._ —

G - T A e bk 5 3 A P ) EW3
MO e T 7 3 = §

: 5 Consider the function f(x) = 0.5(3 - x).

:a Draw the graph of f.
b Find the point A where the graph of fmeets the x-axis.
¢ Find the point B where the graph of fmeets the y-axis.
d Solve the equation f(x) = 2.

6 Consider the function A(x) = 3 x 2.
a Calculate i 2(0) i A(-1). b Find xif A(x) = 24.

Functions as mathematical models
We can use functions to describe real-life situations.

Translate the situation into | ‘

) Find the solution usin
mathematical language =4 ) g
mathematics.

‘ ' Interpret the solution in ‘
== | the context of the

h(x) =3 X 2*is an
exponential function.
You will learn more
about these in
section 4.4.

__ and symbols. : problem.
Example 9
A rectangular piece of card measures 20cm by 10cm. Squares of length f
x cm are cut from each corner. The remaining card is then folded to |
make an open box. Write a function to model the volume of the box. ’ . l
""""""""""""""""""""" [""'""""""""'"""“' Look at Example 9.
Answer , , 1 What is the
First draw a diagram to )
g represent the information given domaineitie
| |_|xem inpthe uestion. Carefull fab ] MYtiQIR Can |
= = - b |
10em | £ = Sj e A X take any value? I
! T | 4xem ~ | the dimensions of the open box: Why? Try different
yem: 20¢m B = ) valués and draw a .
width (10 — 2x)cm ) 1
. conclusion.
height xcm ‘
The volume of the box, V, will Zliowcetlidhine
V(%) = (20 — 2x)(10 - 2x)x e function help
depend on the value of x. ,
. you to find the
Volume of cuboid = ) ; |
) ) maximum possible
length X width X height. '
volume? |
=STRLE GUESTION |
1 A rectangular piece of card measures 30 cm by 15cm. Squares of |
- length xcm are cut from each corner. The remaining card is then ‘
folded to make an open box of length /cm and width wem.
a Write expressions, in terms of x, for
i the length, / ii the width, w.
b Find an expression for the volume of the box, V, in terms of x.
i Explain in words the meaning of 713).
ii Find the value of 7(3). i Find the value of 71(3.4).
iv Is x = 8 in the domain of the function {(x)? Justify your decision.
Chapter 4 4




s EHAAM-STHLE QUESTIONS

2 The perimeter of a rectangle is 24cm and its length
¢ isxcm.
a Find the width of the rectangle in terms of the
length, x.
b Find an expression for the area of the rectangle,
A, in terms of «x.
c i Explain the meaning of A(2).
ii Calculate A4(2).
d Is x = 12 in the domain of the function A(x)?
Justify your decision.

3 The Simpsons rent a holiday house costing 300 USD
¢ for the security deposit plus 150 USD per day.
Let n be the number of days they stay in the house

-
You can use mathematical functions

to represent things from your own life.
For example, suppose the number of
pizzas your family eats depends on
the number of football games you
watch. If you eat 3 pizzas during every
football game, the function would

be ‘number of pizzas’ (p) = 3 times
‘number of football games’ (g) or

p = 3g. Can you think of another
real-life function? It could perhaps be
about the amount of money you spend
or the number of minutes you spend
talking on the phone.

and C the cost of renting the house.
a Write a formula for Cin terms of #.
b How much does it cost to rent the house for 30 days?

express this condition.
the house for two weeks.

rent the house.

@ 4 An Australian company produces and sells books.

by C(x) = 0.4x> + 1500.

TN pEE——

by I(x) = —0.6x2 + 160x.

using the function
P(x) = —x* + 160x - 1500.

six books? Comment on your answer.

selling 40 books?

ii Find the selling price of one book when 40 books
produced and sold.
(Assume that all the books have the same price.)

The Simpsons have 2300 USD to spend on the rent of the house.
c i Write down an inequality using your answer to part a to

| it Hence, decide whether they have enough money to rent

ili Write down the maximum number of days that they can

The monthly cost, in AUD, for producing x books is modeled
The monthly income, in AUD, for selling x books is modeled

a Show that the company’s monthly profit can be calculated

b What profit does the company make on producing and selling

c i What profit does the company make on producing and

d Use your GDC to find the number of books for which P(x) = 0.

| Profit = Income — Cost '

are

A Mathematicsl models

e |

4.2 Linear models

Linear models of the form f(x) = mx

The straight line shown here has a positive gradient and the function
y = f(x) is increasing.
A(0) = 0 and the line passes through the origin (0, 0).

The gradient of the line is given by m = 2221,
X, — X,
Using two points on the line, (4, 6) and (0, 0), the gradient is
_6-0_3_
m=y0"2" 1.5.
So f(x) = 1.5x.

This type of linear model is used in conversiori graphs. The two
variables which have a fixed relationship between them are in direct
proportion, so their graphs are straight lines with a positive gradient
passing through the origin.

Example 10

1 mile is equivalent to 1.6km.

a Draw a conversion graph of miles to km.

b Find the gradient of the line.

¢ Hence, write down a model for (x), where k(x) is the distance
in km and x is the distance in miles.

Answers
a at 4 Use 2mm graph paper.
100‘_; R Put miles on the x-axis.
2 sol _ggof-s_t_} 2 Put kilometres on the y-axis.
g so 2 '-y;-ék;(x) Find two points to draw a
ST B i straight line: 0 miles = Okm
> 20_ 50 (0, 0) is on the line.
3 '1.‘0:2.'0 3‘.0 g > 50 miles is equivalent to

1.6 X 50 = 80km so (50, 80)
is on the line.

Plot the two points and join
with a straight line.

x{miles)

B (Crmdisi e e =Y i

500 Use the two points from

part ato find the gradient,
s Y=Y i
X~ %
¢ The equation of the line is
y = 1.6x.
Hence, k(x) = 1.6x, where k(x) is
the distance in km, and x is the

For a general linear function
through the origin, fix) = mx.
Here, the function is k (x) = mx.

distance in miles.

o
L
5
=
.
||

|
N

| Conversion graphs

| to pounds. ‘

The equation y = 1.6x |
| can be rearranged to ‘

convert km to miles.

can be used to

convert one currency |
to another, or one set
of units to another: for
example, kilometres
to miles, or kilograms

1.6

X Y or -
= = X = —

16”7 ‘
= 0.625y. Use this to
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Exercise 4F

1 1kgis equivalent to 2.2 pounds.

a
b

d
e

f

Convert 50kg into pounds.

Draw a conversion graph of pounds to kilograms. Use x-values
from Okg to 100kg and y-values from 0 pounds to 250 pounds.
Find the gradient of the line. Hence, write down the model for
p(x), where p(x) is the weight in pounds and x is the weight in kg.
Find p(75) and p(125).

Find the model for k(x), where k(x) is the weight in kg and x is
the weight in pounds.

Calculate £(75) and £(100).

2 The exchange rate for pounds sterling (GBP) to Singapore dollars
(SGD) is £1 = S$2.05.

a
b

f

Find the number of Singapore dollars equivalent to 50 GBP.
Draw a conversion graph of GBP to SGD. Use x-values from
£0 to £100 and y-values from S$0 to S$250.

Find the gradient of the line. Hence, write down the model for
s(x), where s(x) is the amount of money in SGD and x is the
amount of money in GBP.

Find 5(80) and s(140).

Find the model for »(x), where p(x) is the amount of money in
GBP and x is the amount of money in SGD.

Calculate p(180).

3 The exchange rate for pounds sterling (GBP) to US dollars (USD)
is £1 = $1.55.

a
b

Find the number of US dollars equivalent to 60 GBP.

Draw a conversion graph of GBP to USD. Use the x-axis for
GBP with 0 < x< 80, and the y-axis for USD with 0 < y < 140.
Find the gradient of the line. Hence, write down the model for
u(x), where u(x) is the amount of money in USD and x is the
amount of money in GBP.

Find ©(300) and u(184).

Find the model for p(x), where p(x) is the amount of money in
GBP and x is the amount of money in USD.

Calculate p(250) and p(7750).

Linear models of the form f(x) = mx+ ¢

When two variables are not in direct proportion, their graphs are straight
lines that do not pass through the origin, that is, linear functions.

= A linear function has the general form

where m (the gradient) and ¢ are constants.

f@)=mx+c

. R Mothematical models

- Plot the point you
found in part a.

| Write the formula as
y = ... and rearrange
| to make x the subject.

ﬁ' You have seen the

| equation of a line
in Chapter 3,
Section 3.2.

Example 11

different times recorded.

In a chemistry experiment, a liquid is heated and the temperature at

The table of results for one student is shown.

Time (x minutes) o 416

Temperature (y°C) | 30 [ 40 | 50

65|

a Draw a graph for this data.

data.
¢ Use the model to predict:

Answers
a N
10041+
80411
60|
40+ EEsEEnE
20-5.;::::..'::'

Temperature (y °C)

¥

0 T I T
2 4 6 8 1012
Time (xminutes)

b Gradient, m = 240
9-4
25
== =5
T(x)=mx+c
T(x)=5x+c
T2)=5%x2+¢=30
10+¢=30
c=20

Therefore, the model for the
temperature is T{x) = 5x + 20.

¢ i At 8 minutes:
T(8)=5x8+20=60
So, the temperature of the
liquid after 8 minutes is 60°C.
ii. When T(x) = 57°C:;

b Find a model for T{x), the temperature with respect to time, for these

i the temperature of the liquid after 8 minutes
il the time taken for the liquid to reach 57°C.

Use 2mm graph paper.

Put time on the x-axis.

Put temperature on the y-axis.

Plot the points from the table e.g.

(2, 30) and join them with a straight
Iine.

The model will be in the form
T(x) = mx + ¢. You need to find the
constants m and c.
Use any two points from the table, e.g.
(4, 40) and (9, 65), to find the gradient,
e L

%, %,

To find the value of c use any point
Sfrom the table, e.g. (2, 30), which
means T(2) = 30.

i Atime of 8 minutes means
x = 8. Substitute x = 8 into
the function in part b.

ii A temperature of 57°C means
T(x) = 57. Substitute T(x) = 57
and solve for x.

57=5x+20
S5x=37
=37 _74
5
So, it takes 7.4 minutes for
the liquid to reach 57°C.

9 | \

| You can plot the graph |
on your GDC and find |

| the model for T(x). For
help, see Chapter 12,

. Section 5.4. :

For Example 11, the

equation of the model

was T(x) = bx + 20.

Compare the equation

of the model with

a the initial
temperature

b the average rise in
temperature every
minute.

What conclusions can

be drawn?
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Exercise 4G

1 In a chemistry experiment, a liquid is heated and the temperature
at different times is recorded. Here is a table of results.

iTime(xminutes) | 3 | 5 ‘ 7 | 9 |
‘ Temperature (y °C) ‘ 130 ‘ 210 ‘ 290 ‘ 410 ‘

a Draw a graph for these data.

b What was the initial temperature of the liquid?

¢ Find the linear model, T(x), for the temperature of the liquid
with respect to time.

In a physics experiment, a spring is stretched by loading it with
different weights, in grams. The results are given in the table.

| Weight (x g) [40[50] 75 [90]
' Length of spring (¥ mm) 38 | 43 | 55.5 | 63 |

a Draw a graph for these data.

b Find the natural length of the spring.

¢ By how many mm does the spring stretch when the weight
increases from 50g to 90g?

d Use the answer to part ¢ to find the average extension of the
spring in mm for each extra gram loaded.

e Find the equation of the linear model, L (x), for the length of
the spring with respect to load.

The temperature of the water in a hot water tank is recorded at
15 minute intervals after the heater is switched on.

| Time (xminutes) | 15 | 30 | 45 |
!Temperature (y°C) | 20 30 | 40 |

a Plot a graph of these data on your GDC.

b Find the linear model, T'(x), for the temperature of the liquid
with respect to time.

¢ Find the temperature of the water after 85 minutes.

Different weights are suspended from a spring. The length of the
spring with each weight attached is recorded in the table.

Weight (x g) | 125 | 250 | 375 | 500 |
Length of spring (ycm)! 30 ‘ 40 | 50 ‘ 60 |

a Plot a graph of these data on your GDC.

b Find the natural length of the spring.

¢ By how many cm does the spring stretch when the weight is
increased from 125g to 375g?

d Find the weight that will stretch the spring to a length of 48cm.

e Find the equation of the linear model, L(x), for the length of
the spring with respect to load.

| Use a scale up to 420
on the y-axis.

. The natural length
is the length of the
spring with no loading.

Read off the value
from your graph.

Linear models involving simultaneous equations

Sometimes you cannot find the model from the given data.
You may need to write equations to represent the situation
and solve them simultaneously.

Example 12

A carpenter makes wooden tables and chairs.

He takes 10 hours to make a table and 4 hours to make a chair.
The wood costs $120 for a table and $40 for a chair.

Find a model for

a the time required to make the tables and chairs

b the cost of making the tables and chairs.

Answers

a Let ¢ be the time required to
make the tables and chairs.
The model for the time
required is £ = 10x + 4y.

Let x be the number of tables and y
be the number of chairs.

Total number of hours for the tables:
10 hours per table, x tables = 10X x
Total number of hours for the chairs:
4 hours per chair, y chairs = 4x y
Total cost ($) for the tables:

$120 per table, x tables = 120 X x
Total cost ($) for the chairs:

$40 per chair, y chairs = 40x y

b Let ¢be the cost of making
the tables and chairs.
The model for the cost is
¢=120x + 40y.

The simultaneous equations arise when you are given values that the
model must satisfy.

Example 13

The carpenter in Example 12 works 70 hours one week and spends
$760 on wood.
How many tables and chairs can he make?

Answer

From Example 12: The model must work for the values:
t=10x+ 4y (time) t = 70 and (cost) c = 760.

¢ =120x + 40y Write a set of simultaneous
10x+4y =170 equations.

120x + 40y = 760 Solve these either analytically or
UsingaGDC:x=3and y=10

using a GDC.
The carpenter can make 3 tables i
and 7 chairs.

12> Math modelling dﬂﬂ

10-x+4y=70 {310} ©
li"%lve({xzo»xwow?so Axy }) |

1199

| For a reminder on

solving simultaneous
equations, see Chapter
13, Section 2.4.

The given values for

a model are called
constraints.

| For help with using

a GDC to solve
simultaneous
equations see
Chapter 12,

Sections 1.1 and 3.4.

GDC help on CD: Alternative

demonstrations for the TI-84 ®
Plus and Casio FX-9860GIl .

GDGs are on the CD.
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The simplest quadratic function is £ (x) = x2. Y

|
L |
. _ 1 19'[‘(' =y 2] !
1 To make a sponge cake you need 80g of flour and 50g of fat. Here 1s a table of values for f(x) = x2. i = (w)=x |
To make a fruit cake you need 60 g of flour and 90g of fat. B B2l ol 1l 213 = |
Find a model for f(x) i o | 4 | T lolztlzll 9 | __\._' |
a the amount flour needed to make both cakes ; | _ LY gl H |
b the amount of fat needed to make both cakes. Plotting these values gives the graph shown here. \\z |
Peter has 820g of flour and 880g of fat. 1 The graph is called a parabola. = \0 > ‘
¢ How many of each type of cake can he make? ' 2 The parabola has an axis of symmetry (the y-axis). |
, 3 The parabola has a minimum point at (0, 0). ‘Squash’ the graph of |
chair. . . .
2 Tt takes 8 hours to make a table alr;d 3 h(;lur.s t}(i make ; t1r$30 The minimum point is called the vertex (or turning f(x) = x? against the
For a table the wood costs $11005 ) (;)r a chair the wood costs $30. point) of the parabola, y-axis to confirm that
om many abtesand chars canshe make? 4 Therange of f() = x7is 0 L /20g8 7 20 |
W H
Y r’The name ‘parabola’ A |
i to 3 people and 7 cases. . —— . |
3 ,[: VAR A S upt;’;’ peo ple w8 2 = The graph of any quadratic function is a parabola — a U-shaped was introduced by the |
o EarICannIcs ups andiarf do vou need f.or 59 people and (or N-shaped) curve. It has an axis of symmetry and either a Greek, Appollonius of |
OW many van d minimum or maximum point, called the vertex of the parabola. Perga (c. 262-190
70 cases? BCE) in his work on
4 A passenger plane carries 80 passengers and 10 tonnes of conic sections. |
supplies. |
A transport plane carries 50 passengers and 25 tonnes of supplies. Inve sti g at'i on - the curve y=a X2 |
How many planes of each type do you need to carry 620 people { @ ' ; -
and 190 tonnes of supplies? ' 1 Draw these curves on your GDC: y = x2 and y = —x2 ‘
_ How are these two curves related? |
5 A school mathematics department has 1440 euros to buy 2 Nowdraw: y=2x2 y=3x2 y=0.5x2 For help with drawing |
textbooks. y=-2x* y=-3x* y=-0.5¢" graphs on your GDC |
Maths for All volume 1 costs 70 euros. Maths for All volume 2 costs Compare each of these six graphs to y = x2, | see Chapter 12, |
40 euros. ComsiiEters . Section 4.1.
The department wants twice as many copies of volume 1 as a Is the curve still a parabola? Is the curve U-shaped or |
volume 2. - . B'Shagehd? el o m el & Without drawing the |
. GlaBeh o e aNiET Bul Extension material on CD: O oes it have a vertical line of symmetry” graph, how do you
| ‘ How many youy T— Worksheet 4 - Equations e ¢ What is its vertex? Is the vertex a minimum or maximum st rA o]
; —_— — = ' y at it will be |
| i point? N-shaped? |
P 3 What is the effect of changing the value of a?

Draw a few more graphs to test your conjecture. (Remember to

|
: s B L 1 11 TR use positive and negative values of a and also use fractions.
Quadratic functions and their graphs e ARG P g ) |
- A quadratic function has the form of function would you ;
i = ’?
f(%) = ax®+ bx + ¢, where a, b,ce Rand a# 0. getifa =0 |
| |

_ @ Investigation - the curve y = x2+ ¢
The domain of a quadratic function can be the entire set of real

Cy =y 2 — y2 = 72 =
numbers (R) or any subset of this. Draw these curves on your GDC: 5 ) iz e ))/’_ )><<2 :r22 y=x2 -4 :
Here_artze examples of some_quadgat;c EeCaons; 2 ip Compare each graph to the parabola y = x2. (Use the list of !
S) =x?+3x+2 f)=x- i‘ 3 f(xz— g_ 0.c=12 considerations in the preceding investigation as a guide.) |
(@=1,6=3,c=2) (@=-3,0=1,c=0) (@=3,6=0,c=12) What is the effect of changing the value of ¢? |

y
Chapter 4 ,-’?‘fii%'é:%i??-:.
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. Sketching a quadratic graph (1)

Investigation - the curves y = kx - x2

# Draw and label the axes. <[] e a8 Y\ and y= X% — kx
@ Mark any points where the graph intersects 7.
the axes (the x- and y-intercepts). Label these 1?43 e+ Part A
with their coordinates. 1 Use your GDC to draw the graph of y = 4x — x2.
@ Mark and label the coordinates of any ) N (0,3) What is the equation of its axis of symmetry?
maximum or minimum points. s +— - What are the coordinates of the vertex?
® Show one or two values on each axis to give | . —_g—o—;"; What are the coordinates of the points at which the curve intersects
an idea of the scale. the x-axis?

2 Drawthese curves:y =2x-x2, y=6x-x2, y=x-x2 y=5x-x2
Use this sketch graph of f{x) = x2 to

Exercise 41 3 What is the effect of varying the value of k?

hel .
s £ I Erewreious inveseations e What is the equation of the axis of symmetry of the curve y = kx — x2?

Use your results from the p & What are the coordinates of the points at which the curve y = kx — x2
to help you sketch these graphs. intersects the x-axis?
1 y= 2¢2 4+ 1 | PartB
2 y=—*+3 (2.4) : Draw these curves: y = x2 - 2x, y=x2>-4x, y=x?- 6x

' | Answer the same questions for these as you did for the curves in part A,
3 y= 3x2 -2 —r4 |
4 y= 22+7 . .
. i — — ‘ @ Investigation - curves of the form

y=MX-p)x-q)
@ Investigation - the curves y= (x+ P)2 1 Use your GDC to draw the graph of y = (x — 1)(x — 3).
and y = (x + p)z +q Where does it intersect the x-axis?

What is the equation of its axis of symmetry?

1 Use your GDC to draw these graphs: What are the coordinates of the vertex?

y=x2, y=(x+2)2 y=(x+3) y=x-1? y=(x-0.5)?
Compare each graph to the graph of y = x2. 2 Answer the previous questions for the general curve y = (x — p)(x — q).
What is the effect of changing the value of p? {You may wish to draw more graphs of functions of this form.)

2 Use your GDC to draw these graphs:
y=(x+2)2-3, y=x-4)2+2, y=(x-1)*-5
What is the axis of symmetry of y = (x + p)* + q?
What are the coordinates of the vertex of y = (x + p)® + g?

Exercise 4K

For each function, write down:

a the equation of the axis of symmetry

b the coordinates of the points at which the curve intersects

| Do not draw the

J
| |
i . ! graphs. |;
Exercise 4.J the x-axis |
_ ¢ the coordinates of the vertex. |
For each graph, write down the coordinates of the vertex and . ] \ ) e |
the equation of the axis of symmetry. y=x(x-4) y=x(x+6) |
= Y - ) F - 3
1 y=(x+3)7-2 8 JSIeE e 4 y=3x-x Factorize and then use

5 y=x2-2x 6 y=x*-x the same method as

. 2 7 ;
| | 2 y=(x+52+4 The equation of the in questions 1 and 2.

2_1 axis of symmetry must 7 y=x*+4x 8 y=uxl+x
3 y—(x—4) - be givenas ‘x=.... J

9 y=(x+1Dx-3) 10 y=(x-5(x+3)
11y=(x-2)(x—6) 12 y=(x+2)(x—4)

4 y=(x-57+7

5 y=—(x+3)+4

Chapter 4 4




Investigation - the general quadratic curve
y=axt+bx +c

PartA:a=1
1 Use your GDC to draw the graph of y = x* — 4x + 3.
Where does it intersect the x-axis?
What is the equation of its axis of symmetry?
What are the coordinates of the vertex?
2 Answer the previous questions for the general curve y = ax®> + bx + C.
(You may wish to draw more graphs of functions of this form.)

Part B: varying a . .
Use your GDC to draw the graph of y = 2x? — 4x + 3 as a starting point.
Consider graphs of this form and answer the questions from Part A.

For each function, write down:
a the equation of the axis of symmetry
b the coordinates of the points at which the curve intersects the

x-axis
¢ the coordinates of the vertex.
1 y=x2-2x+3 2 y=x*+4x-5

y=x?+6x+4 4 y=3xr—-6x+2

3
5 y=2x2-8x—1 6 y=2x>+6x—7
7

y=05x?—x+2 8 y=0.5x2+3x-4

A U-shaped graph is
‘concave up'.

A n-shaped graph is
‘concave down’.

The general form of a quadratic function is f(x) = ax* + bx + c.

- e If a > 0 then the graph is U-shaped,; if a < 0 then the graph
is N-shaped.
e The curve intersects the y-axis at (0, c).

The equation of the axis of symmetry is x = 5. #0.- | This formula is in the

Formula booklet. You
should have found it
in the investigation
above.

e The x-coordinate of the vertex is x = e

- The factorized form of a quadratic function is

f@) =alx—R(x-D.
e If a > 0 then the graph is U-shaped; if @ < 0 then the graph
is N-shaped.

e The curve intersects the x-axis at (¢, 0) and (/, 0).

+1

) k
® The equation of the axis of symmetry is x = 5

in a parabola, the axis
of symmetry passes
through the vertex.

k+1

® The x-coordinate of the vertex is also x = 5

—> Finding the x-intercepts

The function f (x)= ax? + bx + ¢ intersects the x-axis where
f(x) = 0. The x-values of the points of intersection are the two
solutions (or roots) of the equation ax? + bx + ¢ = 0.

(The y-values at these points of intersection are Z€ro.)

Example 14

a Find

Answers
a i The graph intersects the
y-axis at (0, 8).

i The equation of the axis of

200

ifi The x-coordinate of the

vertex is x = —3.

The y-coordinate of the

vertex is:

S(3) =32 +6(-3)+ 8

=-1

So, the coordinates of the

vertex are (—3, —1).

iv x2+6x+8=0
f(x)=0when x=-2or 4
The graph intersects
the x-axis at (-2, 0) and
(-4, 0).

Consider the function f(x) = x2 + 6x + 8. - o

i the point where the graph intersects the y-axis

ii the equation of the axis of symmetry

ili the coordinates of the vertex

iv the coordinates of the point(s) of intersection with the x-axis.
b Use the information from part a to sketch this parabola,

. 6
symmetry is x = ——— = -3,

General form: fix) = ax? + bx + ¢.
Here: flx) =x? + 6x + 8
Sora=1b=6c=8

The curve intersects the y-axis

at (0, ¢).

Usex =———, witha = 1 and
b=6

The x-coordinate of the vertex is
b . .
x= g which we found in part b so
a

x=-3

10 find the y-coordinate substitute
x = =3 into the equation of the
Sfunction.

The curve intersects the x-axis where
S =0,s0purx®> + 6x+8=0and
solve using a GDC.

5 1.2 |, "Math modelling w 0[]
polyRoots(x2+6>x+8,x) { -4-2} r
I
|
x
]

B Continued on next page

The Indian
mathematician
Sridhara is believed to
have lived in the 9th
and 10th centuries.
He was one of the
first mathematicians
to propose a rule

to solve a quadratic
equation. Research
why there is
controversy about
when he lived.

GDC help on CD: Alternative
demonstrations for the TI-84
Plus and Casio FX-3860Gl!
GDCs are on the (D,
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b % a >0 (a=1)sothe curve is b ) [ Draw and label the axes. | The x-intercepts are |
) =x*+ 6x+ 8 (rshaped. _ ) ! Mark the x-intercepts at (2, 0) the points where the
The vertex is (—3, —1) (part a iii) For f(x)=x* +6x+8 E and (3, 0). The axis of symmetry is graph crosses the
The curve intersects the y-axis at ® the vertex is ! halfway between the two x-intercepts, x-axis. The y-values
i -' 1 . t th ir
J(Co' 9 gzrz 71'71)6 of symmetry (=3,-1). ‘ 2,0 | (3,0) atx = —. Draw it in (as shown by jero e::epo;rts art:
R i . : > . The values a
4,0 ‘\./( 2,000 X - s EgsEiEs ) © _10 i i the dashed red line here). .
(part a i) e AL S ] | the x-intercepts are
L = | : Mark the y-intercept at (0, ~1). called the ‘zeros’ of |
= % Draw a smooth curve through the e T
Exercise 4M 64! marked points, : i
1 - ] ] The y-intercepts are
For each function f(x) in 1-8: Hi i Sym”f“ml about the points where the
+ Find \ 2! x= > and the axis of symmetry graph crosses the
i the coordinates of the point of intersection with the y-axis N - / N passes through the vertex. y-axis. The x-values at
ii the equation of the axis of symmetry -4 -2 _2({1-’{ 4 X | these points are zero.
iii the coordinates of the vertex ;
iv the coordinates of the point(s) of intersection with the x-axis
v the range of f. o — _
. = - \ &
b Sketch the graph of the function. ~ Sketching a quadratic graph (2) If a quadratic function
¢ Use your GDC to draw the graph to check your results. ¢ If you are given the function, use your GDC to draw the graph and then ‘ only takes negative
copy the information on to a sketch. values bet!
— 42 . =42+ 8x+ 7 ) ) etween
1 f() x2 +2x-3 2 f(» B x2 % 7 @ If you are not given the function, use the information you are given and X =m and x = n, what
3 f)=x*—6x—7 4 f(x)=x N X — what you know about quadratic curves, that is: ‘ can you tell about
5 f(x)=x>-3x-10 6 f(x)=2x"+x-3 = They are U-shaped or n-shaped. x = m and x = n? What
— —ya=2 . : :
7 f(x)=2x>+5x-3 8 f(¥)=3x2-x-4 |. ®  They have an axis of symmetry that passes through the vertex. ' happens at the points
where x takes those
Sketching quadratic graphs . ' negative values? Is the
Exercise 4N parabola L-shaped or
Example 15 Sketch the graph of: Selecsts
- What can you tell about
a Sketch the graph of a parabola with vertex (1,2) and range y 2 2. 1 A parabola with vertex (1, —3) and x-intercepts at —1 and 3. a quadratic function i
b Sketch the graph of a parabola with x-intercepts at x = =2 ' that only takes positive
il Bl = 2 A parabola with vertex (-1, 2) and range y < 2. values between x = m
---------------------------------------------------- . o and x = n?
Answers 3 A parabola with an axis of symmetry at x = 0 and range y < —1. |
a y Draw and label the axes. 4 A parabola with x-intercepts at x = 3 and x = 0 and range y < 1.

Use a vertical line to show the range
(v = 2) of the function on the y-axis
(shown in red here).

Plot and label the vertex (1, 2).

5 A parabola passing through the points (0, —2) and (4, —2) with a
maximum value at y = 2.

6 A quadratic function f that takes negative values between
x=2andx =15, and f(0) = 4.

& A\
i Is the parabola — _
' shown in Example 15
8 / Draw a smooth curve through the part a the only one
6 , oint (1, 2). The curve is symmetrical that satisfies the »
y, b
oy about the vertical line through the information given?
MR '(1v|21 e vertex, that is, x = 1. If not, how many are
3-2-101 2 3 4% there?

» Continued on next page
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Intersection of two functions

- Two functions f(x) and g(x) intersect at the point(s) where

f®)=gW.

To find the coordinates of the points of intersection

« use a GDC, or

¢ equate the two functions algebraically, rearrange to equal
zero, and then solve on the GDC.

Example 16

Find the points of intersection of f(x) = x? + x— 4

and g(x) =3 —4x—x%

Answers

Method 1: Graphical

The points of intersection are
(-3.5,4.75) and (1, -2).

Method 2: Algebraic
f) =2
2+ x-4=3-4x—x*
2%+ 5x-7=0

7

=1 x=—-——
X 0 2

fFA)y=Qqy+ (12)—4=—2
IR

So, the points of intersection are

7 19
(1,-2)and (—E, Z)

JTE » Math modelling eil] <]
11{x)=x? +x-4
(1,-2)
3
K 10 ﬂ(x]'?-i'x-xz
Equate f (x) and g (x).

Rearrange to equal zero.

Solve using a GDC.
m > Math modelling w m
] e
poly Rnols(}-xz +5 x—7,x) { %’ 1 ]

|
N

4
Substitute the values of x into the

function f (x) to find the y-coordinate
of each point.

Write as coordinate pairs.

For help with using a
GDC to find the points
of intersection of two
curves see Chapter
12, Section 4.5.

For help with using

a GDC to solve a |
guadratic equation |
see Chapter 12,

Section 1.2. ‘

-
GDC help on CD: Alternative
demonstrations for the Tl-84 @

Plus and Casio FX-9860GII e

GD(s are on the CD. y

f

Exercise 40

1 Here are two functions f(x) = x2 + 3x - 5 and g(x) = x - 2 for the
@ domain-5<x<2 xe R.
a Use a GDC to draw the graphs of these functions and find the
coordinates of their points of intersection.
b Write down f(x) = g(x) and solve it for x. Do you get the same
answers as you did for part a?

The function /4 (x) = 2x — 3 has the same domain.
¢ Find the points of intersection of £(x) and 4 (x)
i algebraically i graphically.

2 Find the coordinates of the points of intersection of the graph
of f(x) = x* + 3x— 5 for the domain -5<x< 2, x € R, and the
linex+y+5=0.

3 Find the points of intersection of the graphs of:
a f(x)=5+3x—x%*and g(x) =1
b f(x)=5+3x—x2and h(x)=2x+ 3

@ 4 a Usea GDC to draw the graphs of the functions
f(x) =2x?-x—3 and g(x) = x + 1 for the domain

-3<x<3, xe R.

b State the ranges of f and g on this domain.

¢ Find the x-coordinates of the points of intersection of the two
functions.

d On the same axes, and for the same domain, draw the graph
of the function A (x) = 2x + 2.

e Solve the equation f(x) = A(x) both graphically and
algebraically.

f Find the coordinates of the points of intersection of the graph
of y = f(x) and the line x + y = 5.

s EEAM-STHUE QUESTION
5 The diagram shows the graphs of the functions f(x) = x? — 3 and
- g(x) =6 — x? for values of x between —4 and 4.

h
8

ANVAY
a Find the coordinates of the points of intersection.
b Write down the set of values of x for which £(x) < g(x).

e — — —— _— E

| Find the points

‘graphically’ means :
draw the graphs on a
GDC and read off the
coordinates of the |
points of intersection. |

First rearrange the
linear equation to
make y the subject.

Chapter 4




Finding the equation of a quadratic function

from its graph

To find the equation of a graph of a quadratic function, use

these facts:
For the graph of f(x) =ax’ + bx + ¢

® the point of intersection of the function with the y-axis is (0, ¢)

. . . b
® the equation of the axis of symmetry is x = ~>a
a

Example 17

You can use your GDC
to find the equation of

a quadratic function
from its graph. For

Section 4.6.

help see Chapter 12,

Find the equation of the quadratic function
shown in the graph.

Answer

The general form of a quadratic function is
given by f(x) = ax? + bx + c.

The function intersects the y-axis at the point
(0, =5). Soc= -5.

=Sf(x)=ax?+bx -5

b
SO..Z__Z_(I
—b= —4a
b=4a

At the vertex, x = =2,y = —9.
So:f(2)=a(-2P+HK-2)-5=-9

4q -2b—-5=-9
4g -2b=-4
b=4a
=
4q-2b=-4
dg —24a) = —4
4qg —8a=—4
dg=-4=a=1
b=da=b=4

Therefore, the equation of the quadratic
function is:
fxX)=x2+4x -5

The equation of the axis of symmetry is x = —2.

i
(=27
l/
=
i
ro
P o
—t
¥

The function intersects the y-axis at the point (0, c).
Read off the value of ¢ from the graph.

The equation of the axis of symmetry is given by

x= o Substitute the value of x.
a

Read off the coordinates of the vertex from the
graph: (=2, =9).

Substitute the x- and y-values

into flx) = ax? + bx — 5.

Solve the simultaneous equations.

Substitute the values of a = 1, b = 4 and
¢ =-5infoflx) =ax?+bx+c.

Mathematical models

Exercise 4P

Find the equations of these quadratic functions.

£

1 N 2 A
\ T 't ]
\ep | Lt T \ L [L]
\ / \LL 1/
\ LA R AL gl )
) / B
AN / s 3 AW
5 \b [ 9/] 3 [ \ J
N, TR
\._, N -2 0 2 _4 —6‘;;(
3 A 4 YA
MERT 7TYN
8 g |/
A 7AR A e
4 AN .
AN RN VAN ERINENE
ﬂ},/ B | ’I A \\
-2”1 0 \-ll \ ,5=X ’ 4 \f &
I Yl f ’ H
S5 Y
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Many real-life situations can be modeled using a quadratic function.

Example 18
A farmer wishes to fence off the maximum ~ canal
area possible to make a rectangular field. —
She has 150 metres of fencing. i
One side of the land borders a canal. Length

Find the maximum area of the field.

Answers

There are three variables:

® the length of the rectangle, /
#® the width of the rectangle, w
® the area of the rectangle, A

The area of the rectangle 4 = Iw.

As the total length of fencing
is 150 m,

[+ 2w=150
=150 — 2w
So,
A=l
A =150 = 2wyw
A= 150w — 2w?
Method 1: Using a GDC

The width, w, is 37.5m.
=150 -2w=150-75=75m
Maximum area,
A=lw=75%x37.5

= 2812.5m?

Method 2: Algebraic
150

=——>_=375

e

A=150%375-2x%x37.5%
=2812.5 m?

Start by naming the variables in the
problem.

Area = length x width.

Write down an equation for the
perimeter of the field. Make | the
subject.

Substitute the expression for | into the
area formula.

Graph A (x) = 150x — 2x? on your
GDC and read off the x-coordinate
of the vertex: 37.5. This is the value
of width, w, that gives the maximum
value of A.

m) Math medelling » ﬂlﬂ
booo 1y
{37.5,2.816+3)
L3

1(x)=150%-2x2
500

+ x
i) 10 'a\o
For the quadratic function
flx) = ax? + bx + ¢ the x-coordinate

of the vertex is given by x = 0
The x-coordinate gives us the width, w.
Here, the function is 150w — 2w? so

a=—2andb =150

Ancient Babylonians
and Egyptians studied
quadratic equations
like these thousands
of years ago, to find
solutions to problems
involving areas of
rectangles.

2.81E3 means
2.81 x 10® = 2810.

GODC help on CD: Alternative
demonstrations for the TI-84 ®
Plus and Casio FX-9860GIl
GDCs are on the CO. ;

You can use A = lw
or A=150w — 2w? to
work out the area.

1 a A farmer has 170 metres of fencing to fence off
a rectangular area.

Length

Width

Find the length and width that give the maximum
area.

b A farmer has 110 metres of fencing to fence off a rectangular

area.
Part of one side is a wall of length 15m.

Length

—

Width

Find the dimensions of the field that give the maximum area.

2 A company’s weekly profit, in riyals, is modeled by the function ‘

P(u) = -0.0324% + 46u — 3000
where u is the number of units sold each week.
Find
a the maximum weekly profit

b the loss for a week’s holiday period, where no units are sold
c the number of units sold each week at break-even point for the

company.

3 A rocket follows a parabolic trajectory.

[

w

After £ seconds, the vertical height of the rocket above the

ground, in metres, is given by
H(r)= 37t 12

a Find the height of the rocket above the ground after

10 seconds.

b Find the maximum height of the rocket above the ground. I

¢ Find the length of time the rocket is in the air.

Identify and name the variables.
Use the constraint to find a model
for the ‘length’ (this model will be
linear).

Find a model for the area (this
model will be quadratic).

At break-even point
there is no profit and

no loss, so P(u) = 0.

The trajectory is the |
path followed by an |
object.

Chapter4 £ “H_!jr;,-;-_] o
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4.4 Exponential models Graphs of exponential functions f(x) = a

E B ., where aeQ*, a#1 | Q" is the set of
Exponential functions and their graphs i —
. . . . . Example 19 numbers.
-> In an exponential function, the independent variable is the .
exponent (or power). Draw a graph of the function f(x) = 3*for-2 < x <2
.,;‘ ----------------------------- i s e s SR S e Why can a # 1? What |
Here are some examples of exponential functions: shakidalid kind'of.function wolild |
Method 1: By hand Draw a table of values. .
1Y | you get ifa = 1?
f@)=2, f)=503y+2, gl)=5"-3, r@)= |7 |+1 oy . 2} -110f1/2
10 L | 1 |
8 /—— f(x) | 5 |3 1139
A l I
. " . / Plot the points.
- —4-
Investigation - exponential graphs | ke L e e el R
ol __; all the points.
1 The number of water lilies in a pond iy - > .. . . . -
doubl K| K th Time is the dependent | B p 40 2 3% This is an increasing exponential GDC help on CD: Alternative
2. ; 7
oubles every.vyee . n week one there variable, so it goes on 2 function. demonstrations for the TI-84 ©
were 4 water lilies in the pond. P Z’EJ—Z and 505'51 F>é-38505"
Draw a table and write down the — Method 2: Using a GDC For help with graphing exponential s are on the CD.
number of water lilies in the pond [ : ; Junctions on your GDC see
i | ,mi} Math modelling w i >} .
each week up to week 12. Z::nfrT:Z;sa:n | 1oty % Ji6o= ¥ Chapter 12, Section 4.3.
Plot the points from the table on a increapsm S | R ]
graph of number of lilies against time. s BEY | 200286797610 | 3.18666-11 ' You can check what
Draw a smooth curve through grapn. | 21195599111 | =0.000000000031866 happens when the |
all the points. f{x)=2% 3.2.'P'18664E'11 values of x get very
-23.]1.06221&-11
r// e small or very large
2 A radioactive substance has a halflife of two hours. o mer i e = < || | using the table of
This means that every two hours its radioactivity o | values on your GDC.
water lilies in a pond !
: e, keep doubling forever?
' A Geiger counter reading of the radioactive substance ; o Pogm Look at the graph in Example 19. As the values of x get smaller, the :
i . Sadal Will the radioactivity : : ; | An asymptote is a
is taken at time t = 0. The reading is 6000 counts Tl s lbataree over curve gets closer and closer to the x-axis. The x-axis (y = 0) is a I
. urvi
per second. horizontal asymptote to the graph. At x =0, f(x) = 1. As the values
= reach zero? e approaches but never
Two hours later (t = 2) the reading is 3000 counts of x get very large, f(x) gets larger even more quickly. We say that touches
per second. This graph is - f(x) tends to infinity. The function is an increasing exponential '
What will the readings be att =4, t=6,t =8 and t = 10? P function.
| Plot the points on a graph of counts per second against & exampl-e e ] ] . b
time and join them with a smooth curve a decreasing Here are some more graphs of increasing exponential functions. |
exponential graph. 1) ()
| ‘H’\"k - - 10 '
| = 8 / 48— / —
| ; == -
. Does the shape of a ski slope form T T 6 /
an exponential function? ' g 4 / Py e 4 7l ¥
' Investigate ski slopes on the — 2 4 2 I/
internet to find out what the > >
8 - - 0 X n b w0 x
function is. il 2 T P 2 2
A f(x) = 4 4 f(x) =5

All these graphs pass through the point (0, 1) and have y = 0
(the x-axis) as a horizontal asymptote.

Chapter4 £




Graphs of exponential functions f(x) = a~
where 0 <a<l
What happens if a is a positive proper fraction?

Here is the graph of y = (%) .

fx)y

= oy
8
N

- i

\‘_‘é_fwh%)x

\‘-""'-—— -

b hO | 2 3%

This graph also passes through the point (0, 1) and
has y = 0 (the x-axis) as a horizontal asymptote.
However, this is an example of a decreasing
exponential function.

@ ZXEre

Draw the graphs of these functions using your GDC.

. 1 flx)=2" 2 flx)=06 3 fn=¢

| sra=(3) s sw=(5)

k#0anda#1

L | Use your GDC to draw the graphs of

1 ) =23r 2 f(x)=3(g)x 3 flx) = -3(2)

' For each graph, write down

! a the value of k in the equation f(x) = ka*

b the point where the graph crosses the y-axis
¢ the equation of the horizontal asymptote.
What do you notice?

A proper fraction

is a fraction where the
| numerator is smaller

than the denominator.

For an increasing exponential
function, the y-values increase as
the x-values increase from left to
right.

For a decreasing exponential
function, the y-values decrease as
the x-values increase from left to
right.

For each, write down the coordinates of the point where the curve
intersects the y-axis and the equation of the horizontal asymptote.

Investigation - graphs of f(x) = ka* where ae Q*and

|

Investigation - graphs of f(x) = ka*+ c where a e Q*

andk#0anda#1

Use your GDC to draw the graphs of

X

1 f)=2+3 2 fix)= 3(1J —4 3 fix)=-2@3)+5
for-3 <x<3. 2

For each graph, write down

a the values of k and c in the equation f(x) = ka* + ¢

b the point where the graph crosses the y-axis

¢ the equation of the horizontal asymptote.
Work out k + ¢ for each graph. What do you notice?

=> In general, for the graph of f(x) = ka* + c where a € Q* and
k#z0anda=#1
@ the line y = cis a horizontal asymptote
® the curve passes through the point (0, £ + ¢).

Sketching an exponential graph

@ Draw and label the axes.

@ Label the point where the graph crosses the y-axis.
| ® Draw in the asymptotes.

Example 20

Sketch the graph of the function f(x) = 3(2)* - 1

Answer
i Comparing fix) = 3(2)* — 1 to
5_ ] X N
) = 32 - 1 fx)=ka*+c
4 g
34 FLs

/ ¥ = cis a horizontal asymptote =

L L) T L} T > y = _1
329 =1 10 1 2 3*% The curve passes through the point
y=-1 (0, k+c)= (03— 1or( 2)

______________________________ . = o

Exercise 45
For each function, write down

a the coordinates of the point where the curve cuts the y-axis

b the equation of the horizontal asymptote.
Hence, sketch the graph of the function.

1 f)=2 2 f)=6
3 f(9)= G) 4 f)= (g]




5 f(x)=3Q)y+4
7 fl)=-12)y+3
9 f(x)=0.502)+3

6 f(x)=-24y-1
8 f(x)=4(3)-2
10 £(x) = 2(0.5) + 1

11 f(x) = 0.4 + 1 12 f(x) = 2(0.1y - 1

Graphs of f(x) = a*+ cwhereae Q" anda=1
f(x)h

h 10

53

!

(ST = B I «

D & (= +3

fix) £ 2

\

] —
D A4 2 3
EREK 2 ; 2

L

4. Graph of f(x) = 2~

=¥

(=]

=Y
i

4 Graph of f(x) = 2~

The graph of f(x) = 2 is a reflection in the y-axis of the graph of
fx) =2~

ﬂx}n !{x,n
10 s 7
\ 8 I 8

. ol A

| fol=3@)* 3 1 0 =32 + 1

4 i

AL || I

0 - § _ it _1 0 " }
B f 4, T T B -2 .

A, Graph of f(x) =3(2)>*+ 1L A Graph of f{x) =32+ 1.

The curves pass through the point (0, 4) and the horizontal
asymptote is y = 1.

- In general, for the graph of f(x) = ka* + c wherea e Q* and
kz0anda=1
e the line y = cis a horizontal asymptote
e the curve passes through the point (0, & + ¢)
e the graph is a reflection in the y-axis of g(x) = ka* + c.

Exercise 4T

For each function, write down .
a the coordinates of the point where the curve cuts the y-axis
b the equation of the horizontal asymptote.

Hence, sketch the graph of the function.

1 f(x)=42)*+2 2 f(x=-4"+1

Hathematical models

(k=3andc=1.

Notice that 3 + 1 = 4.

3 f(x)=-202)* +3
5 f(x)=0.503)%+2
7 f(x)=200.1y" 1
9 f(x)=3(02)+4

4 f()=302)"-2
6 f()=05%+1
8 f(x)=04%+2
10 f(x) = 5(3)* -2

Applications of exponential functions

Many real-life situations involving growth and decay can be
modeled by exponential functions.

Example 21

The length, /cm, of a pumpkin plant increases according to
the equation

1=4(1.2y
where ¢ is the time in days.

t| 0| 2|4 |6 |8 |10(12 |14 | 16
/

b Draw a graph of /against ffor 0 <t < 20 and 0 < / < 100.
¢ How long is the pumpkin plant when ¢ = 07
d How long will the pumpkin plant be after 3 weeks?

Answers
@ ltlol 2[4 6] 8 [0 12 14 [186
/|4|58|83[119|17.2(248(35.7|51.4 | 74
b N
10041
80 =14(1.2) : .
40 : /,'/
20 T i

0 2 4 6 8 10 12 14 16!
¢ Whent=0,/=4cm.

d 3 weeks =21 days
So, 1=4(1.2)" =184 cm (to 3sf).

a Copy and complete the table. Give your answers correct to 3 sf.

Substitute each value of t into the
equation to find the corvesponding
value of 1.

Draw and label the axes.

Put t on the horizontal axis.

Put [ on the vertical axis.

Plot the points from the table and
Jjoin with a smooth curve.

Read the value of 1 that corresponds
to t = 0 from the table.

For the equation, time is given in
days, so convert from weeks.
Substitute t = 21 into the equation.

Chapter 4




Example 22

compounded yearly.

on the y-axis.

Answers
a The compound interest
formula is:

5 X
— 1+ —
y = 3000 ( 1 OOJ
y = 3000(1.05)
where x = number of years.

Time Amount
(x years) | (y euros)
0 3000
2 3307.50
4 3646.52
6 4020.29
8 4432.37
| 10 4886.68
\
5000
S 4500 /
% 4000+ /

1

= 3500 vt —~+—
3
g 300047711 30Q0(1.05)*

2500 >
0 2 4 6 8 10

Time in years (x)
After 4 years Hubert has
3000(1.05)* = 3646.52
euros.
Hubert has 4000 euros in
the bank after 6 years.

Hubert invests 3000 euros in a bank at a rate of 5% per annum

Let y be the amount he has in the bank after x years.
a Draw a graph to represent how much Hubert has in the bank after x
years. Use a scale of 0-10 years on the x-axis and 2500-5000 euros

b . How much does he have after 4 years?
¢ How many years is it before Hubert has 4000 euros in the bank?

This problem can be represented by a
compound interest function.

Draw a table of values.

Draw and label the axes.

Plot the points and join them with a
smooth curve.

Substitute x = 4 into the formula.

You need to find the value of x for

y = 4000 euros.

From the table of values in part @ you
can see that after 6 years the amount is
4020.29.

Check the amount after 5 years:

y = 3000(1.05)° = 3828.84

This is less than 4000 euros.

A Mathematical madels

| The compound
interest formula
is an exponential
(growth) function.

You will learn more
about compound

‘ interest in Chapter 7.

: 4 The area, Am? covered by a certain weed is measured

Exercise 4U

s ERAM-STHLE GUESTIONS
: 1 Sketch the graphs of f(x) = 2* + 0.5 and g(x) = 2" + 0.5

for-3<x<3.

a Write down the coordinates of the point of intersection of the
two curves.

b Write down the equation of the horizontal asymptote to
both graphs.

: 2 The value of a car decreases every year according to the

function
() = 26 000x*

where Vis the value of the car in euros, ¢ is the number of years

after it was first bought and x is a constant.

a Write down the value of the car when it was first bought.

b After one year the value of the car is 22 100 euros. Find the
value of x.

c Calculate the number of years that it will take for the car’s
value to fall to less than 6000 euros.

3 The equation M(#) = 150(0.9) gives the amount, in

grams, of a radioactive material kept in a laboratory

for ¢ years.

a Sketch the graph of the function M(¢) for 0 < £ <100.

b Write down the equation of the horizontal asymptote to the
graph of M().

¢ Find the mass of the radioactive material after 20 years.

d Calculate the number of years that it will take for the
radioactive material to have a mass of 75 grams.

at 06:00 each day.

On the 1st June the area was 50 m?.

Each day the area of the weeds grew by the formula
A(r) = 50(1.06)

where ¢ is the number of days after 1st June.

a Sketch the graph of A(#) for —4 < ¢ < 20.

b Explain what the negative values of ¢ represent.

¢ Calculate the area covered by the weeds at 06:00 on
15th June.

d Find the value of ¢t when the area is 80 m?2.
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a# (. The domain is R, unless otherwise stated.

P EXAM-STYLE DUESTIONS 4.5 Graphs of functions of the form
: 5 The graph shows the function - 00y f(x)=ax"+bx"+...mnecZ
F) =Ry +c. o .
Find the values of ¢ and . 1L " / In Sections 4.2 and 4.3, you have seen examples of linear and
[ ] i / quadratic functions. What happens when the power of x is an
I integer larger than 2 or smaller than 0?
FTE 1T L o ] 3% . .
i: L A Cubic functions
. : ______ | ;/ | When the largest power of x is 3 the function is called a cubic function. |
| f(x) = k(2 el Aad | |
| BRIV, ot N - A cubic function has the form f(x) = ax® + bx? + cx + d, where
|

6 The temperature, T, of a cup of coffee is given by the function

T() = 18 + 60(2) * Here are two examples of graphs of cubic functions.

. where Tis measured in °C and ¢ is in minutes. fix),
' :a Sketch the graph of T(¢) for 0 <£<10. 0y 10 i {
| b Write down the temperature of the coffee when it is first served. e, / 5 11 U / d
¢ Find the temperature of the coffee 5 minutes after serving. / — b / -
d Calculate the number of minutes that it takes the coffee to IWEIE ) 17 &% 0 FF4EIR '72
reach a temperature of 40°C. i’ / | 2_3 i \/ = 5
| . e Write down the temperature of the room where the coffee is =4 I LYl
| : served. Give a reason for your answer. -104-1
7 The value, in USD, of a piece of farm machinery depreciates Example 23
‘ ¢ according to the formula
D(r) = 18 000(0.9y where 7 is the time in years. The number of fish, F, in a pond from the period 1995 to 2010 is
’ a Write down the initial cost of the machine. modeled using the formula
1 b Find the value of the machine after 5 years. F(x) =-0.030x> + 0.86x% - 6.9x + 67
‘ ¢ Calculate the number of years that it takes for the value of the where x is the number of years after 1995.
I machine to fall below 9000 USD. a Use your GDC to sketch the function for 0 < x < 18.
‘ : 7 . b Find the number of fish in the pond after 6 years.
’ : 8 The graph of the function f(x) = 2 passes through the points ¢ Find the number of fish in the pond after 13 years.
- P e 0 D - e e e
! (0, b) and (2, 0.8). Calculate the values of a and b. Answers
: Ya a Draw the graph on your GDC.
. ¢ 9 The diagram shows the graph of y = 2* + 3. The curve passes NEENE Mathematical...ols v SBEY
| ¢ through the points A(0, @) and B(1, b). B(1,b) 70} :
- a Find the value of a and the value of &. % \_A
. b Write down the equation of the asymptote to the curve. / AQ.a) N = H1l)=-0,0353+0,86o% 6:55c+67 | GDC helpon C0: ASHARE
: = g T e e demonstrations for the Tl-84 @
- > Plus and Cosio FX-9860GI
: 10 A function is represented by the equation f(x) = 2(3)* + 1. 0 A GDCs are on the CO.
Here is a table of values of f(x) for -2 <x<2. | P - i > X |
Ix | 2 [-1]o]1]2] 18" | 3
a Calculate the value g and the value of 5. [ £(x) 1292 a ' 3 | - ' b | ' - -
b Draw the graph of f(x) for -2 < x < 2. ! L= L =4 ! Copy the details on to a sketch
¢ The domain of f(x) is the real numbers. What is the range? graph.
——— p— B Continued on next page
. Mathematical madels Chapter 4 ST




F(6) = -0.030(6) + 0.86(6)* Substitute x = 6 into the equation. H H i : .
-6.9(6) + 67 O, you can use your GDC table of InveStlgatlon quartlc functions
=-6.48 + 30.96 —41.4 + 67 values or the Trace function. When the largest power of x is 4 then the function is called a
=50.08 quartic function.
So, a..fter 6 years, there are 50 A quartic function has the form
fish in the pond. | . . fix) = ax*+ bx® + cx2 + dx + e, where a = 0. The domain is R, unless
c F(13) Substitute x = 13 into the equation. otherwise stated. '
=-0.030(13)° + 0.86(13)> O, you can use your GDC table of
-6.9(13) + 67 values. Substitute different values of a, b, ¢, d and e into the equation
=-65.91 + 145.34-89.7 + 67 f(x) =ax*+ bx® + cx? + dx + e.
=56.73 Use your GDC to draw the functions.
So, after 13 years, there are What can you say about the shape of a guartic graph?
56 fish in the pond.
Example 24 |U Exercise 4V ‘
A pandemic is modeled using the equation N | A pandemic is an ‘ @ ! g:lig::les of high and low tides one day are modeled by the
y = (x—20)* + 5000 . epidemic of an _
where x is the number of weeks after the outbreak started and y is the | infectious disease hf(x) . —0.0015x*+ 0.056x* - 0.60x _+ 1..65x +4
number of cases reported. | that spreads over where x is the number of hours after Ipldnlght.
bl a Use your GDC to sketch the function for 0 < x < 30. | several continents. ‘ a U‘se your GDC to sketch the function for 0 < x < 20.
b Find the time of the low tides.

Find the number of cases after 10 weeks.

b
¢ Find the number of cases after 20 weeks. ¢ Find the times of the high tides.
d

Is this a good model to represent the number of cases ofa .
pandemic? 2 Here is the graph of the function f(x) = (x—2)* + 6
"""""""""""""""""""""""""""""""""""""""""" ),
| Answers 50
i a Draw the graph on your GDC. ’ /

' ¥,

L [t » Math modelling ¥ o] x ] /
| 7000+ 7000 ¥y 3

J . (20,5e+3) \ /

(10‘ 4e43) N

[15]
D

=
(=]

l GDC help on CO: Alternative :I"-.‘ ~—t1—"1
11x}=(x-20}> +5000 demonstrations for the T1-84 o) i
| 500 Plus and Cosio FX-9860GI 4 10 1 2 3 45
[ ! SRV N GDCs are on the CD. ! o
=1l = , a Find the value of f(x) when x = 2.
ol / ¢ 30 X | Copy the details on to a sketch b- Find the values of x when y = 6.
| graph. ¢ Write down the range of this function.

l b y=(10-20)>+ 5000 = 4000 Substitute x = 10 into the equation.
| So, after 10 weeks, there are
' 4000 cases.

¢ y=(20-20) + 5000 = 5000 Substitute x = 20 into the equation.
So, after 20 weeks, there are

Can mathematical
models accurately
model the real world?

5000 cases.

No, because the number of Consider:

cases starts to rise again after Does the graph keep increasing?
20 weeks and will keep on Would you expect the pandemic to
rising. increase forever?

Chapter 4



Graphs of functions when the power of
x is a negative integer

Here is the graphof y = x 7, x#0, for-10<x< 10

i
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1 1
)

w10 Junder  x  |€[3]

The graph has two branches that do not overlap or
cross the y-axis.

There is no value for y when x = 0. Wecallx=0a
vertical asymptote.

When you look at the table of values on the GDC,

you usually see UNDEF in the column for y whenever

you have a vertical asymptote.

Here is the graph of y = x2, x# 0, for-10 <x< 10

| A vertical asymptote occurs when
the value of y tends to infinity as x
tends to zero. This means that when x
approaches 0 from either the negative
side or the positive side then y
approaches either a very big negative
number or a very big positive number.

f(x) < T Math modeling w s

~A0yir T X[A0= ¥
sﬁl ey |
iF 2, 025 i

L4 1. 1)

5 of  #UNDEF

VN 5 1 1.
1086420 2 4 6 8 10 2. 025 & ¥
1 undefl ]( i >

There is no value for y when x = 0, so x = 0 is a vertical asymptote.
However, in this graph y tends to a very large positive number when x
approaches 0 from either the negative side or the positive side.

Investigation - graphs of y = ax™

1 Use your GDC to draw the graphs of:
o y=x2for-10<x<10
e y=x*for-10<x<10
Compare them to the graphs of y =x2 and y = x 2.
What do you notice?
2 Draw the graphs of:
e y=2x3for-10<x<10
e y=3x*for-10<x<10
Compare these graphs to the others.
What do you notice?

N GDC help on CD: Alternative |
:(:)"‘ g 104 Mmh%l;m?ﬂ demonstrations for the T-84
1 T 0 1 Plus and Casio FX-9860GII
4 k_ ” ¥ GDCs are on the CD. 7
I Y Y '

Example 25

A rectangle has an area of 1.5m?,
Let the length of the rectangle be y and the width be x.
a Show that y = % How many different
b Use your GDC to draw the graph of ¥ == for 0 < x < 10. rectangles could you
% draw with an area of
c What happens when x gets closer to 0? 1.5m??
d What happens when x gets closer to 10?
e Write down the equations of the vertical and horizontal
asymptotes.
Answers
a xxy=15= y=12 Area = length x width.
* Rearrange the formula to make y the
subject. ,‘
" O DRMCECrera | N s et o
i 7 Plus and Casio FX-9860Gi!
—edl— "(x),l;i GDCs are on the CD.
WU
[ -
0 4 6 8 1of !
- oY i [N 0
¢ When x gets closer to 0 then y
becomes a very large positive
number.
d When x gets closer to 10
then y becomes a very small
positive number.
e The vertical asymptote is Which lines does the curve approach
x = 0 and the horizontal but never meet?
asymptote is y = 0.

@ Exercise 4W

1 The temperature of water as it cools to room temperature is modeled
by the function

f)=21+2 x 20,
X

where x is the time in minutes and f(x) represents the temperature in °C.

a
b
c

(1]

Use your GDC to sketch the graph of the function for 0 < x< 15.
Calculate the temperature of the water after 10 minutes.

How many minutes does it take for the temperature to cool
down to 50°C?

Write down the equation of the vertical asymptote.

Write down the equation of the horizontal asymptote.

Write down the room temperature.

Chapter4




2 Oil is heated on a stove. The temperature is modeled by the
function
100

flx)=100 - =, x =0,
X

where x is the time in minutes from when the oil began to heat

and f (x) represents the temperature in °C.

a Use your GDC to sketch the graph of the function for
0<x<50.

b Find the temperature of the oil after 10 minutes.

¢ Find the number of minutes that it takes the temperature to
reach 30°C.

d Write down the maximum temperature that the oil can reach.

3 a Use your GDC to sketch the graph of f(x)= iz, x#0.
X

b Write down the values of x when y = 8.

¢ Write down the equations of the vertical and horizontal
asymptotes to the graph.

d Given that the domain of f is the real numbers, x # 0, write
down the range of f.

4 a Use your GDC to sketch the graph of f(x)=3 +g,x #0,

for-10<x < 10. *

b Find the value of f(x) when x = 8.

¢ Find the value of x when y = 5.

d Write down the equations of the vertical and horizontal
asymptotes to the graph.

e Given that the domain of fis the real numbers, x # 0,
write down the range of f.

Graphs of more complex functions
Here is the graph of f(x)=3x"+ 2, x # 0, for 4 < x<4.
X
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The graph has two separate branches.
x = 0 is a vertical asymptote.
The domainis —c < x <0, 0 < x < +oo,

_139"7-_ Mathematical models

English mathematician
John Wallis (1616-
1703) introduced the '
symbol oo for infinity.

Example 26

traveled.

fxy=22+2

in euros.

Answers
a
A
50
flg) = 2+ —
0 X

b The cost for a journey of
10 kilometres is
20.50 euros.

¢ The cheapest fare is achieved
by a journey of 3.68
kilometres.

A taxi company’s fares depend on the distance, in kilometres,

The fares are calculated using the formula

where x is the number of kilometres traveled (x # 0) and f(x) is the fare

a Sketch the graph of the function for 0 < x < 20.
b Find the cost for a journey of 10 kilometres.
¢ Find the number of kilometres traveled that gives the cheapest fare.

Draw the graph on your GDC.

Math modeliing w mﬂ

40|y

rlx)=2 x+220-

X

3

P 23'

Use a GDC:
EI 1.1 ID Mathematical.,.els w ‘
Moly
f1(x)=2-x+%

X

{10,20.5)

i

of fix) when x = 10.

Use a GDC:
<[ 1.1 ]2 Mathematical .. els w ‘B
4 ¥

I'1(><)~=2-x+2

x2
(3.68,11.1) k

L. X
'59 20

Copy the details onto a sketch graph.

Use Trace (or the table) to find the value

GDC help on CD: Alternative
demonstrations for the TI-84 ¢ @
Plus and Casio FX-9860Gl! \

GDCs are on the CD.

the minimum value
‘ using a GDC see

Chapter 12, Section
| 4.2, Example 20.

" For help with finding

Chapter 4




Example 27

a Write down an expression for th
the cuboid.

¢ Use your GDC to draw a graph
for 0 < x < 30.

Answers
a Volume = x?%y

b A=2x"+4xy

=2x2+4xx@
X

:2x2+2000
b
2oooy"

\ , | 200 /
1500--flK)-=2x *“”/;
1000 .

/
500---\
0 5 10 15 20 25 30%

The minimum surface area is

obtained when x = 7.937 and

500 _ .,
=20 17937,
Y 7 037

A closed cuboid of height ycm has a square base of length xcm.
The volume of the cuboid is 500 cm?.

b Hence, find an expression for the surface
area, A4, of the cuboid in terms of x. xem
Simplify your answer as much as possible. xem

d Use your GDC to find the dimensions that give a minimum surface

e volume of

yem

of the area function

Volume = length X width X height

2 square faces each with area

x?= 2x?

4 vectangular faces each with area xy
= 4xy

From part a:

Volume = x*y
500=x"y=y= 5—020
X
Substitute the expression for y into the
Jormula for A.

The area function is:

f) = 27 + 2000
pa

<11 ]e Mathematical , els w ‘
.

'1(x)=2~x2+20%

(7.94,378) x

el S0

X

Using a GDC the minimum value of
base length x = 7.937.

Substitute the value of x into the
rearranged volume formula fo find y.

GDC help on CD: Alternative
demonstrations for the TI-84
Plus and Casio FX-9860GlI
GDCs are on the CD.

| For help with finding
a minimum value
using a GDC see
Chapter 12, Section
‘ 4.2, Example 20.

3

=,

xercise 4X

One section of a rollercoaster ride can be modeled by the
equation

f(x):@+2x2,x¢0,
X

where x is the time in seconds from the start of the ride and f(x)

is the speed in ms™'.

a Use your GDC to sketch the graph of the function for
0<x<10.

b Find the minimum value on the graph.

¢ Find the speed when x = 6.

d Find the times when the speed is 50ms™".

An open box has the following dimensions:

length = xcm, breadth = 2xcm and height = ycm.

The volume of the box is 300 cm?.

a Write down an expression for the volume of the box.

b Find an expression for the surface area of the open box in
terms of x only.

¢ Use your GDC to sketch the graph of the area function for
0<x<20.

d Find the dimensions that make the surface area a minimum.

A pyramid has a square base of side x metres. The perpendicular

height of the pyramid is # metres. The volume of the pyramid is

1500 m3.

a Find an expression for the volume of the pyramid using the
information given.

b Show that the height of each of the triangular faces is

2
[h2 + (fj ] X
2

¢ Hence, find an equation for the total surface area of the

pyramid.
d Write the equation in part ¢ in terms of x only.
e Use your GDC to sketch the graph of this equation for

0<x<30.
f Find the dimensions that make this surface area a minimum.

A fish tank in the shape of a cuboid has length 320 ¢cm. Its length
is twice that of its width.

To enhance viewing, the area of the four vertical faces should

be maximized.

Find the optimum ‘viewing area’ of a fish tank that is fixed to
the wall so that the area of three faces only should be considered.




Example 28

Consider the function f(x) =

a Write down the domain of f(x).

3x—12

,x = 0.

b Copy and complete the table of values for f (x). Give your answers
correct to two significant figures.

x |-24|-12|-4|-1| 0

1 (24| 8 |12|24

f(x)

2 units on the vertical axis.

| graph of f(x).

| Answers
a The domain of fis the real
numbers, x # 0.

| b [ x [ fn
| =24 3.5
‘ -12 4
-4 6
-1 |15
0
1 |-9
2 | -3
4 0
8 1.5
12 2
24 2.5
[ o4
/)
Il |
)
A
[
24| -16| B |0 i [ 16| o
ol
d x=0

¢ Draw the graph of f(x) for -24 <x < 24. Use a scale of 1cm to
represent 4 units on the horizontal axis and 1cm to represent

d Write down the equation of the vertical asymptote to the

The only value excluded is

x = 0 (as division by zero is not
defined).

Substitute each value of x into f{x) to
find the corresponding value of f{x).
x = 0 has no image.

Draw and label the axes.

Plot the points from the table in
part b.

The graph has two branches.
Points to the right of x = 0 are
Jjoined up with a smooth curve.
Points to the left of x = 0 are
Jjoined up with another smooth
curve.

Which vertical line does the curve
approach but never meet? (Shown in
blue on graph in part c.)

—
As x gets very large

in absolute value the
graph of f(x) gets
closer and closer to a
horizontal line. What
is the equation of this
line?

' Large in absolute

value means very
large positive numbers |
(1000, 10000, etc.) |
or very large negative i
|

numbers (1000,
-10 OOO etc.).

' For more on absolute
value, see Chapter 13, ‘

section 2.8.

JELR Mathematical models

Exercise 4Y
1 Consider the function f(x)=1+ 3, x#0.
P

a Write down the domain of f(x).
b Copy and complete the following table.

|x |-10|-5]|-4]-2[-1]-05[-0.2] 0 [0.2]0o5[1[2] 4[5 [10]
f(x) EEEESEEE.
c Draw the graph for -10 < x < 10. Use a scale of 1 unit to
represent 1 ¢cm on each of the axes.
d i Draw the vertical asymptote.
ii Write down the equation of the vertical asymptote.
e i Draw the horizontal asymptote.
ii  Write down the equation of the horizontal asymptote.
2 Consider the function f(x) = 8x7! + 3, x #0.
a Write down the domain of f(x).
b Copy and complete the following table.
ix —10|—8|— —4|—2‘1‘ 2|4]5]8]10]}
(0 L T | ! | | Ll
¢ Draw the graph of f(x)for —10 < x < 10. Use a scale of 1cm to
represent 2 units on both axes.
d i Draw the vertical asymptote.
ii Write down the equation of the vertical asymptote.
e i Draw the horizontal asymptote.
ii Write down the equation of the horizontal asymptote.
Sketching more complex graphs
Example 29
Sketch the graph of the function f(x) = 2x— (x+ 1)2 + 13 for-5 <x<35.
Answer
Using a GDC:
Enter the function and adjust the
window settings for x.
LR » Math modelling w m]
6.67 Tr \/
=2 -lx+1)2413
1 X
5 4 1 5
X GDC help on CD: All
demonstrations for
Plus anq' Casio FX-986
S e GDCs are on the C.

P Continued on next page ;
Chapter4 £l




""""""""""""""""""" }"'"'"""'"""""'""""” @ Exercise 42

Use Zoom—Fit to adjust the y-axis to
include points on the graph. Use your GDC to help you sketch the graph of these functions.

Give the range for each function.

e ———

HER] 1 ") Math modelling ¥ _m]
1508y 1 f(x)=-05x+1+3
2 f(x)=2"-x?
1{c)=2"-[er1)2413 3 fM)=x(x-1)(x+3)
1 X
- — e % 4 f(x)=x*-3x*+1
@,/ -4.62 N

5 F() =05 —x 1, x£0

Choose some integer values to define the

window.
]I\'ﬂ;.rx. L 4.6 Using a GDC to solve equations
intmum: =5, Maximum:
Fory E
Minimum. —5, Maximum: 15 xample 30
Y, *EE » Math modelling ¥ il <] a Use your GDC to sketch the graphs of f(x) = 2* and - ‘Hence’ means that
QUL ) 23y g(x) =-x*+ 3x + 2. you should try to use
| b Hence, solve the equation 2* + x? —~ 3x~2 = 0. the previous part to
| ";\ """"""""""""""""""""""""""""""""""""""""""" answer this part of the !
nswers .
=2%es1)? question.
-2tk 13 a fx), ) = 2% PurY =2%and Y, =—x*+3x + 2. L =
(3.79, 3.89) + ! <11 » Math mndnlli_ng 4 mn :
.79,3. 5 ! 5| 6+ 6.671% X " i
] y N 671y [1ld=2 A standard window
%.61 0 i [ . has_been usEj here.
Copy the details onto a sketch graph. N
&/ ] x Y S \ ‘J;
P e — — — — 1 R20x)ax?+3 142
| The range of the function in Example 29 is R. _ \
‘ You can use a table on a GDC to give you an idea of the range of the 20 =2 + 3x+ 2 3 57
fun(ition. B o ST B b The solutions are The equation 2* + x>~ 3x—2=10
B - o x=—0.364 or x = 2. is the same as 2* =—x? + 3x + 2.
{3 ‘1 1.2 P *Math modelling w» {iRx There are 2 points of intersection and
vi o] x|[f0x= ¥ v we need to find them both.
2= (x+1) | [Pt (B Matnodeling v IED
-2.96875 -1 13.5 6.67%r  [fl}=2®
. 2,
4.0625 * | 0. 13, ( | (2,4)
-0.364,0.777
9.125 | 1. 11, o 4 \ 4
-1, 10
2. 8. \ by
12.25 N 2ot 43542 GOC help on CD: Alternative
13.5 < 31 S. \ demonstrations for the TI-84
= - v Plus and Casio FX-9860GH
KE L d & GDCs are on the CD.
Mathematical models Chapter 4
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Exercise 4AA
1 a On the same graph, sketch the curves y = x?and y=4 —;1; for

values of x from —8 to 8 and values of y from =2 to 8.

Show scales on your axes.
b Find the coordinates of the points of intersection of these

two curves.

P EHANM-STHLE QUESTIONS
: 2 The functions fand g are defined by

F)=1+2% xeR x20
pa

g(x)=3x,xe R

a Sketch the graph of ffor-8 < x < 8.

b Write down the equations of the horizontal and vertical
asymptotes of the function f.

¢ Sketch the graph of g on the same axes.
Hence, or otherwise, find the solutions of 1+ = 3x=0.

Write down the range of function f.

3 The diagram shows the graphs of the functions y = 5x*and y = 3*

for values of x between —2 and 2.
a Find the coordinates of the points of intersection of the two

curves.
b Write down the equation of the horizontal asymptote of the

exponential function.

4 Two functions f(x) and g(x) are given by f(x)= i, xe R, x#0and
: X

gx)=x xe R.

a On the same diagram sketch the graphs of f(x) and g(x)
using values of x between —4 and 4, and values of y
between —4 and 4. You must label each curve.

b State how many solutions exist for the equation pa x* =0.

¢ Find a solution of the equation given in part b.

5 Sketch the graphs of y =3x—4andy =x° — 3x% + 2x.
Find all the points of intersection of the graphs.

6 Sketch the graphs of y =2*and y = x> + x% — bx.
Find the coordinates of all the points of intersection.

Sketch the graphs of y =x + 2 and y =§, x#0.
X

) ) . 5
a Find the solutions of the equation == x +2.
X
b Write down the equation of the horizontal asymptote
)
to y==.
X

. . . 5
¢ Write down the equation of the vertical asymptote to y =—.
X

R athematical models

|

4.7 Graphs of real-life situations

Linear and non-linear graphs can be used to represent a range of
real-life situations.

Example 31

The graph below shows China’s oil production and consumption from
1990 to 2010.

China’s il production and consumption, 1990-2010

Consumption

Production

1990 1992 1994 1996 2000 20|02 20l04 20!06 20I08 20'10’)‘
Years

Source: US Energy Information Administration, International Energy Annual 2006,
‘Short term energy outlook (July 2009)’

a What are the two variables represented by this graph?

What does the blue curve represent?

‘What does the green curve represent?

Explain the meaning of the point where both curves meet.
What is the year at that point?

e Explain what happens before and after 1992.

f What is the tendency of the oil consumption in China?

Qoo

Answers

a The variables are year and number of thousands of barrels
per day.

b The blue curve represents oil consumption per day in
China from 1990 to 2010.

¢ The green curve represents oil production per day in
China from 1990 to 2010.

d At the point that the curves meet, oil production
and consumption in China were equal. This occurred
in 1992.

e Before 1992, oil consumption was less than oil production.
After 1992, oil consumption was greater than oil production.

f Oil consumption in China tends to keep increasing.

Can you deduce any
further information
from this graph?

Chapter 4




Exercise 4AB
1 The water consumption in Thirsty High School is A
represented in the graph. 3 P00 EENN RN
a Write down are the two variables represented by this A SRR T
graph. é /\ N
b During what period of time is Thirsty High School open? % NS JARYIR
¢ During what intervals of time is consumption g i I i 1 5 i
increasing? 5 j/ k:-_
d During what intervals of time is consumption decreasing? ol % F 12 14 o5 o
e Find the time at which the consumption is at a maximum. Time (hours)
f Find the time at which the consumption is at a minimum.
2 The graph represents the temperature, in degrees T
Celsius, of some coffee after Manuela has heated it. 1001
a Write down the two variables represented by this graph. 3 80'\_
b Write down the initial temperature of the liquid after heating. 5 %7\
¢ Write down the temperature of the liquid 2 minutes after 2 40‘“\\“_*“__
heating. : e 20 =
d Find the time it takes for the temperature to reach 68 °C. o7 3 5§ o%

e Decide whether the liquid reaches 22 °C during the 5-minute
period shown on the graph.
f Write down the room temperature.

Time (minutes)

¢ EXAM-STYLE QUESTION

: 3 Under certain conditions the number of bacteria in a particular
culture doubles every 5 seconds as shown by the graph.

a Copy and complete the table below.

P |

- =
(=]

1

|

/‘/
EhR

5 10 15 20f
Time (seconds)

N

~
1

| Time (t seconds) [ o] 5]10]15]20]
| Number of bacteria (V) | 1 | [ [

Number of bacteria
o

o

b Write down the time it takes for the culture to have 6 bacteria.
¢ Calculate the number of bacteria in the culture after
1 minute if the conditions remain the same.

In a physics experiment a ball is projected vertically into the air
from ground level.
The diagram represents the height of the ball at different times. 80 AER

H,
1004

a Write down the height of the ball after one second. é 60— / | \_ J

b Find out how many seconds after being thrown the ball is at £ 10 S OOV
60 metres. S /

¢ Write down the interval of time in which the ball is going up. A \

d Write down the interval of time in which the ball is coming oF 5 § § 5%
down. Time (seconds)

e Write down the maximum height reached by the ball
and the time it takes the ball to reach that height.
f Explain what happens at = 7.

¢ EXAM-STHLE QUESTIONS
5 The graph shows the tide heights, # metres, at
:  time ¢ hours after midnight for Blue Coast Harbor.
a Use the graph to find
i the height of the tide at 01:30
ii the height of the tide at 05:30
ili the times when the height of the tide is 3 metres.

The best time to catch fish in Blue Coast Harbor is when the
tide is below 3 metres.
b Find this best time, giving your answer as an inequality in ¢.

: 6 The temperature (°C) during a 24-hour period in a lf
certain city is represented in the graph.
a Determine how many times the temperature is

Height metres
— l}) (%]

= o, >
PR

N7

NEEYEE

D

(=]

12345¢678!
Number of hours after midnight

exactly 0 °C during this 24-hour period.
b Write down the interval of time in which the

~Y

]
=
ha
ha

e

Temperature (°C)

temperature falls below 0°C.
¢ Write down the time at which the temperature

reaches its maximum value.

d Write down the maximum temperature registered
during this 24-hour period.

e Write down the interval of time in which the temperature
increases from 3°C to 5°C.

f Write down the times at which the temperature is 4°C.

g Can you deduce from this graph whether the behavior of the
temperature in the following day will be exactly the same as
this day? Why?

7 The diagram represents a box with volume 16 cm?.
. Thebase of the box is a square with sides xcm. The height
of the box is ycm.
a Write an expression for the height, y, in terms of «.
b Copy and complete the table below for the function y = f(x)
from part a. Give your answers correct to two significant

figures.
X [o5] 1 [ 2] 4] 8 [10]
y=fx | [ | | |

l L 1 A I |
¢ Draw the graph of ffor 0 < x < 10. Use a scale of 1cm to
represent 1 unit on the horizontal axis and 1 cm to represent
10 units on the vertical axis.
d What happens to the height of the box as the values of x tend
to infinity?

\j y

Time (hours)

yem

Xxcm

| For part a use
the formula:
volume = length
X width x height.
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$ERAM-STHLE QUESTION
: 8 The diagram represents an open container with a capacity

of 3 litres. yem
The base of the container is a square with sides xcm. The height
of the container is ycm. G
a Write down the volume of the box in cm?. xem
b Find an expression for the height, y, in terms of x.
¢ Find an expression for the surface area of the container, 4, in
terms of x.
d Copy and complete the table below. Give your answers correct
to 2 significant figures.
|x(em) | 5 10|15|20|25[30]35
[acensy| | | | | [ [ |
e Draw the graph of 4 for 0 < x < 35. Use a scale of 2¢m to
represent 5 units on the horizontal axis and 1cm to represent
400 units on the vertical axis.
f Use your graph to decide if there is a value of x that makes
the surface area of the container a minimum. If there is, write
down this value of x.
Review exercise
Paper 1 style questions
CERAM-STUHLE GUESTIONS
1 The graph represents the temperature in °C in a certain T
: city last Tuesday. 164 i
a Write down the interval of time in which the temperature 12 —
was below 0°C. sl | A ﬂ\

b Write down the interval of time in which the temperature

4
was above 11°C.
¢ Write down the maximum temperature last Tuesday. C Y
Give your answer correct to the nearest unit. Wil

.
|

The cost ¢, in Singapore dollars (SGD), of renting an apartment
for n months is a linear model

c=nr+s
where s is the security deposit and  is the amount of rent per
month. :

Wan Ning rented the apartment for 6 months and paid a total of
35000SGD.

Tanushree rented the same apartment for 2 years and paid a total
of 116000SGD.

Find the value of

a r,therentpermonth b s, the security deposit.

P EHAM-STYHLE QLESTIONS
: 3 Given that f(x) = x2 + 5x
a factorize x? + 5x
b sketch the graph of y = f(x). Show on your sketch
i the coordinates of the points of intersection with the axes
ii the equation of the axis of symmetry
iii the coordinates of the vertex of the parabola.

: 4 A signal rocket is fired vertically from ground level by a gun.
: The height, in metres, of the rocket above the ground is a
function of the time ¢, in seconds, and is defined by:
h(H)=30t—=5¢2,0<t<6.
a Find the height of the rocket above the ground after
4 seconds.
b Find the maximum height of the rocket above the ground.
¢ Use your GDC to find the length of time, in seconds, for
which the rocket is at a height of 25m or more above the
ground.

5 The graph of the function f(x)= 2 passes through the points %
© (3, 1.6) and (0, n). "
a Calculate the value of m.
b Calculate the value of ».

Find £(2). "
n

(3,1.6)

: 6 The diagram shows the graph of y = x* — 2x — 15.
. The graph crosses the x-axis at the point A, and has a vertex at B.
a Factorize x? — 2x — 15.
b Find the coordinates of the point
i A ii B.

7 Consider the graphs of the following functions.
: i y=8x+x?
il y=(x-3)(x+4)
ili y=x2-2x+5
iv y=05—4x—3x?
Which of these graphs
a has a y-intercept below the x-axis

4

.

B

=¥

¢ does not cross the x-axis

b passes through the origin /
d could be represented by this diagram?

%
0
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M-TTHLE BUESTIONS

s mHAM
8 T

he figure shows the graphs of the functions
f(x)=(0.5¢-2 and gx)=-x"+4

for values of x between —3 and 3. The two graphs meet at the

points A and B.

a Find the coordinates of

i A ii B

b Write down the set of values of x for which f(x) <g(x). V!
¢ Write down the equation of the horizontal asymptote to the

graph of f(x).

9 Gabriel is designing a rectangular window with a perimeter of
4.40m. The length of the window is x m.
a Find an expression for the width of the window in
terms of x.
b Find an expression for the area of the window, 4, in
terms of x.
Gabriel wants to make the amount of light passing through this

window a maximum.
¢ Find the value of x that meets this condition.

: 1
:10a On the same graph sketch the curves y = 3x* and y = ” for

values of x from —4 to 4 and values of y from —4 to 4.
b Write down the equations of the vertical and horizontal

1
asymptotes of y=—.
X

¢ Solve the equation 3x’ —i =0.

Mathematical moclel

B )
. Y

1 The

STHLE QUESTIONS
number (n) of bacteria after ¢ hours is given by the formula
n = 1500(1.32)".

a Copy and complete the table below for values of # and ¢.

Time (t hours) 0 @ 1 5 I 3 4
Number of bacteria (n) 1500 | 2613 3450

b On graph paper, draw the graph of n = 1500(1.32). Use a
scale of 2cm to represent 1 hour on the horizontal axis and
2cm to represent 1000 bacteria on the vertical axis.

Label the graph clearly.

¢ Find

i the number of bacteria after 2 hours 30 minutes.

Give your answer to the nearest ten bacteria.

ii the time it will take to form approximately 5000 bacteria.
Give your answer to the nearest 10 minutes.

The functions fand g are defined by
f(x)zé,xe R,x#0
X

gx)=2x,xe R

a Sketch the graph of f(x)for -8 < x < 8.

b Write down the equations of the horizontal and vertical
asymptotes of the function f.

c Sketch the graph of g on the same axes.

d Find the solutions of A 2x.

X
e Write down the range of function f.

A function is represented by the equation f(x) = 2(1.5)* + 3.
The table shows the values of f(x) for =3 < x < 2,
x | -3]|-2[afo|1]2]
f(x) | 3.59 389 a |56 b
a Calculate the values for g and b.
b On graph paper, draw the graph of f(x) for -3 < x < 2, taking
1 cm to represent 1 unit on both axes.
The domain of the function f(x) is the real numbers, R.
¢ Write down the range of f(x).
d Find the approximate value for x when f(x) = 10.

e Write down the equation of the horizontal asymptote of
f(x) =2(1.5) + 3.
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ARM-STHLE QUESTIONS
The graph shows the temperature, in degrees oo
Celsius, of Leonie’s cup of hot chocolate f minutes N
after pouring it. The equation of the graph is S 801N
£(?) =21 + 77(0.8) where £ (¢) is the temperature g 60
and r is the time in minutes after pouring the g 404~
hot chocolate out. & ol
a Find the initial temperature of the hot chocolate. -
b Write down the equation of the horizontal asymptote. 0l >

¢ Write down the room temperature.
d Find the temperature of the hot chocolate after 8 minutes.

Consider the functions
flx)=x*—x—6 and gx)=-2x+1

a On the same diagram draw the graphs of f(x) and g(x)
for -10 < x < 10.

b Find the coordinates of the local minimum of the graph
of f(x).

¢ Write down the gradient of the line g(x).

d Write down the coordinates of the point where the graph of
2(x) cuts the y-axis.

e Find the coordinates of the points of intersection of the
graphs of f(x) and g(x).

f Hence, or otherwise, solve the equation x* + x—7 = 0.

a Sketch the graph of f(x)=x" —%, for-4<x<4.

b Write down the equation of the vertical asymptote of f(x).
¢ On the same diagram draw the graph of g(x) = -3(2y'+ 9,
for-4<x<4.
d Write down the equation of the horizontal asymptote
of g(x).
e Find the coordinates of the points of intersection of

f(x) and g(x).

: 9 The functions fand g are defined by f (x)= % and
. 2

AM-STHLE QUESTIONS
The profit (P) in euros made by selling homemade lemonade is
modeled by the function

2

P=-2 110x—60
10

where x is the number of glasses of lemonade sold.
a Copy and complete the table.
x| 0 |10[20]30 4050607080090
B EIE !180_' | [a50|100] |
b On graph paper draw axes for x and P(x), placing x on the
horizontal axis and P(x) on the vertical axis. Draw the graph
of P(x) against x by plotting the points.
c Use your graph to find
i the maximum possible profit
ii the number of glasses that need to be sold to make the
maximum profit
iii the number of glasses that need to be sold to make a profit
of 160 euros
iv the amount of money initially invested.

8 a Sketch the graph of the function f(x) =x*-7,xe R, 4<x<4.

Write down the coordinates of the points where the graph of
y = f(x) intersects the axes.
b On the same diagram sketch the graph of the function
g)=7-xxe R, 4<x<4.
¢ Solve the equation f(x) = g(x) in the given domain.
d The graph of the function 4(x) =x + ¢, xe R, 4 <x<4,
where c is a positive integer, intersects twice with both
f(x) and g(x) in the given domain.

Find the possible values for c.
2

g(x) :—%+2x,xe R.

a Calculate the coordinates of the points of intersection of the
graphs f(x) and g (x).

b Find the equation of the axis of symmetry of the graph
of y =g ().

¢ The straight line with equation y = k, k€ R, is a tangent to
the graph of g. Find the value of &.

d Sketch the graph of f (x) and the graph of g (x), using a
rectangular Cartesian coordinate system with 1cm as a unit.
Show the coordinates of any points of intersection with the
axes.

e Find the values of x for which f(x) < g(x).
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» A function is a relationship between two sets: a first set and a second set.

Each element ‘x’ of the first set is related to one and only one element ‘y’ of the
second set.

o The first set is called the domain of the function. The elements of the domain, the

o

Exponential models

¢ In an exponential function, the independent variable is the exponent (or power).
¢ In general, for the graph of f(x) = ka* +cwhere a e Q* and £+ 0 and a # 1

# the line y = cis a horizontal asymptote

" the curve passes through the point (0, £ + ¢).
@ In general, for the graph of f(x) = ka* +cwhere a e Q*and k# 0 and a # 1

» the line y = cis a horizontal asymptote
" the curve passes through the point (0, & + ¢)
= the graph is a reflection in the y-axis of g(x) = ka* + c.

‘x-values’, are the independent variables.
» For each value of ‘x’ (input) there is one and only one output. This value is called
the image of ‘x’. The set of all the images (all the outputs) is called the range of the

[

function. The elemegts of' the range, the "y-values’, are the depe'ndent variables. . | Cubic functions ‘

The graph of a function f1is the set of points (x, y) on the Cartesian plane where y is . ' \

the image of x through the function f. ¢ A cubic function has the form f(x) = ax® + bx> + cx + d, where a # 0. The domain is |
¢ y = f(x) means that the image of x through the function fis y. x is the independent R, unless otherwise stated. ‘

| variable and y is the dependent variable.

A linear function has the general form f(x) = mx + ¢, where m (the gradient)
and c are constants.

@ When f(x) = mx the graph passes through the origin, (0, 0). i
|
|
|
|

i ® A quadratic function has the form f(x) = ax* +bx +c, where g, b, ce R and a # 0.
The graph of any quadratic function is a parabola — a \U-shaped (or N-shaped)
curve. It has an axis of symmetry and either a minimum or maximum point, called
the vertex of the parabola.

If a > 0 then the graph is W-shaped; if a < 0 then the graph is N-shaped.

@ The curve intersects the y-axis at (0, ¢).

The equation of the axis of symmetry is x = = a#®0.

2a
The factorized form of a quadratic function 1s f(x) = a(x — k)(x — I).
If @ > 0 then the graph is \U-shaped, if g < 0 then the graph is N-shaped.
A uU-shaped graph is ‘concave up’. A N-shaped graph is ‘concave down'.
The curve intersects the x-axis at (¥, 0) and (7, 0). 1
» The equation of the axis of symmetry is x = % lﬁ
: The x-coordinate of the vertex is also x = % |

|
The x-coordinate of the vertex is x = ——b-. ‘

The function f(x) = ax® +bx +c intersects the x-axis where f(x) = 0. The x-values of
the points of intersection are the two solutions (or roots) of the equation ax* +bx +c.
(The y-values at these points of intersection are zero.)

Two functions f(x) and g(x) intersect at the point(s) where f(x) = g(x).

o ™~ J\.l
|

Continued on next page
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Abstract la nguage 4 Uis an abstract concept
) _ e 2 & k of mathematics that
- B What does ‘1’ mean” | has also become part of

|
. ' . | ;
f - You can probably answer that with confidence. ‘1’ is part \ veryday, Emnglish
I he la nguage 0 mathematlcs of our language, we use it every day. Its meaning is clear | | ;::«;1::8& f?g;_ i Dg T are

to us. We can easily picture ‘1’ banana. nlso abstract concepts

I S T B 1 O I

. . . . . . b +
Mathematics is described as a language. It has vocabulary (mathematical symbols with But the language of mathematics has continued to expand to | { E:c va:J: VEZZ;Z :r ¥
; . . g . . ! e N
precise meaning) and grammar (an order in which we combine these symbols together to encompass more abstract concepts. Mathematicians call the | o? sy EaM;Muge
. n 11 ¢
| make them meaningful). square root of -1, /', ‘ MMMY'H‘?M:'?MMS need
Mathematics is often considered a ‘universal language’. B What does this mean? Can you use i in everyday life? ‘ and Use these nwmbers. |
Can a language ever be truly universal? What about pi (7)? Lots of people know this number. mep are not any wmore |
- o | abstract than the |
! TR S e S G e N e s==is e B S e gty S T It is the ratio c_l|_c1_|mfe|_'en_cc_olza_9yil_e' | LA b i T
- ——— —— : i diameter of a circle I| NUmDEY 1. tiodt PP o
: B What does this ‘mean’? Can you picture 'z’ bananas? | a wathematical conte

| Precise and concise | i oy QR ongts o ki
: | B Do 7 and i exist? mathematically and

Mathematical language is precise and explicit, with no I , P o s s idans,
| ambiguity. It uses its own set of rules for manipulating its 3=x<T | pE=r-62+12t+2 o perForm manipwlations
| statements, so it is completely abstract. DR, B to express results and
b= | del real-fife occurvences |
e | o (oeeets l . »ix+y=5 | T':asimpﬁ&wan- |
2 - 6X9=54 I Tdx | dx T — ___J
B B e - //e/‘e are Sorne farous e?aa‘z‘/on\s |
Mathematics can describe and represent ideas that are not | Ordinary language |
easily expressed by conventional written or spoken words. | is totally unsuited Enstein s eyaaz‘/on-' 8= .
These two statements are equivalent: for expressing what Pty I N e
physics really p |
Y 3 i . I
asserts, since the Boy/e s Jawo: V= = . TN
. =X ! A !
If a straight line be words of everyday Schredinger's eguation i = € |
cut at random, the square lz'fe G
on the wholé is equal to the sufficiently Newton's lacw of wrversal gravitddion: F = G
squares on the segments b= a4 b2 + 2ab
and twice the rectangle (@+b)p=a2+ il abstract. Only ——

contained by the segments. mathematics and

These are simple equations (although they were not simple to

(Euclid, Elements, 11.4, mathematical logic derive!). Isnt it startling that so much of what happens in the !
¢.300 BCE) can say as little as universe can be described using equations like these? |

! the physicist These equations have helped to put a man on the moon and |
| means 1o say. bring him back, develop wireless internet and understand the |

Mathematics says it far more simply! S e i workings of the human body.

# Draw and label a diagram to show that these statements The Scientific ® Do you think that mathematics and science will one day
are equivalent. Outlook, 1931 discover the ultimate ‘theory of everything’? A theory that
. — — fully explains and links together all known physical

phenomena? A theory that can predict the outcome of any
‘Mathematics is the abstract key which turns the lock of the physical universe.’ experiment that could be carried out?

John Polkinghorne, One World: The Interaction of Science and Theology, 2007 & What will mathematicians and scientists do then?




) Statistical
applications

CHAPTER OBJECTIVES:

“7. 41 The normal distribution; random variables; the parameters p and o;

diagrammatic representation; normal probability calculations; expected
value; inverse normal calculations

4.2 Bivariate data: correlation; scatter diagrams; line of best fit; Pearson’s
product-moment correlation coefficient, r

4.3 The regression line for y on x

4.4 The y? test for independence: null and alternative hypotheses; significance
levels; contingency tables; expected frequencies; degrees of freedom; p-values

Before you start
You should know how to: Skills check

1 Find the mean and standard deviation @ 1 Find the mean and standard deviation
of a set of data and comment on the of these sets of data. Comment on your

relationship between them, e.g. for the answers.

data set a 2,4,3,6,3,2,53,2,54,4,3,5,2,
4,5,6,8,12,13,2,5,6,9,10,9,8, 3, 5: 3,4,5

Mean = b x | Frequency
(4+5+6+8+12+13+2+5+6+9+10+9+8+3+5) 12 1 ' For help, see Chapter 2,

105 L 13 2 : Sections 2.4 and 2.7.

15 14 23

On a GDC, the mean (' ?Lwsex 2R 15 2

is indicated by x. e "One-Variable Satstcs 16 1

Using a GDC, ) s

standard deviation £ Yosess

(0,) = 3.10 (to 3 sf). : m

The small standard deviation implies that
the data are close to the mean.

2 Sketch the graph of the

=

2 Sketch the graphs of:

equation of a straight 4 a y=-3x+4
line, e.g. the straight line ST b y=2x—-6
y =2x + 1 passes through __; ARERE
the point (0, 1) and has / N

. /0 4 5 X
gradient 2. /_1 3

Statistical applications

————

The people in this photograph are a sample of a population and a
source of valuable data. Like a lot of data on natural phenomena,
people’s heights and weights fit a ‘normal distribution’, which you will
study in this chapter. Medical statisticians use this information to plot
height and weight charts, and establish guidelines on healthy weight.

The information can also be used to chart changes in a population over
time. For example, the data can be analyzed to determine whether
people, on the whole, are getting taller or heavier. These results may
affect or even determine government health policy. Moreover,
manufacturing and other industries may use the information to decide
whether to, for example, make door frames taller or aircraft seats wider.

You may think that some data might be related, for example,
people’s height and shoe size, or perhaps a child’s height and their
later adult height. This chapter shows you how to investigate
correlation and the strength of relationships between data sets.

Investigation - related data?

Do you think that height and shoe size are related?
Collect the height and shoe size of at least

60 students in your school. \
Plot these data points on a graph. Use the x-axis for | diagram. You will find out more

‘Height’ and the y-axis for ‘Shoe size’. Do not join up | @Pout scatter diagrams and the |
the points correlation between data sets in

Section 5.2 of this chapter.

The graph you will draw in this "
investigation is called a scatter

Does the data support your original hypothesis on
height and shoe size?
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5.1 The normal distribution

For his Mathematical Studies Project, Pedro measures the heights
of all the apple trees in his father’s orchard. There are 150 trees.

If Pedro drew a diagram to represent the frequency of the
heights of all 150 trees, what do you think it would look like?

Pedro then measures the heights of the apple trees in his uncle’s

orchard. If he drew a diagram of the frequencies of these heights, do

you think that this diagram would look different to the previous one? A

In both orchards there would probably be a few very small
trees and a few very large trees — but those would be the
exception. Most of the trees would fall within a certain
range of heights. They would roughly fit a bell-shaped curve
that is symmetrical about the mean. We call this a normal
distribution.

Many events fit this type of distribution: for example,
the heights of 21-year-old males, the results of a national
mathematics examination, the weights of newborn babies, etc.

The properties of a normal distribution

Frequency

Height (m)

A Normal distribution diagram
for the tree heights measured
by Pedro

= The normal distribution is the most important continuous
distribution in statistics. It has these properties:

e It is a bell-shaped curve.

e It is symmetrical about the mean, p. (The mean, the mode
and the median all have the same value.)

The x-axis is an asymptote to the curve.

The total area under the curve is 1 (or 100%).

Approximately 68% of the area is within 1 standard

deviation, o, of the mean.

e Approximately 95% of the area is within 2 standard
deviations of the mean.

e Approximately 99% of the area is within 3 standard

deviations of the mean.

0

50% of the area is to the left of the mean and 50% to the right.

The normal curve is
sometimes called
the ‘Gaussian curve’
after the German
mathematician Carl
Friedrich Gauss
(1777-1855). Gauss
used the normal
curve to analyze
astronomical data in
1809. A portrait of
Gauss and the normal
curve appeard on
the old German 10
Deutschmark note.

Statistical applications

You can calculate the probabilities of events that follow a normal
distribution.

Returning to Pedro and the apple trees, imagine that the mean
height of the trees is 4m and the standard deviation is 0.5 m.

Let the height of an apple tree be x.

A A

the normal distribution:

Area to left of it = 50%.

Area between p and
(Hto= 34% (68% + 2).

The probability that an apple tree is less than 4m is P(x < 4) = 50%
or 0.5. And P(x < 4.5) = 50% + 34% = 84% or 0.84.

—> The expected value is found by multiplying the number in the
sample by the probability.

For example, if we chose 100 apple trees at random, the expected
number of trees that would be less than 4m = 100 x 0.5 = 50.

Example 1

The waiting times for an elevator are normally distributed with a mean of 1.5 minutes

and a standard deviation of 20 seconds.

a Sketch a normal distribution diagram to illustrate this information, indicating clearly the mean
and the times within one, two and three standard deviations of the mean.

b Find the probability that a person waits longer than 2 minutes 10 seconds for the elevator.

¢ Find the probability that a person waits less than 1 minute 10 seconds for the elevator.

200 people are observed and the length of time they wait for an elevator is noted.
d Calculate the number of people expected to wait less than 50 seconds for
the elevator.

a

1.5 minutes = 90 seconds
U = mean = 90 seconds
o = standard deviation = 20 seconds

| From the properties of |

B+ Continued on next page
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b
“: r20 Using symmetry about L.
E : Area to right of 1t = 50%
0" 20 40 60 80 100 120 140 160 180 200 Avrea between [ and [+ 20 = 47.5% (95% < 2)
I R Area toright of t + 206 = 50% — 47.5% =2.5%
P(waiting longer than 2 minutes 10 seconds)
= 2.5%, or 0.025.
c 1 minute 10 seconds = 70 seconds
Using symmetry about |L:
) E Area to left of 1t = 50%
o 2 0 60 8 1 D0 1o 18 180 205 Area between L and |1 = 0 = 34% (68% = 2)
Time {seconds) Areatoleftof it — o =50% —34% = 16%
P(waiting less than 1 minute 10 seconds)
= 16%, or 0.16.
d First find the probability of waiting less than
50 second;.
HU-20 5 Using symmetry about L
[ . W= Area to left of 1t = 50%
E s T?ﬁe (15220:;5(; e Area between pLand [t — 20 = 47.5% (95% ~+ 2)
P(waiting less than 50 seconds) = 2.5%, or Areatolefi of 1 —20 = 50% — 47.5% =2.5%
0.025
So, the expected number of people There are 200 people in the sample.
=200 x 0.025 = 5.
Example 2

2 minutes 10 seconds = 130 seconds

The heights of 250 twenty-year-old women are normally distributed with a mean of 1.68m and
standard deviation of 0.06 m.
Sketch a normal distribution diagram to illustrate this information, indicating clearly the mean
and the heights within one, two and three standard deviations of the mean.

Find the probability that a woman has a height between 1.56m and 1.74m.

Find the expected number of women with a height greater than 1.8 m.

H-304 150/

e 3

‘I . [. L) = ) r
14 15 16 1.7 1.8 1.9 2
Height (m)

Statistical applications

Let
W =mean = 1.68m
o = standard deviation = 0.06 m

B Continued on next page

'y

b ¢ Using symmetry about |i:
Avrea between (L and L + 6 = 34% (68% + 2)
Avrea between Land g — 20 = 47.5% (95% + 2)

Avrea between 1.56m and 1.74m = 34% + 47.5%
=81.5%

U-20 A y+o‘

14 15 16 17 18 19 2
Height (m)

P(height between 1.56 m and 1.74m)

= 81.5%, or 0.815.

c 4 First find the probability of a woman being
taller than 1.8m.

Using symmetry about i
Avrea to right of L= 50%
Avrea between [ and U + 26 =47.5% (95% ~ 2)
Area to right of L + 20 = 50% — 47.5% = 2.5%

14 15 1.6 1:7 1','8 1.9 5
Height (m)

P(height greater than 1.8m) = 2.5%, or 0.025.
So, the expected number of women There are 250 women in the sample.
=250 x 0.025 = 6.25, or 6 women.

Exercise 5A

P ERAM-STYLE GUESTION
: 1 The heights of 200 lilies are normally distributed with a mean of 40cm and
¢ astandard deviation of 3cm.

a Sketch a normal distribution diagram to illustrate this information.
Indicate clearly the mean and the heights within one, two and three
standard deviations of the mean.

b Find the probability that a lily has a height less than 37 cm.

Find the probability that a lily has a height between 37cm and 46cm.
d Find the expected number of lilies with a height greater than 43 cm.

0
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5 EXAM-STHLE QUESTIONS
: 2 100 people were asked to estimate the length of one minute. Their estimates
¢ were normally distributed with a mean time of 60 seconds and a standard
5 deviation of 4 seconds.
a Sketch a normal distribution diagram to illustrate this information, indicating clearly
the mean and the times within one, two and three standard deviations of the mean.
b Find the percentage of people who estimated between 52 and 64 seconds.
¢ Find the expected number of people estimating less than 60 seconds.

: 3 60 students were asked how long it took them to travel to school.
Their travel times are normally distributed with a mean of
20 minutes and a standard deviation of 5 minutes.
a Sketch a normal distribution diagram to illustrate this information,
indicating clearly the mean and the times within one, two and three
: standard deviations of the mean.
fil ! ! b Findthe percentage of students who took longer than
25 minutes to travel to school.
¢ Find the expected number of students who took between
15 and 25 minutes to travel to school. '

4 Packets of coconut milk are advertised to contain 250 ml. Akshat tests
75 packets. He finds that the contents are normally distributed with a mean
l volume of 255ml and a standard deviation of 8 ml.

a Sketch a normal distribution diagram to illustrate this information, indicating clearly
: the mean and the volumes within one, two and three standard deviations of the mean.
{ b Find the probability that a packet contains less than 239 ml.
! ¢ Findthe expected number of packets that contain more than 247 ml.

whole multiples of the standard deviation.

For example, in question 4 of Exercise 5A, suppose we
wanted to find the probability that a packet contains
more than 250ml.

First sketch a normal distribution diagram.

) You can use your GDC to calculate values that are not A

In a Calculator page ;- press MENU 5:Probability | T T e T T

| 200 210 220 230 240 250 260 270 280 290 300
5:Distributions | 2: Normal Cdf and enter the lower Volume (ml)

bound (250), the upper bound (9 X 10°®° — a very large number),
the mean (255) and the standard deviation (8) in the wizard.

I] 1 I *Unsaved w mn

| To enter 9 x 1099 you
need to type 9E999,
but you cannot use

*Unsaved v

€a0(250,9 £999,255, 734015 |
o T;om I2509.6999,255.8 < the E key. Instead, you
i )
URETERteM oco0 = must use the EE key.
W | 255 <
A E < GDC help on CD: Alternatlve
— demonstrations for the ?T-8§-'
|ox) | _ Plus and Casio FX-9860G]! :5’ ©
S TRe GDCs are on the CD. r

Statistical applications

So, 73.4% of the packets contain more than 250ml of coconut milk.
Alternatively, enter normCdf, the lowest value, the highest value, the

| For a very small
number enter

mean and the standard deviation directly into the calculator screen. _9 x 109

Example 3

deviation of 450 hours.

120 light bulbs are tested.

__________________________________________

Answers
a A

—

e | L
0 2000 4000

2.95% of the light bulbs have a lifetime of
less than 1950 hours.

b A

0 2000 4000

80.7% of the light bulbs have a lifetime
between 2300 and 3500 hours.

0 2000 4000

Only 1.31% of the light bulbs have a
lifetime of more than 3800 hours.

The lifetime of a light bulb is normally distributed with a mean of 2800 hours and a standard
a Find the percentage of light bulbs that have a lifetime of less than 1950 hours.

b Find the percentage of light bulbs that have a lifetime between 2300 and 3500 hours.
¢ Find the probability that a light bulb has a lifetime of more than 3800 hours.

d Find the expected number of light bulbs with a lifetime of less than 2000 hours.

W =mean = 2800 hours
o = standard deviation = 450 hours

Lifetime less than 1950 hours:
lower bound = -9 x 10°%°
upper bound = 1950

From GDC:
normCdf{—9£999, 1950, 2800, 450) = 0.02945
=295%

Lifetime between 2300 and 3500 hours:
lower bound = 2300
upper bound = 3500

Remember not to use |
-9e999 notations in
an exam.

From GDC:
normCdf(2300, 3500, 2800, 450) 0.8068 = 80.7%

Lifetime more than 3800 hours:
lower bound = 3800
upper bound = 9 X 10°%°

GDC help on CD: Alternative
demonstrations for the Ti-84 )
Plus and Casio FX-9860GI

GDCs are on the CD.

From GDC:
normCdf(3800, 98999, 2800, 450) = 0.0131 = 1.31%

P Continued on next page
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-------------------------------------------------------------------------------- @ 3 A machine produces washers whose diameters are normally distributed

A | B I R SO R BT with a mean of 40mm and a standard deviation of 2 mm.
ilH[1 | lower bound = —9 X 10°%

F upper bound = 2000 a Find the probability that a washer has a diameter less than 37 mm.

b Find the probability that a washer has a diameter greater than 45 mm.

Every week 300 washers are tested.
¢ Calculate the expected number of washers that have a diameter

| O 2000 4000 From GDC: between 35mm and 43 mm.
'I P(lifetime less than 20;)(()) h%u(r)s?’); 3.77% 1;;1(’)14;CZ{(;9;2999, ZIOOtO,d 2800, 450) = 0.0377 = 3.77% @ t EXAM-STYLE QUESTIONS
= uLos are testeq. 5 g
Expected number = 120 > 0. % 4 In a certain school, the monthly incomes of members of staff are normally

=4.524
So, you would expect 4 or 5 light bulbs to
have a lifetime of less than 2000 hours.

distributed with a mean of 2500 euros and a standard deviation of 400 euros.
a Sketch a normal distribution diagram to illustrate this information.
b Find the probability that a member of staff earns less than 1800 euros per month.

The school has 80 members of staff.

sssrssanane

| @ Exercise 5B c Calculate the expected number of staff who earn more than 3400 euros.
: EXAM-STHLE GUESTION . _ . ' 5 The lengths of courgettes are normally distributed with a mean of 16cm |
: 1 Jordi delivers daily papers to a number Qf hom?s ina village. The tl.me taken and a standard deviation of 0.8 cm. J f
to deliver the papers follows a normal distribution with' mean 80 minutes and :  a Find the percentage of courgettes that have a length between 15cm and 17cm. g

: standard deviation 7 minutes. . . . b Find the probability that a courgette is longer than 18 cm.
' : a Sketch a normal distribution diagram to illustrate this information. :

b Find the probability that Jordi takes longer than 90 minutes to deliver the papers. The lengths of 100 courgettes are measured. |

¢ Calculate the expected number of courgettes that have a length less than 14.5cm. |
Jordi delivers papers every day of the year (365 days).

| ¢ Calculate the expected number of days on which it would take Jordi longer

@ 6 At a market, the weights of bags of kiwi fruit are normally distributed with
' : than 90 minutes to deliver the papers.

a mean of 500g and a standard deviation of 8g.
A man picks up a bag of kiwi fruit at random. .
2 A set of 2000 IQ scores is normally distributed with a mean of 100 and a standard Find the probability that the bag weighs more than 510g.

deviation of 10. : EXAM-STHLE QUESTIONS .
| a Calculate the probability that is represented by each of the following diagrams. @ 7 The scores in a Physics test follow a normal distribution with mean 70% ‘

i A i A :  and standard deviation 8%.

: a Find the percentage of students who scored between 55% and 80%.
30 students took the physics test. ‘
b Calculate the expected number of students who scored more than 85%.

8 A machine produces pipes such that the length of each pipe is normally
> distributed with a mean of 1.78 m and a standard deviation of 2cm.

0 T — Y T T T T U 0 T T T T T T Y . T T Ui
| 50 60 70 80 90 100 1&0 120 130 140 150 50 60 70 80 90 100 110 120 130 140 150
1Q

0 ¢ Any pipe whose length is greater than 1.83m is rejected.
a Find the probability that a pipe will be rejected.

A : .
s Lambert Quételet (1796-1874), ) : 500 pipes are tested.
a Flemish scientist, was the first ¢ b Calculate the expected number of pipes that will be rejected.
to apply the normal distribution to
human characteristics. He noticed
that measures such as height,

3 weight and 1Q were normally

0 T R ; T T T T T T
50 60 70 80 90 100110 120130 140 150 distributed.
Q

b Find the expected number of people with an IQ of more than 115.

Statistical applications
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Inverse normal calculations

Sometimes you are given the percentage area under the curve,
i.e. the probability or proportion, and are asked to find the value

corresponding to it. This is called an inverse normal calculation.

Always make a sketch to illustrate the
information given.

You must always remember to use the area
to the left when using your GDC. If you are
given the area to the right of the value, you
must subtract this from 1 (or 100%) before
using your GDC.

For example, an area of 5% above a certain

value means there is an area of 95% below it. 0

Example 4

In examinations,
inverse normal

A questions will not
involve finding the
mean or standard
deviation.

¥

The volume of cartons of milk is normally distrib
deviation of 5ml.

Find the value of x.

Answer

1

0 ™ 7 T 1 >
970 980 990 1000 1010 1020
Volume (ml)

x = 989ml (to 3sf)

It is known that 10% of the cartons have a volume less than xml.

uted with a mean of 995ml and a standard

First sketch a diagram. The shaded area
represents 10% of the cartons.
Using the GDC:

In a Calculator page @ _g press MENU 5:Probability
| 5:Distributions | 3:Inverse Normal...

Enter the percentage given (as a decimal, 0.1),

the mean (995) and the standard deviation (5).

.|1 11e *Unsaved @ ﬂﬂ
7

Area |0.10 <
1| 995 <
a. 5| -
(2
o
orggl
I 11 1 *Unsaved w mm
invNom(0 1,995,5) 988.592 |

|

x =989 (3 sf)

x = 989ml means that 10% of the cartons have a

volume less than 989ml.
GDC help on CD: Alternative_-‘:, _
demonstrations for the T1-84

Plus and Casio FX-9860Gl! \
GDCs are on the CD.

Example 5

b Find the value of m.

250 pears are weighed.

Answers

a A

0 T T "1 1 — T ™™
50 60 70 80 90 100110120150140150
Weight (g)

88.8% of the pears weigh between 100g

and 130g.
b A
This is This is
92% 8%
0 T T T 1 L} T ™ T T T :
50 60 70 80 90 100110120130140150
Volume (ml)
m=121g
c A

0 T T T ; T L T T 1 l_b-
50 60 70 80 90 100110120130140150
Volume (ml)
P(weight less than 105g) = 0.266
Expected number = 250 x 0.266 = 66.5

So, you would expect 66 or 67 pears to
weigh less than 105 g.

Statistical applications

The Yveights of pears are normally distributed with a mean of 110g and a standard deviation of 8 g
a Find the percentage of pears that weigh between 100g and 130g.

It is known that 8% of the pears weigh more than mg.

¢ Calculate the expected number of pears that weigh less than 105g.

Sketch a diagram.

U =mean = 110g

O = standard deviation = 8g
Weight between 100g and 130g:
lower bound = 100

upper bound = 130

From GDC:
normCdf{100, 130, 110, 8) = 0.888 = 88.8%

8% weighing more than mg is the same as saying
that 92% weigh less than mg.

From GDC:
invNorm(0.92, 110, 8) = 121

m = 121 g means that 8% of the pears weigh more
than 121g.

Weight less than 105g:
lower bound = —9 x 10°”
upper bound = 105

From GDC:
normCdf{—9E999, 105, 110, 8) = 0.266
250 pears are weighed.

Chapter 5
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Exercise 5C

1 The mass of coffee grounds in Super-strength coffee bags is
normally distributed with a mean of 5g and a standard deviation
of 0.1g. It is known that 25% of the coffee bags weigh less
than p grams. Find the value of p.

2 The heights of Dutch men are normally distributed with a mean
| of 181 cm and a standard deviation of 5cm. It is known that 35%
i of Dutch men have a height less than Zcm. Find the

value of 4.

|
| 3 The weight of kumquats is normally distributed with a mean of
| 20g and a standard deviation of 0.8 g. It is known that 15% of
the kumquats weigh more than k grams. Find the value of &.

4 The weight of cans of sweetcorn is normally distributed with a
[ mean of 220g and a standard deviation of 4 g. It is known that
| 30% of the cans weigh more than w grams. Find the value of w.

P ERAM-STHLE QUESTIONS
’ @ : 5 The weights of cats are normally distributed with a mean
: of 4.23 kg and a standard deviation of 0.76kg.
a Write down the weights of the cats that are within one
standard deviation of the mean.

A vet weighs 180 cats.

b Find the number of these cats that would be expected to be
within one standard deviation of the mean.

¢ Calculate the probability that a cat weighs less than 3.1kg.

d Calculate the percentage of cats that weigh between 3kg
and 5.35kg.

It is known that 5% of the cats weigh more than wkg.
e Find the value of w.

6 A manufacturer makes drumsticks with a mean
¢ length of 32cm. The lengths are normally
i distributed with a standard deviation of 1cm.
a Calculate the values of g, b and ¢ shown on
the graph. 04

a

: b Find the probability that a drumstick has a
I : length greater than 30.6 cm.
It is known that 80% of the drumsticks have a length less than dem.
¢ Find the value of d.
¢ One week 5000 drumsticks are tested.
| d Calculate the expected number of drumsticks that have a
length between 30.5cm and 32.5cm.

Statistical applications

7 The average lifespan of a television set is normally distributed

with a mean of 8000 hours and a standard deviation of

1800 hours.

a Find the probability that a television set will break down
before 2000 hours.

b Find the probability that a television set lasts between 6000
and 12000 hours.

¢ Itis known that 12% of the television sets break down before ¢
hours.
Find the value of .

¢ EXAM-STHLE QUESTIONS
: 8 The speed of cars on a motorway is normally distributed with a

mean of 120kmh ™ and a standard deviation of 10kmh-".

a Draw a normal distribution diagram to illustrate this
information.

b Find the percentage of cars that are traveling at speeds of
between 105kmh~"' and 125kmh~".

It is known that 8% of the cars are traveling at a speed of less

than pkmh™.

¢ Find the value of p.

One day 800 cars are checked for their speed.

d Calculate the expected number of cars that will be traveling at
speeds of between 96kmh~"' and 134kmh',

The speed limit is 130kmh!.

e Find the number of cars that are expected to be exceeding the
speed limit.

9 The weights of bags of rice are normally distributed with a mean

of 1003 g and a standard deviation of 2g.

a Draw a normal distribution diagram to illustrate this

information.
b Find the probability that a bag of rice weighs less than 999 g
The manufacturer states that the bags of rice weigh 1kg.
¢ Find the probability that a bag of rice is underweight.

400 bags of rice are weighed.
d Calculate the expected number of bags of rice that are
underweight.

5% of the bags of rice weigh more than pg.
e Find the value of p.




P EXAM-STHLE QUESTION
@ : 10 The weights of babies are normally distributed with a mean of
: 3.8kg and a standard deviation of 0.5kg.
a Find the percentage of babies who weigh less than 2.5kg.

: In a space of 15 minutes two babies are born. One weighs
: 2.34kg and the other weighs 5.5kg.
b Calculate which event is more likely to happen.

:  One month 300 babies are weighed.
¢ Calculate the number of babies expected to weigh more than
4.5kg.

It was found that 10% of the babies weighed less than wkg.
d Find the value of w.

ssssssnsans

5.2 Correlation

When two sets of data appear to be connected, that is, one set of
data is dependent on the other, then there are various methods that
can be used to check whether or not there is any correlation. One of
these methods is the scatter diagram.

Data can be plotted on a scatter diagram with the independent
variable on the horizontal axis and the dependent variable on the
vertical axis. The pattern of dots will give a visual picture of how
closely, if at all, the variables are related.

Types of correlation

=> In a positive correlation the dependent variable
increases as the independent variable increases.

=> In a negative correlation the dependent variable
decreases as the independent variable increases.

For example, the time taken to run a race (dependent variable)
decreases as the training time (independent variable) increases:

h
204— S

154 -

£ 10—

~— 4

L44]
1

]

Time to run race

0" 5 10 15 20
Training time (hours)

=> When the points are scattered randomly
across the diagram there is no correlation.

For example, the number of pairs of shoes that a person owns is not
related to their age:

- N
LE I o )

i i—r‘
[ |

o1

Number of pairs
of shoes
3

* [ =
0 5 10 15 20
Age (years)

—> Correlations can also be described as strong, moderate or weak.

For example, fitness levels (dependent variable) increase as the
number of hours spent exercising (independent variable) increase:

-~
20
T 154 -
% 10 LN ]
2 104 .
.*qg': 3 i...
[ e -
L ]
0 5 10 15 20
Number of hours
exercising

Statistical applications

Ya Ya ¥
A
W+ — 204 I 104—
k °
15 : 154 . i i kg
10—t imel. . j>.0 51 I
o+ 10 7 il 4 '
5 »® > - ’ B
ole 5~ .' i I [ 2 R il —
0 K 1] X
5 10 15 20 0 5 10 15 20X 0 2 4 6 8 10

This is an example of a This is an example of a This is an example of a

strong positive correlation. moderate positive correlation. weak positive correlation.
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, . % Example 7
A 3

20— e 20 20+ . : . 5 ;
0 S e A Mathematical Studies student wanted to check if there was a correlation between the predicted
16— T 15+— 15g=—=p4— heights of daisies and their actual heights.
10 *% 1 , 10 [ o | 104—"—=1 Draw a scatter diagram to illustrate the data and comment on the correlation.
s——— 5 e 5 Predicted
. X 5.3(6.2|49|50(48|66|7.3|75|6.8(55|4.7|68|509|71
5 > » height (cm)

0 5 10 15 20% 0 5 10 15 20 % 0 5 10 15 20 Actual height (ecm) | 4.7 |7.0 |5.3|4.5(56|5.9|7.2|65|7.2|58|53|59/6.8 7.6
This is an example of a strong Thisis anexample of amoderate  Thisisanexempleofaweak S | T T e e e e L
negative correlation. negative correlation. negative correlation. Answer

) . 10} - Draw x- and y-axes from 0 to 10.
Correlations can also be classed as linear or non-linear. o _ j Plot ‘Predicted height’ on the horizontal axis and
s ) 8 Actual height’ on the vertical axis.
A ¢ For Mathematical ~7d .
20-4e— —r 10 | ) ] £ 7l
\ Studies, you will only Sed | i ]
. 8 obow — = Y
151 \ b ’ need to learn about 25 - 5
64—t . ; : Sal 1 .
10 : \—N ! ! linear correlations. %
sl A 4 T 1 However you may E; i T }
N 24—t use other types of 1 T Y B i
0 5 10 15 207( 0 5 1 6 8 10; correlation in your ; , [
. . project. 123456 7 8 910
This is an example of a linear This is an example of a non-linear correlation. — Predicted height (cm)
correlation. ) . ]
There is a moderate positive correlation between | Describe the correlation.
Ex ampl e6 predicted height and actual height.
i of visitors to the park was dependent on .
The manager of a recreation park thought that the number P g You can also use a GDC to plot a scatter diagram. For Example 7:
the temperature. .
He kept a record of the temperature and the numbers of 1\1ns1tors o;/er a t\;vojweek period. : pre;j - acu,:umm - . @E GDC help on CD: Alternative ‘..‘
i n a scatter diagram and comment on the type of correlation. @l _pred_nt {-acth demonstrations for the T-84°
Lz 4 X & Plus and Casio FX-9860Gl! : ©
Temperature (°C) | 16 | 22 | 31 |19 |23 |26 | 21 |17 | 24|29 | 21|25 |23 | 29 53 47 GDCs are on the CD. /
6.2 7
Numheriof 205|248 | 298|223 | 252| 280|233 | 211 | 258|295 | 229 | 252 | 248 | 284 I
visitors = 450
-------------------------------------------------------------------------------------- 48 56 v
Answer B15 | X [<T>]
A Draw the x-axis ‘Temperature (°C)’ from :
320 = U . . . . :
ol 1| | | s 0 to 40 and the y-axis ‘Number of visitors First enter the data in two lists on a List & Spreadsheet page

S s 5. from 0 to 320. Then enter the variables onto the axes on a Data and

:‘% 200 pr—t— Plot the points. Statistics page !A to draw the scatter diagram.

S 160- =

é 120 e 1 T 411 I]Z I *Unsaved w mm

Z god— | ' ' ’ o

o o

40 o o?®
> ’:’ s o
0 10 20 30 40 B.le o 00
Temperature (°C) 1 o0
- ) . . 46] L0

There is a strong positive correlation Describe the correlation. L SEA—

£ 50 54 53 62 66 70 7.
between temperature and the number k4650545862 667074

of visitors to the park.
Statistical applications Chapter 5




1
Exercise 5D 2 For each set of data, plot the points on a scatter diagram and
_ o . describe the type of correlation.
1 For each diagram, state the type of correlation (positive/negative .
and linear/non-linear) and the strength of the relationship X |28]30]25|35/19|38|25|33|41(22|35|44
(perfect/strong/moderate/weak/none). Y |24136(30|40|15|34|28|34|44| 23|37 45
a ¢ b 4 b X 3 7 7 11 [ 16 | 15 | 17 | 27 | 18 | 20
. y 16 | 11 | 12 ] 6 7 3 9 5 6
Lt T Line of best fit
. A line of best fit is a line that is drawn on a graph of two sets of data,
~ so that approximately as many points lie above the line as below it.
= d » —> To draw the line of best fit by eye: The line of best fit
1 . ® Find the mean of each set of data and does not need to go
» . plot this point on your scatter diagram. through the origin and,
- . in fact, in most cases
g o by ® Draw a line that passes through the mean It will not go through [
; R . point and is close to all the other points — | the origin. i
I B L with approximately an equal number of 3 — = )
. : < e points above and below the line.
oo R Example 8
> P : —
N fF oa a For Example 6 draw the line of best fit on the diagram. Geosciences use a
t corfect ' b For Example 7 draw the line of best fit on the diagram. line of best fit in
e P S 00 B0 U mae o e e e e e i e RS ® flood frequency
. *e., correlation is one Answers m M
‘... . where all the plotted a 300} ° Calculate the means using your GDC, PR
e . ®e, points lie on a straight o« 250 A The mean temperature is 23.3, and ; )
. L ] s o - i forecasting
A g | line. _. 2 200+ a the mean number of visitors is 251. s . - "
. =S —— 5 150 /'/ Plot the mean point (23.3, 251) on the medetotr'l eeneg
« ° > £ 100 scatter diagram. Draw a line of best fit pr'e ason
g . Z 504 through the mean point so that there 2 ling D Gl
. cs i 5 = > | are roughly an equal number of points
o 1$emper§t?1 e (° 03)0 e above and below the line,
g A A
307 b o o The mean predicted height is 6.03,
o ™ W e m @ il . ° 8 5 L e and the mean actual height is 6.09.
. . ' : = 7 fooip Plot the mean point (6.03, 6.09)
5 . 0] Pl £6 /d» o on the scatter diagram and draw a
e o o o o o ® i W #0 Il straight line through it so that there
ST T 170 » = i ' are roughly an equal number of points
<, above and below the line.
/
> 1 — |
| 0] 123456782910
Predicted height (cm)
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You can also use a GDC to draw a line of best fit.

*Unsaved w

(|1.1 |1.2 l>

7.9

| For Example 7: ]
Select MENU 4:Analyze | 6:Regression | 2:Show 7.0
Linear (ax + b). i
Given a value of predicted height, use trace (MENU !
I 4:Analyze | A:Graph Trace) to find the value of the S

| actual height from the graph. 46] o ©
| ]

y =0.747012-x+1.58944

46 50 54 58 62 6.6 7.0 7.4

OO0
5.8038,5.92495) |

There is often a lot of confusion between the concepts of causation and
correlation. However, they should be easy enough to distinguish.

One action can cause another (such as smoking can cause lung cancer), or it
can correlate with another (for example, blue eyes are correlated with blonde
hair).

i If one action causes another, then they are also correlated. But if two things are
correlated it does not mean that one causes the other. For example, there could
be a strong correlation between the predicted grades that teachers give and the
actual grades that the students achieve. However, the achieved grades are not
caused by the predicted grades.

Can you think of other examples?
Can you find articles in newspapers, magazines or online where cause is
| ‘ used incorrectly?

Exercise 5E

1 For each set of data:
i Plot the points on a scatter diagram and describe the type of
correlation.
ii Find the mean of x and the mean of y.

iii Plot the mean point on your diagram and draw a line of best fit by eye.

x| 2| 4|6 |8|10(12|14|16|18|20|22|24
y 1415|118 |21|24|25(27|29|30|32|35|39

b [ xJ12]13J14] 151617181920 21
y| 322930 |25 |22 |22|15 |10 | 10| 7

Statistical applications

| 1 12 |» *Unsaved ﬂm N pred ht
1 o __
' 7.0 In the Data & Statistics |
] | mode it is not possible
to find exact values

| when using trace
y = 0.747012x+1.58944 '
4.6 ] \
1 ) GDC help on CD: Alternative
P IR (= A T T demonstrations for the TI-84
46 50 54 Si?reg'%: 6670 7.4 Plus and Casio FX-9860Gl! J-“ ©
- GDCs are on the CD. y
el ™\

3 Fourteen students took a test in Chemistry and ITGS

Ty

: a Plot the points on a scatter diagram and describe the

SEsssssssEEREsEEERREEEE NS

P EXAM-STHLE QUESTIONS

2 The following table gives the heights and weights of 12 giraffes.

Height (xm) | 48| 41|42 | 47| 5.0 | 50 | 48| 5.2

5.3

4.3

4.5

Weight (ykg) [ 900 | 600 | 650 | 750 | 1100 | 950 | 850 | 1150

1100

650

800

correlation.

b Find the mean height and the mean weight.

¢ Plot the mean point on your diagram and draw a line
of best fit by eye.

d Use your diagram to estimate the weight of a giraffe
of height 4.6 m.

(Information Technology in a Global Society).
The results are shown in the following table.

Chemistry (%) | 45 | 67 | 72| 34 | 88 | 91 | 56 | 39 | 77

59 | 66 | 82

96

ITGS (%) 42 | 76 | 59 | 44 | 76 | 88 | 55 | 45 | 69

62 | 58 | 94

85

a Plot the points on a scatter diagram and describe the
correlation.

b Find the mean score for each test.

c Plot the mean point on your diagram and draw a line of best
fit by eye.

d Use your diagram to estimate the result for an ITGS test when
the chemistry score was 50%.

4 Twelve mothers were asked how many hours per day, on average,
they held their babies and how many hours per day, on average,
the baby cried. The results are given in the following table.

Baby held
(hours) 1123|344 |5]|6|6]|7|8]|09
Baby cried
(hours) 6 6 5 55| 4 3 (35| 2 |25] 2 (15| 1

a Plot the points on a scatter diagram and describe the
correlation.

b Find the mean number of hours held and the mean number
of hours spent crying.

¢ Plot the mean point on your diagram and draw a line of best
fit by eye.

d Use your diagram to estimate the number of hours a baby
cries if it is held for 3.5 hours.

Chapter 5
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The formula for Pearson’s product-moment correlation coefficient for two

EXAM-STHLE QUESTION

: 5 The table shows the size of a television screen and the cost of the , s,
: . sets of data, x and y, is: r=-—*
:  television. s,S,
: where s,, Is the covariance (beyond the scope of this course) and s and s, are
E size (inches) 32 oy 40 46 50 55 59 the standard deviations of x and y respectively.
: You wi . 1
: Cost ($) 450 | 550 | 700 | 1000 | 1200 | 1800 | 2000 'ou will be expected to use this formula to enhance your project.
: Other formulae that you will need are:
¢ a Plot the points on a scatter diagram and describe the g Zw or 2 _ Xx 3y
M ) Xy n n
: correlation. " .
K 0 . ) 2 —\2
: b Find the mean screen size and.the mean cost. . s, = /Z(x =% gl 2% 2 5, = \/Z(y SO T I 52
¢ ¢ Plot the mean point on your diagram and draw a line of best n n n ) n
: fit by eye. < — — :
¢ d Use your diagram to estimate the cost of a 52-inch TV. @ Example 9
[
o o The data given below for a first-division football league show the GDC help on CD: An':e-'rain‘:»:‘a‘i?;‘ei's
’ P 1 the TI.OM DA %
Pearson’s product-moment correlation coefficient position of the team and the number of goals scored. demonstrations frte LS4
RO eaTeonI 1z 5 (IS a6 eI EnLlon lanyen matrerateian Find the correlation coefficient, 7, and colmment on this value. GDCs are on the CD. /
and statistician. Position |1 (2|3 (4|5 6|7 !8|9|10/11|12|13|14]|15[16|17]18]19]20 [
- Goals | 75(68|60|49|5950|55(46|57|49|48|39|44|56|54|37|42|37|4a0(27 i
His contributions to the field of statistics include the product-moment i
correlation coefficient and the chi-squared test. Answer
Pearson’s career was spent largely on applying statistics r=—0.816 (to 3sf) Using a GDC:
o the field of biology. So, there is a strong negative First enter ‘Position’ numbers and
correlation between the position ‘ 77 ;
He founded the world's first University statistics department at University P Cons ot {zsts
\ , of the team and the number of (X and Y respectively).
College London in 1911. > K
arl Pearson goaIS scored. RN E *Unsaved w &/
. i Wostion Figoas T8 A
| It 1s useful to know the strength of the relationship between any
| two sets of data that are thought to be related. ! 75
2 68
Pearson’s product-moment correlation coefficient, r, is one way of ' — 3 &
| findi ical value that can be used to determine the strength | oo o Yo I
n 1gg a numerlca. value that can be used to determine the streng il BTl 196 G ! o
| of a linear correlation between the two sets of data. to use your GDC to Tl T T
find the value of r.
|| ; => Pearson’s product-moment correlation coefficient, 7, can : — ] _ b
take all values between —1 and +1 inclusive. :::“ —— = Ai (|
0 0 LISE | goals hod
® When r= —1, there is a perfect negative correlation Siva RegEq ﬁ:' 1
between the data sets. L
® When r = 0, there is no correlation. coggoyte[ o
. - . Inctud ] <l
e When r = +1, there is a perfect positive correlation R @ L
|| Cancet| |1
1 between the data sets. _ g
: ® A perfect correlation is one where all the plotted points lie - i iz cUnswed ¥ aa
- » LinRegMx position,gaals, 1: CopyVar stat Reb =
ona Stralght hne. "Tile"  "“Linear Regression (nx+b)"
"RegEqn" “m¥x+b"
g "m" -1.56992
When r is between . "o 66.0842
0 and 0.25, the correlation is very weak L b
0.25 and 0.5, the correlation is weak CLrResian e
0.5 and 0.75, there is a moderate correlation ' X -
0.75 and 1, the correlation is strong.
Statistical applications Chapter 5




Your GDC also gives r?, the coefficient of determination. This is an
indication of how much of the variation in one set of data, y, can be explained
by the variation in the other set of data, x. For example, if r> = 0.821, this
means that 82.1% of the variation in set y is caused by the variation in

set x. Here, either r = 0.906 which is a strong positive linear correlation,

or r = —0.906 which is a strong negative linear correlation.

Example 10

The heights and shoe sizes of the students at Learnwell Academy are given in the table below.
Find the correlation coefficient, », and comment on your result.

:-Ieigh)t 145 | 151 | 154 | 162 | 167 | 173 | 178 | 181 | 183 | 189 | 193 | 198
Xxcm
Shoesize | 35 | 36 | 38 | 37 | 38 | 39 | 41 | 43 | 42 | 45 | 44 | 46

Answer

r=0.964 (to 3sf)

This means that there is a strong positive
correlation between height and shoe size.

*Unsaved ¥ ﬂu
EshoeslzeH T 2

< I Linear Regressun (np+hy

X List | nelght i

J

Y List i |
Save RegEqn to: | f1 e I |
Frequency List | 1 <l
Category List hed |
Include Cateqories: r—vi-v !

1! 1.1 I 12 I" *Unsaved w ﬂﬂ

LinRegMs height shoesize,1: CopyVar statl. R* &

“Title"  "Linear Regression {mx+b)"
"RegEqn" "m*x+b"
"m" 0.206
"b" 4.7297
e 0,929308
et 0.964006
"Resid" ney
| 2 ~
" 1799

GDC help on CD: Alternative
demonstrations for the Ti~ 4
Pius and Casio FX-9860G/I"

GDCs are on the CD.
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Statistical applications

@ Exercise 5F

1 The table gives the temperature (°C) at midday and the number
of ice creams sold over a period of 21 days.

(ng)'pe'at"'e 22(23(22|19(20(25|23|20(17|18|23|24|22|26|19|19|20|22|23| 22| 20
Number of

ice creams |59 |61|55|40|51|72|55|45|39|35|59|72(63|77|37 |41 |44|50|59| 48|38
sold

Find the correlation coefficient, , and comment on this value.

2 A chicken farmer selected a sample
of 12 hens. During a two-week
period, he recorded the number of
eggs each hen produced and the
amount of feed each hen ate. The
results are given in the table.

a Find the correlation coefficient, 7.
b Comment on the value of the
correlation coefficient.

Number | Units of
of eggs | feed eaten

11 6.2

10 4.9

13 7.1

10 6.2

11 5.0

15 7.9

9 4.8

12 6.9

11 5.3

12 5.9

13 6.5

9 4.5

3 The table gives the average temperature for each week in
December, January and February and the corresponding number
of hours that an average family used their central heating.

Average
temperature (°C) 4113 2|-9|-12|-8|-9|-2| 1| 3| 5
Hours of heating | 43 | 45 | 51 | 52 | 58 | 64 | 57 | 60 |55 | 43 | 40| 30

Find the correlation coefficient, r, and comment on this value.

4 Eight students complete examination papers in Economics and
Biology. The results are shown in the table.

Student A B C D E F G H
Economics 64 | 55 43 | 84 67 49 92 31
Biology 53| 42 | 44 | 79 75 | b2 | 84 29

Find the correlation coefficient, », and comment on your result.

Chapter 5




5 The table shows the age of a baby, measured in days, and the
weight, in kilograms, at 08:00 on the corresponding day.

Age (days) 0 7 14 21 28 35 42
Weight (kg) | 3.50 | 3.75 [ 3.89 | 4.15 | 4.42 | 4.55 | 5.02

Find the correlation coefficient, #, and comment on your result.

6 The heights and weights of 10 students selected at random are
shown in the table.

Height (xem) | 155 | 161 | 173 | 150 | 182 | 165 | 170 | 185 | 175 | 145
Weight (ykg) | 50 | 75 | 80 | 46 | 81 | 79 | 64 | 92 | 74 108_
Find the correlation coefficient, 7, and comment on your answer.
7 The table shows the mock examination results and the actual
results of 15 students at Top High College.
Mock | 32 | 35 | 28 |24 (19 (39|44 |41 | 23|29 |28 | 35|38 |43 |21
Actual | 33 | 34 | 30 | 25 | 18 | 36 | 43 | 42 | 24 |27 |29 | 36 | 39 | 44 | 22
Find the correlation coefficient, r, and comment on your result.
8 The ages of 14 people and the times it took them to run 1km are
shown in the table.
Age
9 12 |13 | 15|16 | 19 | 21 | 29 | 32 | 43 | 48 | 55 | 61 | 66
(vears)
Time
. 75|168|72|53|51/49|52|46(49|68|6.2|/75/89|9.2
{minutes)

Find the correlation coefficient, #, and comment on your result.

5.3 The regression line

=> The regression line for y on x is a more accurate version of
a line of best fit, compared to best fit by eye.

The regression line for y on x, where y is the dependent variable, is
also known as the least squares regression line. It is the line drawn
through a set of points such that the sum of the squares of the
distance of each point from the line is a minimum.

=> If there is a strong or moderate correlation, you can use the
regression line for y on x to predict values of y for values of x
within the range of the data.

Statistical applications

[

You should only calculate the equation of the regression line if there is a
moderate or strong correlation coefficient.

In your project you can work out the equation of the regression line for y on x
using the formula:

SXY
(s,
where X and y are the means of the x and y data values respectively, s, is
the standard deviation for the x data values, and s,, is the covariance.

(y-y)= (x=x)

Example 11

Ten students train for a charity walk.
The table shows the average number of hours per week that each
member trains and the time taken to complete the walk.

Training time
(hours)
Time to
complete walk | 159 | 14.8 | 15.3|18.4|13.8|16.2{14.1/16.1| 16 |14.2 !
(minutes)

9 8 12 3 25 6 10 5 6 21

a Find the correlation coefficient, .

b Find the equation of the regression line.

¢ Using your equation, estimate how many minutes it will take a
student who trains 18 hours per week to complete the walk.

Answers
a r=-0.767 (to 3sf) First enter the data into two lists and

then compute the results.

4|'1.1 I 1.2 I *Unsaved w an
LinRegMsx training, time,1: CopyVar staf Reg? &
"Title"  "Linear Regression (mx+b)"
"RegEqn" "m*x+b"
"m" ~0,.146565
b 17 0189
e 0.588501
i -0.767138
"Resid" ey
k. o
188 ]

b The equation of the
regression line is:
y=-0.147x+ 17.0

The general form of the equation is:
y=mx+¢

From the GDC:

m = —0.147 (to 3sf)

c=17.0(to 3sf)

c y=-0.147(18) + 17.0=14.4
(to 3sf)
Therefore, the time taken is
approximately 14.4 minutes.

Substitute 18 (hours) for x in the
equation from part b.

. In examinations you
will only be expected
to use your GDC to
find the equation of
the regression line. |

British scientist and
mathematician Francis
Galton (1822-1911)
coined the term
‘regression’.

GDC help on CD: Alterriativ
demonstrations for the T/-84
Plus and Casio FX-98600;
GDCs are on the CD.

| In this book we use
y=mx+ c as the
general form of a
linear equation. The
GDCusesy=mx+b
as the general form.
Some people use
y=ax+b.
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The table shows the number of mice for sale in a pet shop at the end of

6 9 TS

61 | 73 | 80 | 91

Example 12
certain weeks.
| Time (x weeks) [ 3 5
Number of mice (y) | 41 | 57
a Find the correlation coefficient, .
b Find the equation of the regression line for y on x.
¢ Use your regression line to predic
10 weeks.
| d
‘I| | Answers
a 7=0.990 (to 3sf)
|
||
b The equation of the regression
line is:
y=4.63x+30.9
|
\
c y=4.63(10) +30.9=1772
=77
After 10 weeks, the number of
mice is 77.
‘ d No, because it is too far away
' from the data in the table.

Can you accurately predict the number of mice after 20 weeks?

t the number of mice for sale after

First enter the data into two lists.

4] 11 I 12 lj' *Unsaved & ﬂu

LinRegMx fime,mice,1. CopyVar slai. RegZqr* =
"Title"  "Linear Regression (mx+b)"
"RegEqn" "ra¥g+b"
"m" 462929
"b" 30.9039
o 0.979916
e 0.989907
"Resid" ")
-]
Y 2/99

The general form of the equation is:
y=mx+c

From the GDC:

m =4.63 (to 3sf)

¢ =309 (to 3sf)

Substitute 10 (weeks) for x in the
equation from part b.

Exercise 5G

¢ EXAM-STHLE QUESTION
: 1 The table shows the distance travelled by train between various
places in India and the cost of the journey.

Distance (km) |204 1407 | 146

1] 793 | 1542 |343| 663 | 780

Cost (rupees) |390|2200(227

011390 | 2280 (490 (1200|1272

a Find the correlation coefficient, 7, and comment on your result.
b Find the equation of the regression line.
c Use your equation to estimate the cost of a 1000km

train journey.

Statistical applications

(How do we know
what we know? How
sure can we be of our
predictions? What
predictions are made
about population, or
the climate?

GDC help on CD: Alternative
demonstrations for the TI-84 '@
Plus and Casio FX-9860GII ;
GDCs are on the CD. -."H

Remember that

you cannot use the
regression line to
predict values beypnd :
the region of the given

| data.

P EXAM-STALE QUESTIOMS

@ 2 Different weights were attached to a vertical spring and the length
of the spring measured. The results are shown in the table.

Load (xkg) ol 235

6

7

9

11

Length (ycm)| 15 |16.5|17.5/18.5|18.8

19.2

20

204

a Find the correlation coefficient, 7.

Frsssssnsnnnns

weight of 8kg is added.

: 3 Lijn is a keen swimmer. For his Mathematical Studies Project he
:  wants to investigate whether or not there is a correlation between
the length of the arm of a swimmer and the time it takes them to

swim 200 m.

b Find the equation of the regression line.
¢ Use your equation to estimate the length of the spring when a

He selects 15 members of a swimming club to swim 200 m.
Their times (y seconds) and arm lengths (xcm) are shown in the

table below.
tengthof | .o | 70 |74 |67 |79 |58 |62 |67 | 72 | 69 | 75 | 65 | 73 | 50 60
arm (xcm)
e 130(135|132|143|133|148|140|139|135(145|129|140|130145|142
(y seconds)
a Calculate the mean and standard deviation of x and By
b Calculate the correlation coefficient, 7.
: ¢ Comment on your value for r.
d Calculate the equation of the regression line for y on x.
e Using your equation, estimate how many seconds it will take
a swimmer with an arm length of 70 cm to swim 200 m.
4 Saif asked his classmates how many minutes it took them to
:  travel to school and their stress level, out of 10, for this journey.
The results are shown in the table.
Travel time (x minutes) | 14 | 28 | 19 | 22 | 24 | 8 16 | 5 | 18 | 20 | 25 | 10
Stress level (y) 3 7 5 6 6 2 3 2 4 5 6 6
a Find the correlation coefficient, 7.
b Find the equation of the regression line.
c Use your equation to estimate the stress level of a student
: who takes 15 minutes to travel to school.
Chapter 5




@; EXAM-STHLE QUESTION
i5

The table shows the weight (g) and the cost (Australian dollars)
of various candy bars.

Weight (xg) 62 | 84 | 79 | 65 | 96 | 58 | 99 | 48 | 73

66

Cost (yAUD) 145 | 1.83 | 1.78 | 1.65 | 1.87 | 1.42 | 1.82 | 1.15 | 1.64

1.55

a Calculate the equation of the regression line for y on x.
b Use your equation to estimate the cost of a candy bar
weighing 70 g.

Ten students in Mr Craven’s PE class did pushups and situps.
Their results are shown in the following table.

Number of pushups (x) | 23 19 31 53 34 46 45 22 39

27

Number of situps (y) 31 26 35 51 36 48 45 28 41

30

a Find the equation of the regression line.

A student can do 50 pushups. _
b Use your equation to estimate the number of situps the
student can do.

Fifteen students were asked for their average grade at the end of
their last year of high school and their average grade at the end
of their first year at university. The results are shown in the table
below.

High school

44 | 49 | 53 |47 |52 | b8 |67 | 73| 75|79 |82 |86 |88 |91
grade (x)

o7

University

33|52 (55|48 |51 |60 |71|72|69 |83 84|89 |96 |92
grade (y)

89

a Find the equation of the regression line.

A student scores 60 at the end of their last year of high school.
b Use your equation to estimate the average university grade for
the student.

A secretarial agency has a new computer software package.
The agency records the number of hours it takes people of
different ages to master the package. The results are shown in
the table.

Age (x) 32 (40 | 21 | 45 | 24 | 19 | 17 [ 21 | 27 | 54 | 33 | 37 | 23

45

Time

10 | 12 | 8 | 15 7 8 6 9 |11 |16 | 12 | 13 | 9
(y hours)

17

a Find the equation of the regression line.
b Using your equation, estimate the time it would take a
40-year-old person to master the package.

Statistical applications

5.4 The chi-squared test

You may be interested in finding out whether or not certain
sets of data are independent. Suppose you collect data on the
favorite color of T-shirt for men and women. You may want
to find out whether color and gender are independent or not.
One way to do this is to perform a chi-squared test (x? for
independence.

To perform a chi-squared test ( ¥?) there are four main steps.
Step 1: Write the null (H,) and alternative (H,) hypotheses.

H, states that the data sets are independent.
H, states that the data sets are not independent.

For example, the hypotheses for color of T-shirt and gender could be:
H,: Color of T-shirt is independent of gender.
H,: Color of T-shirt is not independent of gender.

Step 2: Calculate the chi-squared test statistic.

Firstly, you may need to put the data into a contingency table,
which shows the frequencies of two variables. The elements in the
table are the observed data. The elements should be frequencies
(not percentages).

For the example above, the contingency table could be:

Black White Red Blue Totals
Male 48 12 33 57 150
Female | 35 46 42 27 150
Totals 83, 58 75 84 300

If you are given the contingency table, you may need to extend it to
include an extra row and column for the ‘Totals’.

From the observed data, you can calculate the expected
frequencies. Since you are testing for independence, you can
use the formula for the probability of independent events to
calculate the expected values. So:

The expected number of men who like black T-shirts is
150 83

— x —x300=41.5.

300 300

The expected number of men who like white T-shirts is | Note:

@ X ﬁ x 300 = 29 and so on. @ The expected values can never

300 300 be less than 1.

The expected table of values would then look like this: ® The expected values must be 5 or
higher.

Black | White Red Blue | Totals
Male 41.5 29 37.5 42 150

Female | 41.5 29 37.5 42 150

Totals 83 58 75 84 300

® |[f there are entries between 1
and 5, you can combine table
rows or columns.

| When two variables
are independent,
one does not affect
the other. Here,
you are finding out
whether a person’s
gender influences
their colour choice.
You will learn more
about mathematical
independence in
Chapter 8.

The main entries in

this table form a

2 x 4 matrix (array

of numbers) - do not

include the row and
column for the totals. J

; In examinations, the
largest contingency
| table will be a 4 x 4.
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For calculations by hand, you need the expected frequencies
to find the y? value.

(=LY
f;_ )

where f, are the observed frequencies and f, are the expected

= To calculate the y* value use the formula 3> =Y

frequencies.

For our example,

. 2 o 2 _ 2 _ 2 _41. 2
P (48—-41.5) +(12 29) +(33 37.5) +(57 42) +(35 5)

cale 41.5 29 37.5 42 41.5 _
(46—29)2 (42_37.5)2 (27_42)2 In examinations, you
+ 29 i 375 i ) will only be expected
to use your GDC to
=338 find the ¥2 value.
Using your GDC to find the y? value, enter the contingency table _
as a matrix (array) and then use the matrix with the y* 2-way test. Your GDC calculates
the expected values
ol 1.1 o Stals Apps w mu b t
8 T T I-;'é T ?f]_a for you but you mus
35 46 42 27J 35 46 42 27 ’ know how to find them
¥ 2way mat: stat vesults by hand in case you
T;:,le ki i;“;aglle“" | are asked to show one
“pVal" 2.22473e-7 or two calculations in
g 3. i
"ExpMatiix" Nk an exam question. To
| "CompManix" g = see the matrix for the
k 3m9) expected values, type |

‘stat.” and then select
‘expmatrix’ from the
menu that pops up.

From the screenshot, you can see that 3> = 33.8 (to 3 sf).
This confirms our earlier hand calculation.

Step 3: Calculate the critical value.

First note the level of significance. This is given in examination _
- g g GDC help on CD: Alternative
questions but you have to decide which level to use demonserations for the TR

in your project. The most common levels are 1%, 5% and 10%. Plus and Casio FX-9860GII" 5.~/
GDCs are on the CD.

Now you need to calculate the number of degrees of freedom.

- =
- To find the degrees of freedom for the If the number of degrees of freedom is
chi-squared test for independence, use this oLy o S CHp SSIE] WWsE), 150
formula based on the contingency table: continuity correction to work out
the chi-squared value. (In examinations
Degrees of freedom = (number of rows — 1) the degrees of freedom will always be
(number of columns — 1) greater than 1.)

So, in our ongoing example, the number of degrees of freedom is
C-DxMA4-1)=3

Statistical applications

The level of significance and degrees of freedom can be used
to find the critical value. However, in examinations, the critical
value will always be given.

For our example, at the 1% level, the critical value is 11.345.
At the 5% level, the critical value is 7.815. At the 10% level,
the critical value is 6.251.

Step 4: Compare »* | against the critical value.

=> If x°_ . is less than the critical value then do not reject the
null hypothesis.
If 4., is more than the critical value then reject the null
hypothesis.

In our example, at the 5% level, 33.8 > 7.815. Therefore, we reject
the null hypothesis that T-shirt color is independent of gender.

Using a GDC, you can compare the p-value against the significance
level.

=> If the p-value is less than the significance level then reject the
null hypothesis.
If the p-value is more than the significance level then do not
reject the null hypothesis.

Use the significance level as a decimal, so 1% = 0.01, 5% = 0.05 and
10% =10.1.

So, for our example, p-value = 0.0000002 (see the GDC screenshot
on page 234).

0.0000002 < 0.05, so we reject the null hypothesis.

=> To perform a }’ test:
1 Write the null (H ) and alternative (H,) hypotheses.
2 Calculate > ‘
a using your GDC (examinations)
b using the y*  formula (project work)
3 Determine:
a the p-value by using your GDC
b the critical value (given in examinations)
4 Compare:
a the p-value against the significance level

b * . against the critical value

Investigation - shoe size and gender

Use the information that you collected at the beginning of this chapter
to test if shoe size is independent of gender.

| The p-value is the
probability value. It
is the probability of
evidence against the
null hypothesis.
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Example 13

One hundred people were interviewed outside a chocolate shop to find out which flavor of
chocolate cream they preferred. The results are given in the table, classified by gender.

Strawberry  Coffee  Orange | Vanilla | Totals
Male 23 18 8 8 57
Female 15 6 12 10 43
Totals 38 24 20 18 100

Perform a y? test, at the 5% significance level, to determine whether the flavor of chocolate cream
is independent of gender.

a State the null hypothesis and the alternative hypothesis.

b Show that the expected frequency for female and strawberry flavor is approximately 16.3.

c Write down the number of degrees of freedom.

d Write down the 2  value for this data.

calc
The critical value is 7.815.
e Using the critical value or the p-value, comment on your result.

Answers
a H,: Flavor of chocolate cream is Write H, using ‘independent of .
independent of gender. Write H, using ‘not independent of".

H,: Flavor of chocolate cream is not
independent of gender.

| b R R 100 = 16.34 FErom the contingency table:
L -1l Total for ‘female’ row = 43
So, the expected frequency for female and Total for ‘strawberry’ column = 38
strawberry flavor is approximately 16.3. Total surveyed = 100
|
¢ Degrees of freedom=(2 - 1)4-1)=3 Degrees of freedom = (number of rows — 1) (number of
| columns — 1)
| Here, there are 2 rows and 4 columns in the observed
| d . =688 matrix of the contingency table.
'. cale )
I Using your GDC:

| Enter the contingency table as a matrix. Use the
matrix with x> 2-way test. Read off y? value.
The p-value = 0.0758.

e 6.88 < 7.815; therefore, we do not reject the | Using the given critical value, check:
_ null hypothesis. There is enough evidence X < ctitical value — do not reject, or
:' to conclude that flavor of chocolate cream X > critical value — reject.

' is independent of gender. O%, using the p-value, check:

p-value < significance level — reject, or

p-value > significance level — do not reject.
Significance level = 5% = 0.05. So, 0.0758 > 0.05
and we do not reject the null hypothesis.

Statistical applications
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Example 14

Members of a club are required to register for one of three games:
billiards, snooker or darts.

The number of club members of each gender choosing each game in a
particular year is shown in the table.

Billiards | Snooker | Darts
Male 39 16 8 |72
Female | 21 14 17 |92

LR = — N

Perform a y? t?s%, at the 10% signigéince level, to determine if the

chosen game is independent of gender.

a State the null hypothesis and the alternative hypothesis.

b Show that the expected frequency for female and billiards is
approximately 27.1.

c Write down the number of degrees of freedom.

d Write down the ¥?  value for this data.

calc

The critical value is 4.605.
e Using the critical value or the p-value, comment on your result.

Answers

a H,: The choice of game is
independent of gender.
H,: The choice of game is not
independent of gender.

52 60 .
b (m ][EJ(I 15) =27.130 Expected value table from the GDC:
~271 Billiards | Snooker | Darts 1‘
So, the expected frequency Male 329 | 164 |137
for female and billiards is Female| 27.1 13.6 | 11.3

approximately 27.1.
¢ Degrees of freedom =

2-DBE-1)=2
d ¥..=779
e 7.79 > 4.605; therefore, we The p-value = 0.0203
reject the null hypothesis. Or, using the p-value,
There is enough evidence 0.0203 < 0.10. Therefore, we reject
against H to conclude that the null hypothesis.

the choice of game is not
independent of gender.
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@ Exercise 5H

¢ EXAM-STHLE QUESTIONS
1 300 people were interviewed and asked which genre of books

¢ they mostly read. The results are given below in a table of
observed frequencies, classified by age.

Genre
| : Fiction Non-fiction | Science fiction | Totals
‘, 0-25 years 23 16 41 80
I : | Age | 26-50 years 54 38 38 130
' : 51+ years 29 43 18 90
MI | : Totals 106 o7 97 300

Perform a y? test, at the 5% significance level, to determine

whether genre of book is independent of age.

a State the null hypothesis and the alternative hypothesis.

b Show that the expected frequency for science fiction and the
26-50 age group is 42.

: ¢ Write down the number of degrees of freedom.

| i d Write down the »°_ _value for this data.

! ¢ The critical value is 9.488.
e Using the critical value or the p-value, comment on your result.

| : 2 Tyne was interested in finding out whether natural hair color was
related to eye color. He surveyed all the students at his school.
His observed data is given in the table below.

Hair color
: Black | Brown | Blonde | Totals
i Brown/Black 35 43 12 90
| : E¥e Blue 8 27 48 83
1 : color
| : : Green 9 20 25 54
Totals 52 90 85 227

Perform a chi-squared test, at the 10% significance level, to
determine if hair color and eye color are independent.

a State the null hypothesis and the alternative hypothesis.

b Find the expected frequency of a person having blonde hair
b : and brown eyes.

¢ Write down the number of degrees of freedom.

: d Write down the chi-squared value for this data.

The critical value is 7.779.
e Using the critical value or the p-value, comment on your
result.

Statistical applications

EXAM-STHLE QUESTIOMS

3 Three different flavors of dog food were tested on different breeds

sEsans

-

of dog to find out if there was any connection between favorite
flavor and breed. The results are given in the table.

Beef | Chicken Fish Totals
Poodle 13 11 8 32
Boxer 15 10 10 35
Terrier 16 12 9 3
Great Dane 17 11 8 36
Totals 61 44 35 140

A y*test, at the 5% significance level, is performed to investigate

the results. '

a State the null hypothesis and the alternative hypothesis.

b Show that the expected frequency of a Boxer’s favorite food
being chicken is 11.

¢ Show that the number of degrees of freedom is 6.

d Write down the y*_ value for this data.

The critical value is 12.59.
e Using the critical value or the p-value, comment on your
result.

4 Eighty people were asked to identify their favorite film
genre. The results are given in the table below, classified
by gender.

Adventure | Crime Romantic Sci-fi Totals
Male 15 12 2 12 41
Female 7 9 18 5 39
Totals 22 21 20 17 80

A ytest, at the 1% significance level, is performed to decide
whether film genre is independent of gender.

a State the null hypothesis and the alternative hypothesis.

b Show that the expected frequency of a female’s favorite film
genre being crime is 10.2.

¢ Write down the number of degrees of freedom.

d Write down the chi-squared value for this data.

The critical value is 11.345.
e Using the critical value or the p-value, comment on your
result.
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: EXAM-STHLE QUESTIONS
@ : 5 Kyu Jin was interested in finding out whether or not the
number of hours spent playing computer games per week
had an influence on school grades. He collected the following

information.

Low grades | Average grades | High grades | Totals

: [ 0-9 hours 6 33 57 96

i |10-19 hours 11 35 22 68
> 20 hours 23 22 11 56
Totals 40 90 90 220

:  Perform a chi-squared test, at the 5% significance level, to decide
whether the grade is independent of the number of hours spent
playing computer games.

a State the null hypothesis and the alternative hypothesis.

: b Show that the expected frequency of a high grade and 0-9
: hours of playing computer games is 39.3.

: ¢ Show that the number of degrees of freedom is 4.

d Write down the y?_ _value for this data.

The critical value is 9.488.
e Using the critical value or the p-value, comment on your
: result.

6 The local authority conducted a survey in schools in Rotterdam
:  to determine whether the employment grade in the school was
independent of gender. The results of the survey are given in the

! table.

Directors | Management | Teachers | Totals

: Male 26 148 448 622

! | Female 6 51 1051 | 1108
Totals 32 199 1499 1730

Perform a y” test, at the 10% significance level, to determine
whether the employment grade is independent of gender.

a State the null hypothesis and the alternative hypothesis.
b Write down the table of expected frequencies.

¢ Write down the number of degrees of freedom.

| d Write down the chi-squared value for this data.

The critical value is 4.605.
| : e Using the critical value or the p-value, comment on your
: result.

Statistical applications
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: EXAM-STHLE QUESTIOMS
7 Ayako had a part-time job working at a sushi restaurant.

TN NS Y il

She calculated the average amount of sushi sold per week to
be 2000. She decided to find out if there was a relationship
between the day of the week and the amount of sushi sold.
Her observations are given in the table.

<1700 | 1700-2300 | > 2300 | Totals
Monday-Wednesday 38 55 52 145
Thursday-Friday 39 65 55 159
Saturday-Sunday 43 60 63 166
Totals 120 180 | 170 | 470

Perform a y” test, at the 5% significance level, to determine

whether the amount of sushi sold is independent of the day of

the week.

a State the null hypothesis and the alternative hypothesis.

b Show that the expected frequency of selling over 2300 sushi
on Monday—Wednesday is 52.4.

¢ Write down the number of degrees of freedom.

d Write down the y° _value for this data.

The critical value is 9.488.
e Using the critical value or the p-value, comment on your
result.

Haruna wanted to investigate the connection between the weight
of dogs and the weight of their puppies. Her observed results are
given in the table.

Puppy
Heavy | Medium | Light | Totals
Heavy 23 16 11 50
Dog | Medium 10 20 16 46
Light 8 15 22 45
Totals 41 51 49 141

Perform a y? test, at the 1% significance level, to determine
whether a puppy’s weight is independent of its parent’s weight.

a State the null hypothesis and the alternative hypothesis.

b Show that the expected frequency of a medium dog having a
heavy puppy is 13.4.

¢ Write down the number of degrees of freedom.

d Write down the y?_ value for this data.

The critical value is 13.277.

e Using the critical value or the p-value, comment on your
result.

Extension material on CD:
Worksheet 5 - Useful
statistical techniques fan
the project N
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Review exercise

Paper 1 style questions

: EXAM-STHLE QUESTIONS

: 1 Itis stated that the content of a can of drink is 350 ml. The content

i of thousands of cans is tested and found to be normally distributed

:  with a mean of 354ml and a standard deviation of 2.5ml.

¢ a Sketch a normal distribution diagram to illustrate this
information.

b Find the probability that a can contains less than 350 ml.

100 cans are chosen at random.

¢ Find the expected number of cans that contain less than 350 ml.

2 6000 people were asked how far they lived from their work. The
distances were normally distributed with a mean of 4.5km and a
standard deviation of 1.5km.

a Find the percentage of people who live between 2km and
4km from their work. '

b Find the expected number of people who live less than 1km
from their work.

3 The weights of bags of tomatoes are normally distributed with a
mean of 1.03kg and a standard deviation of 0.02kg.
a Find the percentage of bags that weigh more than 1kg.
It is known that 15% of the bags weigh less than pkg.
b Find the value of p.

4 For each diagram, state the type of correlation.
a A b A

sEsanmn
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Plot these points on a diagram.

X 6 8 10 | 12 | 14 | 16
y | 20 | 21 | 24 | 27 | 28 | 30

a State the nature of the correlation.

b Find the mean of the x-values and the mean of the y-values.
Plot this mean point on your diagram.

c Draw the line of best fit by eye.

d Find the expected value for y when x = 9.

The heights and arm lengths of 10 people are shown in the table.

Height (cm) 145 | 152 | 155 | 158 | 160 | 166 | 172 | 179 | 183 | 185

Arm length (cm) 38 | 42 45 53 50 | 59 61 64 70 69

a Find the correlation coefficient, #, and comment on your result.

b Write down the equation of the regression line.

¢ Use your equation to estimate the arm length of a person of
height 170 cm.

The time taken to eat three doughnuts and the person’s age is
recorded in the table.

Age (years) 8 12 [ 15 | 18 | 214 | 30 | 33 | 35 | 44 | 52 | 63

78

Time (seconds) [ 23 | 21 | 17 | 14 [ 15 | 18 | 20 | 21 | 23 | 25 | 27

35

a Find the correlation coefficient, 7, and comment on your result.

b Write down the equation of the regression line.

¢ Use your equation to estimate the time taken by a 40-year-old
to eat three doughnuts.

100 people are asked to identify their favorite flavor of ice cream.
The results are given in the contingency table, classified by age (x).

Xx<25 | 25<x<45 | x>45| Totals
Vanilla 14 13 10 3if.
Strawberry 11 9 8 28
Chocolate 13 10 12 35
Totals 38 32 30 100

Perform a chi-squared test, at the 5% significance level, to
determine whether flavor of ice cream is independent of age.
State clearly the null and alternative hypotheses, the expected
values and the number of degrees of freedom.
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: 9 60 students go ten-pin bowling. They each have one throw with : 2 The weights of bags of sweets are normally distributed with a mean \
¢ their right hand and one throw with their left. The number of of 253 g and a standard deviation of 3 g.
{ :  pins knocked down each time is noted. The results are collated in : a Sketch a diagram to illustrate this information clearly.
| i the table. i b Find the percentage of bags expected to weigh less
: ' : than 250g.
I 0-3 4-7 8-10 | Totals :  Three hunderd bags are weighed.
| : Right hand 8 28 24 60 ¢ Find the expected number of bags weighing more
I i | Left hand 12 30 18 60 than 255¢.
: | Totals 20 58 42 120 :

| : : 3 The heights and weights of 10 students selected at random are

H| : A x’testis performed at the 10% significance level. SHHI, thElbIE '
|

i, a State the null hypothesis. Height (xem) | 158 | 167 | 178 | 160 | 152 | 160 | 173 | 181 | 185 | 155
; { b Write down the number of degrees of freedom. i |Weight(ykg) | 50 | 75 | 80 | 46 | 61 | 69 | 64 | 86 | 74 | 68
|, : ¢ Show that the expected number of students who knock down . _

! 0-3 pins with their right hand is 10. ;o a Plot this information on a s.catter graph. Use a scale of 1cm to

| The p-value is 0.422. represent 25 cm on the x-axis and 1 cm to represent 10kg on

d Write down the conclusion reached at the 10% significance : the y-axis. _
level , : b Calculate the mean height.

: Calculate the mean weight.
i d i Find the equation of the regression line,

0

Give a clear reason for your answer.

10 Erland performs a chi-squared test to see if there is any : ii Draw the regression line on your graph.
: association between the preparation time for a test (short time, e Use your line to estimate the weight of a student of height 170cm. |
medium time, long time) and the outcome (pass, does not pass). :
Erland performs this test at the 5% significance level, @ : 4 An employment agency has a new computer software package. The |
a Write down the null hypothesis i agency investigates the number of hours it takes people of different ‘
b Write down the number of degrees of freedom :  ages to reach a satisfactory level using this package. Fifteen "
The p-value for this test is 0.069 ' people are tested and the results are given in the table.
‘ .069. : |
¢ What conclusion can Erland make? Age(x) |33 |41 |22 |46|25|18 |16 |23 |26 (55|37 |34 |25]48]17
Justify your answer. Time
inae) 8 |10| 7 (16| 8 9 7 |10 (12 |15 |11 14 |10 |16 | 7
Paper 2 style questions
! EXAM-STHLE QUESTIONS a Find the product-moment correlation coefficient, 7, for
| : 1 The heights of Dutch men are normally distributed with a mean : these data. . _ |
| P of 181 cm and a standard deviation of 9 cm. ¢ b What does the value of the correlation coefficient suggest about the J
: a Sketch a normal distribution diagram to illustrate this : rela.tlonsh1p between t_he IS0 Var1ables?.
T : ¢ Write down the equation of the regression line for y on x in the
b Find the probability that a man chosen at random has a SOy i ¢ 3 = _ . |
_ height less than 175 cm. ¢ d Use your equation for the regression line to predict the time that |
' ¢ Find the probability that 2 man chosen at random has a ' : it would take a 35-year-old person to reach a satisfactory level.
: height between 172 cm and 192 cm. : Give your answer correct to the nearest hour. |
Sixty men are measured.
d Find the expected number of men with a height greater than
195cm.
It is known that 5% of the men have a height less than kcm.
e Find the value of &
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: EXAM-STHLE QUESTIONE

: 5 Ten students were asked for their average grade at the end of their

:  last year of high school and their average grade at the end of their
first year at university. The results were put into a table as follows.

Student | High school grade, x University grade, y
1 92 3.8
2 76 2.9
3 83 3.4
4 71 1.8
| 5 93 3.9
6 84 3.2
I. 7 96 3.5
I\- 8 77 2.9
9 91 3.7

. 10 86 3.8
’l : a Find the correlation coefficient, r, giving your answer to one

decimal place.
b Describe the correlation between the high school grades and

[: the university grades.
| : ¢ Find the equation of the regression line for y on x in the form
H : y=mx+c

” @ 6 Several bars of chocolate were purchased and the following table
¢ shows the weight and the cost of each bar.

Yum | Choc | Marl | Twil | Chuns | Lyte | BigM | Bit
s Weight (xgrams) | 58 | 75 | 70 | 68 | 85 52 | 94 | 43
Cost (y euros) 1.18 | 145 | 1.32 | 1.05| 1.70 [ 0.90 | 1.53 | 0.95
¢ a Find the correlation coefficient, 7, giving your answer correct
: to two decimal places.
: b Describe the correlation between the weight of a chocolate
bar and its cost.
' c Calculate the equation of the regression line for y on x.
ll : d Use your equation to estimate the cost of a chocolate bar
weighing 80g.
@ : 7 The heights and dress sizes of 10 female students selected at
random are shown in the table.
Height (xem) | 175 | 160 | 180 | 155 | 178 | 159 | 166 | 185 | 189 | 173
Dresssize (y) | 12 | 14 | 14 | 8 | 12 | 10 | 14 | 16 | 16 | 14

| ¢ a Write down the equation of the regression line for dress size
| ¢
- on height (x), giving your answer in the form y = ax + b.
b Use your equation to estimate the dress size of a student of
height 170 cm.
c Write down the correlation coefficient.
d Describe the correlation between height and dress size.

Statistical applications
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: EXAM-STHLE QUESTIONS
: 8 Members of a certain club are required to register for one of

e

three games: badminton, table tennis or darts.
The number of club members of each gender choosing each
game in a particular year is shown in the table.

Badminton | Table tennis | Darts
Male 37 16 28
Female 32 10 19

Use a chi-squared test, at the 5% significance level, to test
whether choice of game is independent of gender. State clearly
the null and alternative hypotheses, the expected values and the
number of degrees of freedom.

: 9 For his Mathematical Studies Project a student gave his

classmates a questionnaire to find out which extra-curricular
activity was the most popular. The results are given in the table
below, classified by gender.

Reading | Surfing | Skating
Female 22 16 22 (60)
Male 14 18 8 (40)
(36) (34) (30)

The table below shows the expected values.

Reading | Surfing | Skating
Female p 20.4 18
Male q r 12

a Calculate the values of p, g and r

The chi-squared test, at the 10% level of significance, is used to
determine whether the extra-curricular activity is independent
of gender.
b i State a suitable null hypothesis.
it Show that the number of degrees of freedom is 2.
The critical value is 4.605.
c Write down the chi-squared statistic.
d Do you accept the null hypothesis? Explain your answer.
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: EXAM-STHLE QUESTION
: 12 This table of observed results gives the number of candidates taking a
Mathematics examination classified by gender and grade obtained.

: EXAM-STHLE QUESTIOMS
10 A company conducted a survey to determine whether position in upper
management was independent of gender. The results of this survey are

tabulated below.

The table below shows the expected number of males and females at each
level, if they were represented proportionally to the total number of

males and females employed.

60or7 |4or5 | 1,20r3 | Totals
Managers | Junior executives | Senior executives | Totals Males 34 50 6 90
Male 135 90 75 300 Females 40 60 10 110
Female 45 130 25 200 Totals 74 | 110 16 200
Totals 180 220 100 500 The question posed is whether gender and grade obtained are independent.

a Show that the expected number of males achieving a grade
of 4 or 51s 49.5.

A chi-squared test is set up at the 5% significance level.

b i State the null hypothesis.

Managers | Junior executives | Senior executives | Totals ii State the number of degrees of freedom.
‘Male a c 60 300 iii Write down the chi-squared value. j
$ Female b d 40 200 The critical value is 5.991.
: Totals 180 220 100 500 ¢ What can you say about gender and grade obtained?
a i Show that the expected number of male managers (a) is 108. ‘

il Hence, write down the values of 4, cand d. ‘
b Write suitable null and alternative hypotheses for these data. CHAPTER 5 SUMMARY

¢ i Find the chi-squared value. The normal distribution f

ii Write down the number of degrees of freedom. ) ) ) A o
ii Given that the critical value is 5.991 what conclusions ¢ The normal distribution is the most important continuous distribution in statistics.
It has these properties:

can be drawn regarding gender and position in upper i
m Tt is a bell-shaped curve.

management? . . .
m [t is symmetrical about the mean, p. (The mean, the mode and the median all

@ {11 In the small town of Schiedam, population 8000, an election was held. have the same value.)

The results were as follows.

g m  The x-axis is an asymptote to the curve.
Urban voters | Rural voters ] Thoe total area ugder the curve is 1 (or 100%). ) -
Candidate A 1950 1730 m 50% of Fhe area is to the left of the mean and 50% to the. rig t.
; ®m  Approximately 68% of the area is within 1 standard deviation, o, of the mean.
ST i — " A imately 95% of the area is within 2 standard deviations of the mean |
Candidate C 500 630 ” pproximately 75/ 0 '

Approximately 99% of the area is within 3 standard deviations of the mean.
In a—d below, use a chi-squared test, at the 1% significance level, to decide
whether the choice of candidate depends on where the voter lives.

H,: The choice of candidate is independent of where the voter lives.

a Write down the alternative hypothesis.

b Show that the expected number of rural voters for candidate

SRS ssssEssEsRERERRRERERERERE S

Ais1711.
¢ i Calculate the chi-squared value.
: : ii Write down the number of degrees of freedom.

The critical value is 9.21.
d i State your conclusion.
it Explain why you reached your conclusion.

® The expected value is found by multiplying the number in the
sample by the probability.

©

Continued on next page
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Correlation

® In a positive correlation the dependent variable
increases as the independent variable increases.

® In a negative correlation the dependent variable
decreases as the independent variable increases.

® When the points are scattered randomly across
the diagram there is no correlation.

® Correlations can also be described as strong, moderate or weak.
® To draw the line of best fit by eye:
® Find the mean of each set of data and plot this point on
your scatter diagram.
®  Draw a line that passes through the mean point and is
close to all the other points — with approximately an equal
number of points above and below the line.
@ Pearson’s product-moment correlation coefficient, , can take all
values between —1 and +1 inclusive,
® When » = —1, there is a perfect negative correlation between
the data sets.
® When » = 0, there is no correlation.
® When » = +1, there is a perfect positive correlation between
the data sets.
= A perfect correlation is one where all the plotted points lie
on a straight line.

The regression line

® The regression line for y on x is a more accurate version of a line of best fit,
compared to best fit by eye.

® If there is a strong or moderate correlation, you can use the regression line for y on x
to predict values of y for values of x within the range of the data.

The chi-squared test

@ To calculate the x* value use the formula y?

= z(f"}—fe)z, where f are the

calc
€

observed frequencies and f, are the expected frequencies.

® To find the degrees of freedom for the chi-squared test for independence,
use this formula based on the contingency table:
Degrees of freedom = (number of rows — 1)(number of columns — 1)

©

Continued on next page
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e If x* . is less than critical value, do not reject the null hypothesis.
If x°_.is more than critical value, reject the null hypothesis.
® If the p-value is less than significance level, reject the null hypothesis.
If the p-value is more than significance level, do not reject the null hypothesis.
e To perform a y? test:
1 Write the null (H) and alternative (H,) hypotheses.
2 Calculate y* | : a using your GDC (examinations), or b using the x°__formula
(project work).
3 Determine: a the p-value using your GDC, or b the critical value (given in
examinations).
4 Compare: a the p-value against the significance level, or b x> against the
critical value.
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Theory of knowledge EFFECT

Correlation or errecT | EFFECt)

causation?

Correlation shows how closely two variables vary with each other.

Causation is when two variables directly affect each other.

Shaving less than once a day
increases risk of stroke by 70%!

In 2003 British researchers found that there was a
correlation between men’s shaving habits and their
risk of a stroke. This link emerged from a 20-year
study of over 2,000 men aged 45-59 in Caerphilly,
South Wales.

A strong correlation between two variables does not mean
that one causes the other. There may be a cause and effect
relation between the two variables, but you cannot
claim this if they are only correlated. This is the
fallacy of correlation — one of the most common
logical fallacies.

Do you think a man could decrease his chance of

having a stroke by shaving more? This seems silly,

and suggests there might be a hidden intermediary
variable at work.

in this case, the researchers

think that shaving and
stroke risk are \inked by
another variable - h0\imon&
\evels. For example,
testosterone 1as a\ready
been used 10 explain the
link between ba\dness.and a
higher visk of heart disease.

Theory of knowledge: Correlation or causation?

a
N ‘s
L 4 | x
If there is a correlation between two R ﬁ

variables, be careful about assuming that
there is a relationship between them. There
may be no logical or scientific connection
at all.

Analyse these examples of assumed
correlation or causation.

Which illustrate the fallacy of correlation?

Anscombe’s Quartet

Anscombe’s Quartet is a group of four data
sets that provide a useful caution against
applying individual statistical methods to data

without first graphing them. They have identical simple statistical
properties (mean, variance, etc.) but look totally different when

graphed.

B Find the mean of x, the mean of y, the variance of x and the
variance of y and the r-value for each data set.

-

<y
4 4.26 4 3.1
5 5.68 5 4.74
6 7.24 6 6.13
7 4.82 7 7.26
8 6.95 8 8.14
9 8.81 9 8.77
10 8.04 10 9.14
11 8.33 11 9.26
12 10.84 12 9.13
13 7.58 13 8.74
14 9.96 14 8.1

1 Write down what you think the graphs
and their regression lines will look like.

2 Using your GDC, sketch the graph of
each set of points on a different graph.

B Joining the military made me a |
disciplined and strong person I
[

| wore a hat today on my way to school
and | was involved in a car accident;
I will not be wearing that red hat again

B People who own washing machines are '
more likely to die in a car accident. I

P Francis Anscombe (1918- 1 I' W_-

2001), British statistician. ! 3 |

I

|
4 5.39 8 6.58 '
5 5.73 8 5.76 ‘
6 6.08 8 7.71 !
7 6.42 8 8.84 |
8 6.77 8 8.47 ',
9 7.11 8 7.04 f
10 7.46 8 5.25 |
11 7.81 8 5.56
12 8.15 8 7.91 "
13 12.74 8 6.89 |
14 8.84 19 12.5

3 Draw the regression line on each graph.

4 Explain what you notice.
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CHAPTER OBJECTIVES:

Introduci
different
calculus

7.1 Concept of the derivative as a rate of change; tangent to a curve

7.2 The principle that f(x) = ax” = f’(x) = anx"1; the derivative of functions
of the form f(x) = ax” + bx™1+ ..., where all exponents are integers

7.3 Gradients of curves for given values of x; values of x where f’(x) is given;
equation of the tangent at a given point; equation of the line
perpendicular to the tangent at a given point (normal)

7.4 Values of x where the gradient of a curve is zero; solution of f(x) = O; stationary
points; local maximum and minimum points

7.5 Optimization problems

| Before you start
You should know how to:

Use function notation, e.g. If f(x) = 3x + 7
whatis f(2)? f(2)=3x2+7=13
Rearrange formulae, e.g. Make x the
subject of the formula:

y=3x+7

y—7=3x= yT_7 =x
Use index notation, e.g. Write without

powers
1 1
S i=1= =
5 25
Use the laws of indices, e.g. Simplify:
52 x §4 = §52+4 = 56
54 = 56 = §46 = 52
Find the equation of a straight line given
its gradient and a point, e.g. The line
passing through the point (2, 13) with
gradient 3

y—-13)=3(x-2)
y-13=3x-6
y=3x+7

Introducing differential calculus

Skills check

1 a f(2) =3 -2z evaluate f(5) and f(-5)
b f(s) =3¢+ 5, evaluate £(2) and f(-3)
c g(y) =) evaluate g(5) and g(%j
d g(z)= %

e f(z)= ﬁ evaluate f(4) and f(-3)

evaluate g(2) and g(15)

2 Make r the subject of the formula:

a C=2mr b A=nr c A=4nr
2 3
d y="t oyt 0224
"
3 Write these without powers.
1 4
a 4 b 23 ¢ (E]
4 Write each expression in the form x”:
1 1 3 2 233
a—-— b 5 c>= d x_s e (x )
X x x x 5%
5 Find the equation of the line that passes

through
a the point (5, —3) with gradient 2
b the point (4, 2) with gradient —3.

The invention of the differential calculus, in the 17th century, was a
milestone in the development of mathematics.

At its simplest it is a method of finding the gradient of a tangent to
a curve. The gradient of the tangent is a measure of how quickly the
function is changing as the x-coordinate changes.

All things move, for example, the hands on a clock, the sprinter in a
100m race, the molecules in a chemical reaction, the share values
on the stock market. Mathematics can be used to model all of these
situations. Since each situation is dynamic, the models will involve
differential calculus.

In this chapter, you will investigate certain functions to discover for
yourself the method of finding the gradient of a tangent to a curve, and
check that this method can be applied to all similar curves. You will
apply this technique in a variety of situations, to solve problems about
graphs and to use mathematical models in ‘real-world’ problems.

In the photograph, all the cans have the same basic cylindrical
shape. However, they are all different sizes. By the end of this
chapter you will be able to determine the optimal design of a
cylindrical can — one that uses the smallest amount of metal to hold
a given capacity.

For more on the
history of calculus,
see pages 292-3.
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6.1 Introduction to differentiation

You have already met the concept of the gradient of a straight line.
Differentiation is the branch of mathematics that deals with
gradient functions of curves.

The gradient measures how fast y is increasing compared to the rate
of increase of x.

The gradient of a straight line is constant, which means its direction
never changes. The y-values increase at a constant rate.

=> If P is the point (a, b) and Q is (c, d) "
then the gradient, m, of the straight line
PQism=2"0 d-b ’
c—a

Q(ca)

P@blec-a—

=¥

To calculate the gradient of a curve at a particular point you
need to draw a tangent at that point. A tangent is a line that just
touches the curve.

Here is the curve y = 4 — 4x +7.

) i ) i [ The three tangents to
It is a quadratic function. Its vertex is at the point (2, 3).

the curve are shown

in blue.
105'\ y=x’-A&x+7 '
At the point (1,4), the curve is
decreasing, the gradient of the curve is 8+ —T — 1 Atth int (4.7) th - .
negative and the tangent to the curve P N i, htt e Z(-)mt ( ; h),t & curve is !qcreasg]g,
has a negative gradient. iy | the gradient of the curve is posmvg an
a4 R AR the tangent to the curve has a positive
E/ gradient.
24 b— -
Of 1 213 4 s5x
At the point (2, 3), the gradient of the
curve is zero, and the tangent to the
curve is horizontal.
The direction of a tangent to the curve changes as the x-coordinate
changes. Therefore the gradient of the curve is not constant.
So, for any curve y = f(x) which is not a straight line, its gradient
changes for different values of x. The gradient can be expressed as a
gradient function.
. T . . Extension material on CD;
> lefetrentlatwr_l 1s a method used to find the equation of the Worksheet 6 - More abialt
gradient function for a given function, y = f(x). functions !

Introducing differential calculus

Investigation - tangents and the gradient function

The tangent to a graph at a given point is the straight line with its
gradient equal to that of the curve at that point. If you find
the gradient of the tangent, then you have also found the

gradient of the curve at that point. Repeating this for ;’_ﬁlse inst(r;Lbcéic;nstaretfor t}:rer

. : . -Nspire . Instructions for = —
different points, we can use the data obtained to the T1-84 Plus and Casio ©
determine the gradient function for the curve. FX-9860GI! GDCs, and using.a:

graph plotter, are on the CD.

1 Plot the curve y = x2on your GDC

Open a new document and add ST *Catoulus w

GDC instructions on CD:

a Graphs page. et

Save the document as ‘Calculus’.

Enter x? into the function f1(x). i A

Press  entef) u_eg;

@ pldm X

To get a better view of the curve, you should
pan the axes in order to see more of it. RERNE *Cateulus ¥

3y
Click down on the touchpad in an area away e
from the axes, function or any labels.

The w will change to {7. 7

!

Move the grasping hand with the touchpad. &% ]

B

The window view will pan with it. 2%

Click the touchpad when the window is in il aleus =

B

10.88 Tr
the required position. i

2 Add a tangent to the curve graph 1

Press (meny) 7:Points & Lines | 7:Tangent

Press | entgf). 1o T

» —2.45

Move the » with the touchpad towards the a —
curve. It will change to a {t’) and = WXL
the curve will be highlighted. ' fritdag?

Click the touchpad. ‘;mlnlon

Choose a point on the curve by clicking

the tOUChpad. 57 J.!

3 -2.45

Now you have a tangent drawn at a point

on the curve that you can move round to SIRE Xouokis ]

10.88 7y

any point on the curve. To get some more
information about the tangent, you need
the coordinates of the point and the
equation of the tangent.

11x)exc?
point on

10 !
o ~2.45

©

Continued on next page
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Y

° Move the » with the touchpad towards the point. O
It will change to a 1 and you will see ‘point on us,". 7 Look for a simple formula that gives the gradient of the tangent
Press | cui) ‘menuj and select 7: Coordinates and Equations. Press /. for any value of x Jl
3 Find the equation of the tangent. MR “Caleulus v Lilx ] Write this formula in the bottom right cell in your copy of the table. |
L - 10.98 ¥ 1l Is this formula valid for all values of x? Try positive, negative and
the arrow at the end of the tangent. Yot 330-4.68 fractional values.
It will change to a €1 and you (2.16,4.8) 8 Repeat Steps 1-7 for the curve y = 2x*
will see ‘line [ wnf’. A Draw the curve, then the tangents and complete this table.
Press ‘\ctrl; mena| and select 7:Coordinates B 20 i y=2x2 |
ShGRduatiosgRress ~ ot x-coordinate —2|-1|0J1]2]3]4 |x Worksheet on CD: This table I
You should now have the coordinates e ey is Worksheet 6.1 on the CD. @
. : Gradient of tangent I e e
of the point and the equation of
|
the tangent Iabeled. ’Jm Cateius v ae Again, look for a simple formula that gives the gradient of the tangent |
10.88 . q
4 Edit the x-coordinate so that the for any value of x. Write it down. |
point moves to (1, 1) |
Move the w with the touchpad towards You can repeat this process for other curves, but there is an approach that will |
the arrow at the x-coordinate of the { save time. The formulae you found in the investigation are called the gradient
point. It will change to a £ 1and you [/ 245 - functions of the curves. The gradient function can be written in several ways:
will see the numbers lighten and the dy d ,
word ‘text’ appears. ; dx’ dx(f(x)), or f'(x).
If you move the x very slightly with the = T ag . You can use your GDC to draw a graph of the gradient function for any curve.
touchpad it will change to a J. When F’_\ fo.88 1y 1{x)ex ‘ This is quite tricky | |
it does, click the touchpad. and may take a bit . e - b
Sl riosor ||t i fisons @ Investigation - GDC and the gradient function
The x-f:gordmate Is now ready (bad ses) not work, press (e 1 Use the GDC to draw the gradient
| for editing. * . ‘ and start again. _ function of y = 4x kI [ PO T 4a
- r3 - 6.67 (¥
Use the 4 key to delete(ﬁﬁe current 5 2| ! Add a new Graphs page i e SR
A B SRR T o cewe  am to your document. ; e o )
o7 |y T2 - y . ) - % the TI-84 Plus and Casio !
You have drawn the tangent to the o - Remember: Enter 4x into the function f2(x). ¢ ! “ FX.9860G! GOCs and using a. |
curve y = x2 at the point (1, 1) . In the equation of Progs (08 graph plotter, are on the CD. .
i enters. A |
| Its equation isy =2x -1, so (1.1) a straight line D o fhxlde L Iz .
gradient of the tangent is 2. i y=mx+c¢, mis the ‘ 2 Enter the gradient function in F3(x)
5 Record this information in a table. _',.rf 245 ] n? gradient | C||Ck the ’\L’é symbol using the UEES 53 *Caloulus w AR ¢ 12 “Caloulus w ﬁg
touchpad to open the entry line at i
y=x the bottom of the work area. l)etox |
: 5 ) ! i
. x-coordinate -2 ~1]0|1]2|3 (4|x Worksheet on CD: This table @ Press ‘“L@ and use the P av keys to -10 i 7] i
Gradient of tangent 2 is Worksheet 6.1 on the CD. A select the %,D template. ‘
p = & 6(x)=i(12(x:3) 1 =
6 Complete the table Press | enw - & k |
Go back to the graph and edit the x-coordinate again. Change it to 2. Enter x and 2 (x) in the template as shown.
Write the gradient of the tangent at the point where the x-coordinate is Press | ene).
2 in your table. Repeat this until you have completed the table for all )
Continued on next page
values of x between -3 and 4. o

Continued on next page




functions for these curves.

|
° You should have this diagram, with a horizontal line across 1
! m *Calculus w 'E . - — — _ s - _1
the graph. T ,/ mbd--di{fz{:ﬁ] Curve y=-35xly=2x+4|y=5|y=3 - x|y 3b|y=2 > X
The graph plotter gives you a picture of the o Gradient
gradient function — you have to find the - ! :2"'“ 3 function
equation of this function. 5
A 102 |
The GDC drew the line y = 4. I A Curve y=3@ |y=4e |y=-x|y=-2x| ¥ = > |
The gradient of the line y = 4x is ‘4", Pl e ag Gradient '
¥ d .
3 Repeat for other functions e / 13l 7-{rztx) function
| Click the ®» symbol using the touchpad 1 |f bl 6 Extend your results Worksheet on CD: This table
i' to open the entry line at the bottom of 1o i L Complete this table for the curve y = x*> + 3x using is Worksheet 6.2 on the Cl?{ i@)-
| ‘ the work area. the method from the first Investigation, on page 257. J
iz : : = x2
Use the a key to select f2(x). © Bdessd & y=Xx+3x
g i -3|-2|-1(0(1]2(3 |4
rl'l Enter a new function to replace 4x. x-coordinate 3
Gradient of tangent
In this way find the gradient functions for these straight lines. £
S T K ih What is the algebraic rule that connects the answers for the
g i & f Cire totquh © . gradient to the x-coordinates? |
b y=2x+4 ey oenerhe—lnl . . : L . !
-3.5x and the (3 key Check that your answer is correct by entering x2 + 3x in f2(x) in the graphs .
c y=5 ‘ to enter the - in page (Step 2 of this investigation) so that the GDC draws the gradient function.
d y=3-x L= 335 What is the equation of this straight line? | These should be the | ‘
e y=-35 Is its equation the same as the rule you found? same! If they are | |
f y=2- i, Use your GDC to find the gradient functions for the not, check with your
§ (i) rcu v i} curves below. Look for a pattern developing. . teacher. |
4 Change the function to y = x2 1 —
: 4 e ) a y=x>+3x b y=x>->5x c y=2x*-3x d y=3x2-x
' A straight line will appear on your screen as )
' in the diagram on the right ) - e y=D5x—2x? f y=2x-x? g y=x>+4 h y=x2-2 i
i wld ! ;;
H = — x2 i = x2 — =22— +3 l =3X—X2+1
| Write down the equation of this new straight line. . i y=3-x J y=x+x-2 k y=2x-x y |
The GDC drew the line y = 2x. 5 oy Compare each curve to its gradient function and so determine the |
. formula for the gradient function for the general quadratic curve |
The gradient function of the curve y = x2 is ‘2x'. |
y=ax’+bx+c
| This is the same result that you found by observation in the previous ) . . ; :
investigation. Write down the gradient functions of the following curves without
using the GDC.
( Repeat for the curves y = 2x2 and y = 3x2 and write down the gradient !
1 y=5x2+7x+3 '

y=5x+7x2-4 Do not proceed until |
you have answered |
these questions

y=4—-1.5x%+ 8x . correctly.

5 Tabulate your results A

| You are now building up a set of results that you can use to '
' generalize. To help with this, summarize your findings in a table. ‘
You should be able to see patterns in the results. °

2
3 y=3+0.5x2—-6x
4

Continued on next page




Investigation - the gradient function @ Investigation - the gradient function of any curve
of a cubic curve GDC instructions on CD: In this investigation you find the gradient function of any curve.
These instructions are for the
i i i = & TI-Nspire GOC. Instructions far &, i i
Now consider the simplest cubic curve y = x. o ;{_’g’: i ag;’c“a‘ﬂ:_"s o) Again, take a systematic approach. GDC instructions on CD:
g _ . FX-98606I GDCs, and using ' . . These instructions are'for the
Change the function to y = x3 using the GDC. e mph A/a s 1 Find the gradient function of y = x* T'-N;ﬂgrz g;::c. .'n;:?_mons for (15
. : . i — y5 the lus and Casio |
To enter x3, press % 44 2 b, i o an 2 Find the gradient function of y = x . _ FX-9860GI! GDCs, and usinglal
. T 3 Generalize these results to find the gradient function of y = x" graph plotter, are on the CD. ,
(You will need to press the » key to get back to fabd=2-{r2lx))
the base line from the exponent.) a Up to this point, all the powers in your curve have been positive.
2lc)x? ; 1 T S
This time a curve appears, instead of a straight line. 10 1 10 Considerthe eurves = XY= Y= x_"' R ( '
' 1 b s Remember |
Find the equation of the curve. x To enter , on your GDC use the i4s key and select # from - a4
= , , i the template menu. L
This is the gradient function of y = x3. 7 & '.Ch - A X
f . = ec IS result wi
Once you have the equation of the curve, find the Have a guess at the equation of et E your teacher. Do not . S
. . _ _ ) 2 : . inding this result by |
gradient function of y = 2x%, y = 3x%, ... the o yedheuess foltihe . Function  Gradient function g0 on until you have : t.g tioniis not th |
Write down your answers in the worksheet copy of the table. | 8radient function. Adjust your equation | investigation is not the
| until it fits. Then delete it. _| same as proving it to
= ' be true. How, without
Curve y=3|y=ax |y=-3|y=-2¢ | y = 1.8 The process of finding the gradient function of a curve is known as proof, do we know
2 differentiation. In these investigations, you have learned for that a result arrived at
| Gradient function yourself how to differentiate. by pattern building is
always true?
‘ Extend your investigation so that you can find the :
| gradient function of any cubic. Worksheet on CD: Thisigh St g
l | . 8 . . is Worksheet 6.3 on the CD.
| Be systematic, so try simple cubic curves first... |
6.2 The gradient function ! ; |
' Curve y=x+4 |y=2x-3 | y=x3+5x | y=x3-2x | y=x3+ 2x2 y=2x"+ 1,2 g i W?S discoveredat al_rr.wst |
2 Differentiation is the algebraic process used to i e e by el e Sifs)
Gradient find the gradient function of a given function. MERIEATETEE SR R (N
Nl (1642-1727), and the German
Two forms of notation are used for mathematician Gottfried Leibniz
Then move on to more complicated cubic curves... _ differentiation. The notation that you use will (1646-1716). The controversy over
i 1 i the rival claims lasted for decades.
Curve Y=X+3¢42 | y=x+ A0 43K |y= X+ 5 — dx+ 1 |y =X —x2 — x4 depend on the notation used in the question. e e_d or decades
Gradient
function s =
=> To differentiate a function, find the gradient function: THel /e
| Generalize your results to determine the formula for the gradient function dx
1 for the general cubic curve y = ax® + bx? + cx + d . Function | Gradient function was developed by
| Leibniz. Newton's |
. . ' h |
_ |, You(;m\:{ hfave rgsults fgr thei g;adleht functions of linear functions, y = axr dy _ nax™ notation is now only |
’.. guadratic unc?t|ons and cubic functions. Complete the worksheet copy _ _ dx used in physics.
of the table with these. How i ;
| f(x) = ax" f'(x) = nax™t ow important is
Function Formula Gradient function i ; % k mathematical notation
' e p—p The process is valid for all values of 7, both positive and negative. in enhancing your
' . understanding of a
| Linear y=ax+b>b subject?
Quadratic y=ax>+bx+c
Cubic y=ax+bx>+cx+d
Continued on next page Chapter 6
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Given f(x) = 3x— 4x2 + x°, find f "(x).

S) =3x11 -2 X 42t + 3 x 431
f(x)=3-8x+ 32

Differentiate each term separately.

Exercise 6A

., dy
1 Find —=.
ind 7.
a y=4y¥ b y=6x° c y=7+ d y=54
e y=x* f y=>5x g y=x h y=12x
1 1 3
H =9x2 H — = 43 k ) [ 4
LI 4 1y 2x ¥y 2x Ly 4x
2 Differentiate 1 )
a y=7 b y=-3x c y=—Zx4 d y:—§x3
e y=—x f y=- g y=2>5x° h y=-7¢
i = 1 s H = 3. 1 —_g 9 :E
| i vy Ex J oy Zx k y 3x Ly 1
3 Find f'(x).
| a f(x)=3x+ 55 b f(x)=>5x-4x

[ c f(x)=9%-115
Find y’ ]
a y=8—-5x+4x°
c y=Tx+4x-101

d f()=x*+3x+2

b y:9x2—5x+%

d y=x2x+3)

Introducing differential calculus

Example 1
3 = 447 dy
Given y = 4¥7, find =,
dx
Answer
B _7qure y=ax
P d_y =nax"’
& — 28y g
dx a=4n=7
Example 2
Given f(x) = 3x°, find £ '(x).
________________________________________________________________ The f’(x) notation
Answer is from Euler
Sx) =5 x 3y fx) =ax" (1707-83), who was
f(x) = 154* F'(x) =nax! perhaps the greatest
a=3n=>5 | mathematician of all.
Example 3

and that x° = 1.

y’ is another way of
writing d—y.
dx

-3

!

Remember that x* = x ‘

You can use letters other than x and y for the variables. This changes

the notation but not the process.

Example 4
Given v = 3.54, find &.
dr
Answer
ﬂ=8x3_5t8—1 v=aqt”
g LiTs nat"’
& 28 é
dr a=35n=38
Example 5
4
Given f (z) = % find £'(2).
Answer
4
fl=E=2xz f@)=az
10} — -1
Fl2)=4x2 24 i s
a= o =4
f'e=62
Example 6

Answer
fO=32+12t-t-4
f®O=3P+11tr-4
f'@O=6r+11

Given f(#) = (3¢t -1)(¢ + 4), find £'(9).

Multiply out the brackets.

Differentiate each term separately.

Exercise 6B

1 Find H4.
dr
a A=419-7)
c A=£Ft-5)
e A=0G-H3+2p
g A=F+3)(r-1)

2 Find f'(7).
a f()= %(r +3)(2r - 6)

c f(n=Qr-3y
e f()=3(r+5)

A=6(2t+)5)
A=(@+2)2t-3)
A= (6r+ T7)(3t-5)
A=30+3)(-4)

> ™ a o

b f(r)=(+3)?

f(=0G-2)
f(@#)=5T -7}

=h Q
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You can also differentiate functions which have powers of x in the
denominator of a fraction. First you must write these terms using
negative indices.

Example 7
dy
Given y = —, find —=.
dx

Answer
y=4x iz =4y V]Vrz'te tfzze Sfunction in index form:

X . —

2
dy _ =] *
) s a=4andn=-2
dy 8y Remember the rules for multiplying
dx negative numbers.
] _—83 Rewrite in the original form.
dx x
Example 8

Given f(x) find f '(x)
Answer

2.1 12 4 Write the function in index form.
flx)="x=== 2

3 @ 5 a== andn =-3

f(x)=-=3x% %2 x ! Be very careful with minus signs.

fix)= %36 xx* Simplify.

f

Rewrite in the original form.

Exercise 6C
Differentiate the following with respect to x.

3 2
1 Vs 2 f(x):—4 3 y=
X x

7
X
2
4 f=5 5 y=—> 6 9

RN

7 f)=Tx + = 8 y=T-dx+>
X 2x

3 1 x* 3
10 y=4x-> 11 g(x)=5¢—— 12 y=2 2
o x 2(x) x? Y 2 44"
x* 5 3 5 3
13 y="+3x*+—— 14 g(x)=2x"-x"+2-—" 15 A(x)=x" -2 +
Y 8 6x* 8(x)=2; 2x2 (*) 2% 4x°

9 g(x)=x’ +%
X

Remember to use the |
same notation as the
question.

6.3 Calculating the gradient of a curve
at a given point

=> You can use the gradient function to determine the exact value
of the gradient at any specific point on the curve.

Here is the curve y = 2x° — x? — 4x + 5 with domain -2 < x < 2. The
curve intersects the y-axis at (0, 5).

At x = -2 the function has a negative value.
It increases to a point A, then decreases to a point B and after x = 1
it increases again.

The gradient function of the curve will be negative between points
A and B and positive elsewhere.

Differentiating, the gradient function is jx—y =6x"-2x—4.
At the y-intercept (0, 5) the x-coordinate is 0. Substituting

this value into 2: at x = 0, ¥ = 6(0) —2(0)—4 = _4
= dx

E 1] G
107y -4 is the gradlent

L at the point (0, 5).

/ﬁ . Move the point along

the curve to find the
._ » .

gradient at other
You can use this algebraic method to find the %

L

points.

gradient of the curve at other points. For example, iS’ T _/ |
81—
d .
atx=-1, =2=6(-17-2(-1)-4 &
dx / _4_\ I
b _, it
dx >
2440 7 X
This result agrees with what can be seen from 7! =2 - J
the graph. i

Exercise 6D

These questions can be answered using the algebraic method or
using a GDC. Make sure you can do both.

1 Ify=x2—3x,ﬁndj—ywhenx:4.
X
d
2 Ify=6x—2+4, ﬁndéwhenx=0.

3 Ify=11-2+-3, ﬁndjx_ywhen_x:—a,

i
| 1

F H

No
¥

Will the gradient ‘|

function be positive
or negative at point A |
and at point B?

You can check this

on your GDC. See
Chapter 12, Section
6.1, Example 33. ‘

e

GDC help on CD: Alte
demonstrations fo
Plus and Casio FX-
GDCs are on the €D,

'. The gradient of the

curveatx=-1is 4

andatx=0itis -4
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4 If y = 2x(5x + 4), find the value of :x—y when x = —1.

5 Find the gradient of the curve y = x> — 5x at the point where x = 6.

6 Find the gradient of the curve y = 10— %x“ at the point where x = -2.

7 Find the gradient of the curve y = 3x (7 — 4x2) at the point (1, 9).

8 Find the gradient of the curve y = 342 — 5x + 6 at the point (-2, 28).

9 s=40r- 57 10 s=1£35+60)

. . ds d
Flndawhen t=20. Findé when ¢ = 3.
11 v =80+ 7 12 y=0.7t-11.9

v
Find ~ when t = 4, Find < when £ = 0.7,
t dr

13 4 = 14 14 =725

. .dd4 2 L dw
Find a when 4 = 3" FlndTp—atp—f—Z.

15 V=4rz+%. 16 A=5r+§2
4

Findc;—l7 atr= 3.

Find £4 atr =4,
r dr ;

17 V:7r’—§ 18 Aszzfz—”
r r
Findd—Vatr=2. Find%at;f:l
dr dr '
15
19V =6r+-—= 20 C=4Sr+2
2r 7’

Findd—Vatr=5. Findd—catr=l.
dr d

v

By working backwards you can find the coordinates of a specific
point on a curve with a particular gradient.

Example 9

Point A lies on the curve y = 5x— x2 and the gradient of the curve
at A is 1. Find the coordinates of A.

Answer [ --------------

T g o First find @
dx ’ dx
at A ay =1s0o5-2x=1 Solve the equation to find x.
x=2
y=52)-(2¥ =6 Substitute x = 2 into the equation of
Ais (2, 6) the curve to find y.

B Introducing differential calculus

1

F 3

‘9

Exercise 6E

Point P lies on the curve y = x2 + 3x — 4. The gradient of the curve at
P is equal to 7.

a Find the gradient function of the curve.

b Find the x-coordinate of P.

¢ Find the y-coordinate of P.

Point Q lies on the curve y = 2x? — x + 1. The gradient of the curve at
Q is equal to 9.

a Find the gradient function of the curve.

b Find the x-coordinate of Q.

c¢ Find the y-coordinate of Q.

Point R lies on the curve y = 4 + 3x — x> and the gradient of the curve
at R is equal to —3.

a Find the gradient function of the curve.

b The coordinates of R are (a, ), find the value of ¢ and of &.

¢ ERAM-STHLE GUESTIONS

Point R lies on the curve y = x2 — 6x and the gradient of the curve at
R is equal to 6.

Find the gradient function of the curve.

The coordinates of R are (a, b)

Find the value of g and of A.

Find the coordinates of the point on the curve y = 35> + x— 5 at
which the gradient of the curve is 4.

Find the coordinates of the point on the curve y = 5x— 25> — 3 at
which the gradient of the curve is 9.

There are two points on the curve y = x* + 3x + 4 at which
the gradient of the curve is 6.
Find the coordinates of these two points.

There are two points on the curve y = x> — 6x + 1 at which the
gradient of the curve is —3.

Find the coordinates of these two points.

Find the equation of the straight line that passes through these two
points.

¢ EAAM-STHLE QUESTION

There are two points on the curve y = x* — 12x + 5 at which

the gradient of the curve is zero.

Find the coordinates of these two points.

Find the equation of the straight line that passes through these two
points.
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6.4 The tangent and the normal to a curve

Here is a curve y = f(x) with a point, P, on the curve,

y=Ffx

>

P EXAM-STHLE GUESTIONS
:10 Point P (1, b) lies on the curve y = 2 — 4x + 1.
: a Find the value of 5.
b Find the gradient function of the curve.
¢ Show that at P the gradient of the curve is also equal to .
d Q (¢, d) is the point on the curve at which the gradient of the
| : curve is equal to 2. Show that d = 2.
| : The normal to the curve at P is the straight line which

: 11 Point P (5, b) lies on the curve y = 42— 3x — 3.
: a Find the value of 5. passes through P that is perpendicular to the tangent.

Tangent
atP

-> The tangent to the curve at any point P is the straight line Normal at P
which passes through P with gradient equal to the gradient of

the curve at P. 90 degrees

=Y

The tangent and the curve are closely related because, at P:

: b Find the gradient function of the curve.
!: : (Sghow thgt flt P ﬂ.le grad;lent of the cur ve is also qual to b. e the x-coordinate of the tangent is equal to the x-coordinate
| (c, d) ist elpom; on the curve at which the gradient of the of the curve
{ | : curve 18 equa} to 3. o the y-coordinate of the tangent is equal to the y-coordinate of the
‘ : Show that d is also equal to —3. curve

|I 12 Consider the function f(x) = 4x— x> — 1. ¢ the gradient of the tangent is equal to the gradient of the curve.

a Write down f'(x).

b Show thatatx =15, f(x) = f'(x).

¢ Find the coordinates of a second point on the curve y = f)
for which f(x) = f'(x).

You can use differentiation to find the equation of the tangent to
any curve at a point, P(q, b), provided that you know both the
equation of the curve and the x-coordinate, a, of the point P.

: -> To find the equation of the tangent to the curve at P(q, b):
| :13 Consider the function f(x) = 2% —x + 1.
|| a Write down f'(x).
: b Show thatatx =2, f(x) = f'(x).
¢ Find the coordinates of a second point on the curve y = f (x)

1 Calculate b, the y-coordinate of P, using the equation of
the curve.

2 Find the gradient function %

: for which £ (x) = f'(x). 3 Substitute @, the x-coordinate of P, into Y 10 calculate, m, " For more on the
| : 14 Consider the function f(x) = 3x—x*— 1. f the value of the gradient at P. e Meilety o e
' a Write down f’(x). 4 Use the equation of a straight line (y — b) = m (x— a). ' line, see Chapter 3.

b Show thatatx =1, f(x) = f'(x).
¢ Find the coordinates of a second point on the curve y = f)
for which £ (x) = f"(x).

©15  Consider the function f(x) = 2:¢ - x~ 1.

Example 10

Point P has an x-coordinate 2. Find the equation of the tangent to the

curve y=x>—3 at P.
Give your answer in the form y = mx + c.

a Wrtedownf'(x). I el i
b Find the coordinates of the points on the curve y = f(x) for Answer
: which f(x) = f'(x). Atx=2,y=(2)-3=5 Usey = x° — 3 to calculate the
| :16 Consider the function f(x) = 2 + 5x— 5. . et P
2 =3y Find the gradient function dy

li a Write down f7(x). ar | dr’
|

b Find the coordinates of the points on the curve y = f(x) for

which £(x) = f/(%).

Arx=2,Y -302=-12
dx
m=12

Substitute 2, the x-coordinate at F,

into SX to calculate m, the value of
X

| : 17 Consider the function f(x) = x* + 4x + 5.
| : Find the coordinates of the point on the curve y = f(x) for the gradient at E ; =
which f(x) = f'(x). AtP (2,5) Use the equation You can check the ‘
-5)=12(x-2) (v—b)=m(x—a) equation of the
y—5=12x-24 witha=2,b=5m=12 tangent using your
y=12x-19 Simplify. GDC.
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Exercise6F B e ;
i i Atx=—-4 2 — Substitute the value of x into AP
1 Find the equation of the tangent to the given curve at Tdr  (-4) 4 il the value of
the stated point, P. Give your answers in the form y=mx+c The gradient of the tangent, e 12
a y=x%P(3,9) b y=2x%P(1,2) a3
c y=6x—x%P(2,8) d y=3x-10; P(1,-7) 4 . ' S
e y=24-5x+4;P(3,7) f y=10x -2+ 5;P(2,17) Hence, the grzdient of the The normal is perpendicular to the | The grao!ient of a line
g y=11-24P(3,-7) h y=5-%+6x; P(2,13) normal, m’ = i Larecrt perpe;dlculart(;). a s
i i S li se gradient is
i y=4x- %% P(4,0) j y=5x-3x P(-1,-8) i he normal to Use the equation of a straight line e : %
The equation of t .
k y=6x"-2x% P(2,8) U y=60x-5x"+7; P(2,107) y—zatP(—4 3is & —b) =mx —a) witha = —4, mis -—.
m y=%x"—7;P(4,121) n y=17-3x+ 52 P(0,17) o b p=—gm=? — =
= . 15 . (-3 =z=-4) TR SR
o y=2x(5-x); P(0,0) P y=—x"-4x; P(2,-6) ¢ . Ly You cannot find the
3 ;1 1 1 e S g R b 0 tion of a normal
q —x +3; P(-2,6 r =Zx'+ ;P -1—= 3y+9=4dx+ 16 Rearrange to the form ax + bx +c¢ =0, efqua
y= (-2,6) 5 3 & 3 ( 3) 41 —3y+7=0 wherea, b ce 7 _ directly from the GDC.
‘l [ 2 B
| y——x —7x* +5; P(-2,-25)

Exercise 6G
2 Find the equation of the tangent to the given curve at the stated

point. Grve your answers in the form ax + by +c=0 Find the equation of the normal to the given curve at the stated

point P. Give your answers in the form ax + by + ¢ =0
‘ ) y_ s ° y_5+?’(1’“) 1 y=22P(1,2) 2 y=3+45 P05, 3.5)
6
— = 4t P
! c y= 6x 2.( 2 14) d y=x +x3:( 1,5) ; yzg_xz; P(Z,_3) . y_sjzc e P( 24)
| —_—

e y=5x—;;(4,18) 5 y=@+2)(5-2;P0,10) 6 y=(x+2)%P0,4

| 6
7 y=2.702,2 8 y=?;P(—1,6)
To find the equation of the normal to a curve at a given point you ‘ x
need to do one extra step. | 9 y= 6x+§; P(1,14) 10 y=x'-=;P(-1,4)
X
=> The normal is perpendicular to thle tangent so its gradient, m’, ‘ 1 p4_og L P0.5,1) 12 y=5x __; P(3,13.5)
is found using the formula m' = ==, where m is the gradient of yERTeXT L 2x
the tangent. i |
' Example 12
Example 11 .
= | The gradient of the tangent to the curve y = ax* at the point P (3, b)

Point P has -coordinate —4. 12 oy Ilgarned about is 30. Find the values of a and b.

Find the equation of the normal to the curve ¥ = — at P. grad|ent_of YT e

Give your answer in the form ¥ perpendicular line in Answer ,

ax+by+c=0,whereaq, b, ce 7Z. _ Chapter i - | dy _ A As the gradéent of the tangent is
'"A" "s" '; """""""""""""""" [ """"""""""""""""""""" Y , given, find ﬁ

2ape 12 12 2a(3) = &y
Atx=—4,y=m=—-3 Use y = — to calculate the - Whenx=3%=3o
_ > ;
dy 12 Y-coordinate of P The equation of the curve is .
dr 2 Find the gradient function Q y =52 '
| (Remember; y = 12x7,) & b=53)2=b=45 Substitute x = 3 to find b.

P Continued on next page
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Exercise 6H

1  Find the equation of the tangent to the curve ¥ = (x—4)? at the
point where x = 5.

: EAAM-STHLE QUESTIONS
2  Find the equation of the tangent to the curve y=x(x*—3)at
: the point where x = -2,

3 Find the equation of the normal to the curve y=x +é at the
: point where x = 4. *

: 4 Find the equation of the normal to the curve y = x2 —iz at the
: point where x = 1. *

5 Find the equations of the tangents to the curve y = 352 — 2x at
the points where y = 8.

6 Find the equations of the tangents to the curve y=2x(3 - x)at
the points where y = —20.

7  Find the equation of the normal to the curve y=7-5x—2x°at
the point where it intersects the x-axis.

8 Find the equation of the normal to the curve y = x* + 3x — 2 at
the point where y = 6.

9 a Find the value of x for which the gradient of the tangent to
the curve y = (4x — 3)%is zero.
b Find the equation of the tangent at this point.

10 a Find the value of x for which the gradient of the tangent to

s EXAM-ETHLE QUESTION

16 .
the curve y = x> +— is zero.

X
b Find the equation of the tangent at this point.

11 a Find the value g)f x for which the gradient of the tangent to
the curve y =%+x—3 is 5.
b Find the equation of the tangent at this point.
12 a Find the value of x for which the gradient of the tangent to
the curve y = x* + 3x — 3 is 3.

b IFind the equation of the tangent at this point.
¢ Find the equation of the normal at this point.

13 a Find the value of x for which the gradient of the tangent to

the curve y = 4x+i4 is 16.
X

b Find the equation of the tangent at this point.
¢ Find the equation of the normal at this point.

S .

14 There are two points on the curve y = 2x° + 9x* — 24x + 5
at which the gradient of the curve is equal to 36. Find the
equations of the tangents to the curve at these points.

PEXAM-STHLE QUESTION
15 The gradient of the tangent to the curve y = x> + kx at the point

P(3,b)is7.
Find the value of %k and the value of .

16 The gradient of the tangent to the curve y = x>+ kx at the point
P(-2,b)is 1.
Find the value of #and that of b.

17 The gradient of the tangent to the curve y = kx*— 2x + 3 at the
point P (4, b) is 2.
Find the value of #and that of b.

18 The gradient of the tangent to the curve y = 4 + kx — &’ at the
point P (-2, b) is -5.
Find the value of kand that of 5.

19 The gradient of the tangent to the curve y = px* + gx at the
point P (2, 5)is 7.
Find the value of p and that of g.

20 The gradient of the tangent to the curve y = px*+ gx — 5 at the
point P (-3, 13) is 6.
Find the value of p and that of ¢.

6.5 Rates of change

The gradient function, f’(x), of a function f(x) is a measure of how
f(x) changes as x increases. We say that /’(x) measures the

rate of change of f with respect to x. | : In general, the rate ‘

dy of change of one |
- For the graph y = f(x), the gradient function -~ J7 (%) gives variable with respect
the rate of change of y with respect to x. to another is the

| gradient function.

Other variables can also be used, for example:

if A=f(r), then . f’(¢) measures the rate of change of A with
dr

respect to t.

If the variable ¢ represents time, then the gradient function measures
the rate of change with respect to the time that passes.

This is an important concept. If you measure how a variable
changes as time is passing then you are applying mathematics to
situations that are dynamic — to situations that are moving.

Chapter6 £




For example, if Crepresents the value of
| a car (measured on a
day-to- day basis) we can say that Cis a function of time: C = f@. ' Exanplel i

A company mines copper, where the mass of copper, x, is measured in thousands of tonnes.

Then —= f'(t ( ) represents the rate at which the value of the ;
I e Ch The company’s profit, P, measured in millions of dollars, depends on the amount of copper '
- anglng — it measures the rate of change of C with respect to mined. The profit is given by the function P(x) = 2.3x — 0.05x* — 12
t, the rate of inflation or deflation of the price of the car. a Find P(0) and P(6) and interpret these results. vl
Similarly, if s represents the distance measured from a fixed ) _ b Find 5. What does %P represent? Youcangraphany
point to a moving obJect then s is a function of time: s = g R I: thetveloaity,of = dP uetion|ogghelan e |
an object, what does i == = = i i
and E =g'(r) measures the rate of change of this distance, s, v ¢ Find the value of Pand — when x = 20 and when x = 25. This COL'JId_glve-you
h i represent? d Interpret the answers to © further insight into the |
with respect to /. : ’
i pectto | e Find the value of x for which % = 0. BlEbC
4; measures the velocity of the object at time ¢. ' I f Determine P for this value of x, and interpret this value. |
e
Example 13 | Answers ‘
a P(0)=-12; aloss of 12 million dollars. Substitute x = 0 in to P(x).
. ) j P(6) = 0; there is no profit and no loss,
The volume of water in a container, ¥ cm?, is given by the formula this is the break-even point.
V=300 + 2¢ — £, where ¢ is the time measured in seconds. 4P
dv b —=-01x+23
a What does g represent? dx P
dP dp .
b What units are used for d_V? e represents the rate of change of the , Tmeasures the rate of change of P with
. av u profit as the amount of copper mined respect to X.
Find the value of w when ¢ = 3, increases.
d What does the answer to ¢ tell vou? dP '
________________________________ y“._“_“" ¢ Atx=20,P=14and d_P=0_3 Substitute x = 20 and x = 25 into P(x) and ——.
Answers [ """""""""""""""" dx dx |
= Atx=25P=1425and € - _
4 . dx
a 4 represents the rate of The rate at which the water is d At both points the company is profitable.
cha £ entering (or leaving) th tainer. ; .
ng? Qhibe Voh%me of 8 ( Bl At x =20, @ > 0 so a further increase in At x = 20, P(x) is increasing.
water in the container. |
b dv . production will make the company more
e, 1 3
g '8 measured in cm?’ per The volume is measured in cm® and BECHILELLSY
second (cm?s). time is measured in seconds,
o ( ) Atx =25, jf: At x =25, P(x) is decreasing. |
cC — == . .
dr et ) production will make the company less !
Atr=3, How would you ] profitable. o
dv dv decide by considerin ar = = : Set — equal to 0. ‘
o 220)=+4 15 megative, s0 LA . i, 0.1x+2.3 =0 & 1
q @ ' - d_tw ether the 0.1x=2.3 Solveforx. ‘
ince this .value 18 negative, the volume is decreasing. water was entering xX= B 23 |
the water is leaving the or leaving the o1 |
container at 4 cm? per second. container? | 23000 tonnes of copper needs to be . x is measured in thousands of tonnes. |
mined to maximize the company’s profit.
f P(23)=14.45 Substitute x = 23 into P (x).

14.45 million dollars is the maximum
profit that the company can make.
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@ 5 Water is flowing out of a tank. The depth of the water,

I

Exercise 61

s EXAM-STHLE QUESTION

: 1 The volume of water in a container, ¥ cm?, is given by the formula
. V=100 + 2t + £, where ¢ is the time measured in seconds.

How much water is there in the container initially?

How much water is there in the container when 7 = 3?

oo

(2]

What does %Iti represent?

[-%

Find the value of ‘ji_V when £ = 3,
r

e Use your answers to b and d to explain what is happening to
the volume of water in the tank.

2 The area, 4, of a pool of water forming under a leaking pipe is
A =4t + 2 cm? after £ seconds.
a What is the area of the pool initially?

b What is the area of the pool when ¢ = 57
¢ What does i—A represent?
t

d Find the value of E? when ¢ = 5.

dr
e Use your answers to b and d to explain what is happening to
the area of the pool.

3 The weight of oil in a storage tank, W, varies according to

640
the formula W =52+ re +40 where W is measured in tonnes

and ¢ is the time measured in hours, 1 < £ < 10.

a Find the weight of oil in the tank at £ = 1.

b F1nddd—W

t
¢ Find the rate of change of the weight of the oil in the tank
when
i r=3 il r=5.
d What does your answer to c tell you?
e Find the value of ¢ for which ‘E—W = 0.
t
f Interpret your answer to e.
4 The volume of water, ¥, measured in m?, in a swimming pool
after t minutes, where > 0, is V=10 + 6¢ + 2.
a Find the rate at which the volume is increasing when ¢ = 1.
b Find the rate at which the volume is increasing when there
are 65 m’ of water in the pool.

¥ cm, at time ¢ seconds is given by y = 500 — 4t — £,

a Find the rate at which the depth is decreasing at
2 seconds and at 3 seconds.

b Find the time at which the tank is empty.

Initially t =0

382t

The area, A cm?, of a blot of ink is growing so that, after ¢ seconds, 4= T+E'

6
@ a Find the rate at which the area is increasing after 2 seconds.

b Find the rate at which the area is increasing when the area of the blot is 30 cm?

7 The weight of oil in a storage tank, ¥, varies according to

the formula |/ =10f + —== 135 +4 where W is measured in tonnes

and ¢ is the time measured in hours, 1 << 10.
a Find the rate at which the weight is changing after 2 hours.

domain x < 0.

As x increases, the curve increases to the point P. After point P,

the curve decreases. P is said to be a local maximum point.

] ) ; f
You can determine that P is a local maximum )

1,
B is undefined; it has
no value.

point because just before P (for example, at A)
the gradient of the curve is positive, and just
after P (for example, at B) the gradient of
the curve is negative.

At P itself, most importantly, the gradient of
the curve is zero.

¥
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b Find the value of ¢ for which d—dVK =0.
t
The angle turned through by a rotating body, 0 degrees, in time ¢ seconds
is given by the relation 6 = 4 — %,
a Find the rate of increase of 8 when ¢ = 2.
b Find the value of ¢ at which the body changes direction.
9 A small company’s profit, P, depends on the amount x of ‘product’ it makes.
This profit can be modeled by the function P(x) = —10x° + 40x* + 10x — 15.
Pis measured in thousands of dollars and x is measured in tonnes.
a Find P(0) and P(5) and interpret these results.
b Find 3.
. dp
¢ Find the value of Pand o when i x=2 ii x=3.
d Interpret your answers to c. aP
e Find the value of x and of P for which FTo 0. What is the importance of this point?
= = = - fx),
6.6 Local maximum and minimum points — 101 \
(turning points) M| 1
Here is the graph of the function NERIEE
) 2 2 |
=4x+—, #0 »
f(x)=4x o ¥ § EEEE i
The graph has two branches, because the function is not BNy
defined at the point x = 0. =i i 6. 4
First, look at the left-hand branch of the graph, for the i _:; 0—— BREE




s ™

= Atalocal maximum, the curve stops increasing and changes ) — ' i i L4 and 2,4 [Naliommesceaue
direction so that it ‘turns’ and starts decreasing. So, as x & \?3. So, the coordinates of the furning points are | 3, | and | 75 Vit (8 RS ARt .
increases, the three gradients occur in the order: positive, zero, & % To determine which is the local maximum and which is the local and which is the |
negative. Where the gradient is zero is t i ' \ I 1 . e
8 10 is the maximum point. f minimum, look at the graph of the function: (—, 4) is the by looking at the -
Now look at the right-hand branch of the graph, with the ini E . Soopaes
B om0 local minimum and (_E’ = 4) the local maximum. L —
As x increases, the curve decreases to the poi | i i
h . Py oriep o! n-t Q. After Q, 0 - To find turning points, first set the gradient function equal to |
the curve increases. Q is said to be a local minimum point. 8 C i i is gi 1
. . zero and solve this equation. This gives the x-coordinate of the
You can determine that Q is a local minimum point because °] 2 turning point. ‘
just before Q (for example, at C) the gradient of the curve is negative ] Q
and just after Q (for example, at D) the gradient of the curve is positive. > | @ EXCICISg'oD d ‘
At Q itself, the gradient of the curve is zero, ) : ‘; Find the values of x for which é =0. Verify your answers by |
using your GDC.
=> At alocal minimum, the curve stops decreasing and changes \ / 1 = 2 o= Ly 2
direction; it ‘turns’ and starts increasing. So, as x increases, .,z“é g 3 y=++10x 4 s B
the th i i : i iti %
ree gradleTlts occur n the ordfer: negatlvg, ZEro, positive, ® & 5 y=x-27x 6 y=24x-2¢
Where the gradient is zero is the minimum point, Zero
; 1 ro 7 y:4x3—3x 8 )):396—1696‘3
ocal maximum and 1 ini i
! ! an oca.l mlnl-murn points are known as 9 y=22-9x+12x-7 10 y=5+ 9%+ 627 + %
stationary points or turning points.
| 11 y=x- 32 —45¢+ 11 12 y=1222+x° + 36x— 8
> I&t alny stationary or tu.rning point — either local maximum or At a stationary point, if | 13 y=2x-6x+7 14 y=17+30%" - 5x°
ocal minimum - |
f'(x) is zero. y=fgthenY =0, | 1 i
To find the coordinates of P (the local maximum) and of ' 9 ¥ ’ 1
Q (the local minimum) for the function f(x) = 4x + 1, | g =it 8y
X
use the fact that at each of these points £7(x) i | 1
: ) p f'(x) is zero. 19 y=27x+i2 20 y=x+—
f(x)=4x+-, so f'(x)=4~— . =
X

X | 1 "i
Rememb = B ' : : E
embegihat X x1, Once you have found the x-coordinate of any turning point, you can

Setf"(x) = 0 which gives 4 _iz =0 ' ‘ then calculate the y-coordinate of the point and decide if it is a
Adding iz x4 _1 ! maximum or minimum.
X xZ

Multiplying by % 4 =1 Example 15 - —

Dividing by 4: ¥t = 1 Find the coordinates of the turning poi‘nts of the curve | ‘Determine the nature’ means |
4 y =32 — 8x° — 30x% + 72x + 5. Determine the nature | decide whether the point is a local |

Taklag square oot « = or = = .- R | Lo RS SRS

. . 2 INellcanktindllcca el @ HWIEB @ @ EBSsaeas s 0
Substitute each x-value into f(¥) to find the y-coordinate of each | maximum and local | Answer

turning point. y=3x— 8%~ 302+ 72x+ 5

‘ minimum points '
2 | using differentiation.

; o d
| See O A, : 9 123 — 2442 — 60x+ 72 =0 At each turnzngpoznté =10).
| Section 6.3. ‘ i dx

1 . A
Atx=2, f[%} 4 (l J+ (% _4 e T e ! Y 12 - 242 - 605+ 72 Differentiate.
; i

)

P Continued on next page
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x=-2,x=1,x=3

Atx=-2,

¥ =23(=2)" — 8(=2)* -~ 30(-2)* + 72(-2) + 5=-95

s0 (=2, —95) is a turning point.

Atx=1,y=3(1)" - 8(1) = 30(1)2 + 72(1) + 5 = 42
so (1, 42) is a turning point.

Atx=3,y=3(3)" - 8(3) - 303 + 72(3) + 5 = =22
s0 (3, —22) is a turning point.

x-coordinate -2 1
Gradient 0 0 0
x=-10 forx<-2  f/(-10) =-12268
x=0 for-2<x<1 f(0)=72
x=2 forl<x<3 f(2y=-48
x=5 forx>3 £(5) =672
1 x-coordinate | -10 -2 0 ' 1 2 '3 5 I
| Gradient f 12268 | 0 | 72 [ 0|-48|0| 672

Gradient is zero

3

x=1
?‘?ﬁ x=2 §’ Local maximum % x=3 g’
%\ Gradientis zero | & 2\ Gradientis zero | &€

Local minimum Local minimum

(-2, -95) is a local minimum.

(1, 42) is a local maximum.

(3, —-22) is also a local minimum.

GDC.

Substitute the three values of x to
Jind the y-coordinates.

1o decide if points are maximum
or minimum (without using the
GDC) find the gradient at points
on each side of the turning points.
First, fill in the information on
the turning points.

Now choose x-coordinates of
potnts on each side of the turning
points. Calculate the gradient at
each point and enter them in the
table.

| Choose points close
to the stationary

| point.

Sketch the pattern of the

gradients from the table.

As the curve moves through
(=2, —95), the gradient changes
negative — zero — positive.

As the curve moves through
(1, 42), the gradient changes
positive — zero — negative.

As the curve moves through
(3, —22), the gradient changes

negative — zero — positive.

Exercise 6K

Determine the coordinates of any turning points on the given curves.

For each, decide if it is a maximum or minimum.
Check your answers by using your GDC.
1 y=2 -9+ 24x-20 2 y=x+6x2+9x+5

3 y=x(9+3x—x) 4 y=x*-322+5

Introducing differential calculus

5 y=x(27-%) 6 y=x(9-x) '.I‘f:xe’isreadas‘f
1 9 such that x maps to’
7 f(x)=x+- 8 f(x)=x+; and means the same
¥ | as 'f(x) ="
x 8 :2 = .
o f(r)=3+- 10 f(x)=~+5
]
16 . - -
11 f;x-):xz—— 12 f.x—%—9x+6x2

You can sometimes determine the nature of a turning point
without checking points on either side.

Example 16

Find the coordinates of any turning points of the curve
y = 9x — 3x* + 8 and determine their nature.

Answer
At turning points:
%=9—6x=0 Solve for x.
x=1.5
y=9(1.5) - 3(1.572 + 8 Substitute x = 1.5 into = |
=14.75 ySE=dp Quadratic graphs with '

Quadratic graphs with a negative
coefficient of x? ave this shape:

Exercise 6L

Find the coordinates of the local maximum or local minimum point

for each quadratic curve.
State the nature of this point.

1 y=x>—-4x+10 2 y=18x—3¥%+2 3 y=x+x-3
4 y=8-5x+%° 6 y=20-6x— 15x
7 y=@-3)x-7) 9 y=x(x+4)

a positive coefficient
of x? are this shape:

The turning point is (1.5, 14.75).

The turning point is a local
maximum.

5 y=3x+11-#
8 y=x(x-18)

6.7 Using differentiation in modeling: optimization

An introductory problem —
In Chapter 4, you used quadratic functions to model various situations. ] -
One of the optimization problems was to maximize the area of a |
rectangular field that bordered a straight canal and was enclosed on Longth

three sides by 120m of fencing.

Width

Chapter 6




A model is a mathematical function that describes the situation.
In this case, we need a model for the area of the field (the rectangle)
for difterent widths.

First, identify the variables in the problem.
These are:

® the width of the field

¢ the length of the field

@ the area of the field.

Second, identify any constraints in the problem. The constraint in
this problem is that 120 m of fencing is used for three sides.

It often helps to try a few numerical examples in order to put the
problem in context and to indicate the method. For example

1 If the width were 20m, then the length would be 120 — 2(20) = 80m
the area would be 20 x 80 = 1600 m?
2 If the width were 50m, then the length would be 120 — 2(50) = 20m

the area would be 50 x 20 = 1000 m?
Setting up the model

The model is for the area of the field and is a function of bot# its
width and its length.

1 Define the variables.
Let 4 be the area of the field, x be the width of the field and y be
the length of the field.
Then A =xy

Canal

2 Write the constraint algebraically.
120=2x+y y

x+x+y=2x+y=120

3 Use the formula for the constraint to write the area function using
just one variable.
Rearrange the constraint: y=120-2x
Substitute in the area function: A4 =xy = x(120 — 2x)

So a model for the area of the field is A(x) = x(120 — 2x), where x is
the width of the field.

To determine the maximum area (the optimum solution) set the
gradient function to zero.

The formula for the area is:  A(x) =x(120 - 2x)

Expand the brackets: A(x) = 120x — 242
Differentiate: 2 4(x)=120-4x
Equate % to zero: 120-4x=0

Solve: 4x=120=x=30

Introducing differential calculus

Note that, although
the length of the
fencing is constant,
the size of the

enclosed area varies.
|

rd

| maximum.

If you define the
variables in a different
way, you obtain a
different function.
Here you could have
defined the length
to be x and the width
as y. The area A(x)
would then have
been a different — but
correct — function.

The quadratic function '

A(x) has a negative
coefficient of x2 so
the turning point is a

. A

The width of the optimum rectangle is 30 m. To find the length
substitute x = 30 into y = 120 — 2x.

120 -2(30) = 60m
The dimensions of the rectangle are width 30 m and length 60m.
To find the maximum area substitute x = 30 into A(x) = x(120 — 2x).
The maximum area is A(30) = (30)(120 — 2(30)) = 1800m?

- In optimization problems, use differentiation to find an
optimal value (either the maximum or the minimum) of a
function as two variables interact.

You need to find an equation for this function in terms of these two
variables and a constraint formula which links the variables. The
constraint formula is used to remove one of the variables.

Example 17

Optimize the function A = 3xy subject to the constraint x + y = 20.

Answer
y=20-x Rearrange the constraint so y is the
subject.

A=3xy=23x(20 — x) Substitute y into the function.
A(x) = 60x — 347 Simplify.

% =60 — 6x Differentiate.

60-6x=0=x=10 Set % to zero and solve for x.
A(10) = 60(10) — 3(10)* = 300

The optimal value of 4 is 300.

Substitute the value of x into A(x) to
find the optimal value of A.

Exercise 6M

1 A = bh, subject to the constraint b—4 =7.
a Use the constraint to express b in terms of 4.
b Express 4 in terms of 4.

2 ¥ =3t subject to the constraint x + ¢ = 10.
a Use the constraint to express x in terms of ¢.
b Express ¥ in terms of ¢.

3 p = xy subject to the constraint 2x +y = 5.
a Use the constraint to express y in terms of x.
b Express p in terms of x.

1 . .
4 R= Enrz subject to the constraint n —r = 25.

a Express R in terms of 7. b Express R in terms of 7.

You can only use |

variable.

[
|

minimum?

differentiation in
functions with one ‘

A(x) is a quadratic
function. Is the value
300 a maximum or a

Choosing which |
variable to eliminate is
an important skill.
A bad choice will make
the function more
complicated.
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At the beginning of this chapter we defined the optimal design of a

5 L =2m(m + x) subject to the constraint %(x + 5m) = 50. can as the one that uses the smallest amount of metal to hold a

. . . inimum surface area for !
a Express L in terms of m. b Express L in terms of x. given capacity. Examgle 13 calenlstes the an ! |
a can holding 330cm’. '
6 V=nrhand2r+h=17 '
a Express Vin terms of 7. b Express Vin terms of 4. Example 18 P
i . Is a drinks can
7 y=5x2+cand 12x-2¢=3 Find the minimum surface area of a cylinder which has a volume of perfectly cylindrical? .
a Express y in terms of x. p ‘ TSI e 330 e N e | What modeling
: fo Y ithout testingthe | b LT e eieiiheseeemyeSessesssses=eemmeese=s .
b Use differentiation to find e L i assumptions do you
| gradient, thatitis a Answer need to make?
¢ Hence find the minimum value of y. ‘ minimum? | Let o
d Find the value of ¢ that corresponds to this minimum value. A be the total surface area of the Define the variables. ————— \
cylinder. . — o2+
8 N=2n(3-xand 12z +10x =15 #be the radius of the base of the | @ cylinder, A = 271 ‘
a Express Nin terms of #. cylinder. | ] ‘i H A ‘
b Use differentiation to find &V h be the height of the cylinder. - i
" he constraint is that the volume o The volume of a
s A=2nr*+2nrh The
c Hence find the minimum value of N. o Th;en_ = the cylinder is 330 e ‘ eylinder, V = mh |
d Find the value of x that corresponds to this minimum value. mrih =3 :
. | . 330 range to make h the subject.
9 Given4 = ELB and 3L - 5B = 18, express 4 in terms of L. h= ) e
Hence ﬁn(j1 ﬂ:e gll%mm.ur.n value (if A and the value of B that A =2m?+2mh Substitute the expression fo ' h irfto
e Vr? 42 7(330] the area function to reduce it to just
: . . =2ar* +2mr\ 5 :
10 Given C = 7fr and » = 30 — 3f, express C in terms of either for 7. r one variable.
Hence find the maximum value of C and the values of fand Y Simplify.
of 7 that correspond to this maximum value. 4 , 1o indices
A =217 + 660r! Write using indices.
11 Given g —b = 10 and X = 24ab, find the minimum value of X. 7 S (~1)6607 Differentiate. I
} . .. d
12 Given x + 2¢ = 12, find the maximum/minimum value of #x and f \ ! —
i ' i | LetA=itx | ( dA 660 Simplify.
determine the nature of this optimum value. : A = —
v
13 Given 3y + x = 30, find the maximum/minimum value of 2xy and agr 890 _ Equate i—A to zero to find the
. 5 2 X
determine its nature. r e
660 MERIMUM.
14 Given 2M - L = 28, find the values of I and M which give 3LM dmr=—7 Solve.
a maximum/minimum value. Find this optimum value, and / Ay = 660
. . nr- =
determine its nature. 660
. I ;/3 -
15 Given ¢ + ¢ = 8, express ¢ + g2 in terms of g only. Hence find the | Let A =2+ g2 ‘ | ar )
minimum value of & + g?subject to the constraint ¢ + g=38. 6 ST 3\/1_6—2 [ You could solve this |
r=—
’ ) T r using a GDC. |
16 The sum of two numbers is 6. Find the values of these numbers l € ;
. . w =N O S e e st
such that the sum of their squares is 2 minioop. | r=37cmtodst ]

p Continued on next page
17 Given that r + & = 6, express 724 in terms of 7 only. Hence find the

maximum value of 72/ subject to the constraint » + /4 = 6.

18 Given that m +n =9, find the maximum/minimum values |
of m’n and distinguish between them.
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PR 1)~ 660 Check that the answer for r gives a 8 Tbe total s.urface‘ area of a clps§d cylindrical 'Fin is to be 6OQ cm?,
" dr W 0 local minimum point by checking Find the dimensions of the tin if the volume is to be a maximum. |
the gradient i = ? — 3 . . . et .
Aty 10 M et 660 _ ] gradient on each side of v = 3.74. N e e \ 9 A square sheet of metal of side 24 cm is to be made into an open tray b === L |:
dr (10)* z o height of the cylinder of depth x cm by cutting out of each corner a square of side x cm and \ '
S i é? with this area by folding up along the dotted lines as shown in the diagram. : i
- e substituting r = 3.74 Show that the volume of the tray is 4x (144 — 24x + x*) cm®. 'i ceea ’»
A=27(3.74) + (B7a) 264 cm? 2ere into h = 332. Find the value of x for this volume to be a maximum.
. zr
iy A, “ ' 10 A rectangular sheet of metal measures 16 cm by 10 cm. Equal squares
Exercise 6N of side x cm are cut out of each corner and the remainder is folded up to
form a tray of depth x cm. Show that the volume of the tray is 4x(8 — x)
1 A gardener wishes to enclose a rectangular plot of land using ( Draw a aiagram first. ) (5 — x) cm?, and find the maximum volume.
a roll of wire-netting that is 40 m long. One side of i : =
t0 be the wall of the garden g of the plot is 11 A tin of soup is made in the shape of a cylinder so that the amount of metal
How should he bend the wire-netting to enclose th . ) used in making the tin is a minimum. The volume of the tin is 350 cm’.
5 € maxumuir area: a If the radius of the base of the tin is 5cm, find the height of the tin.
2 The sum of two pumbers is 20. Let the first number be x. Write b If the radius of the base of the tin is 2cm, find the height of
dgwn an expression for the second number in terms of x. the tin. 2 _
Find the value of x given that twice the square of the first number ¢ i Use the volume of the tin to write down the constraint | The metal used in |
|

between the radius of the tin and its height. making the tin is the
0 surface area of the

ii Show that the constraint can be written as z=—
s cylinder.

added to three times the square of the second number is a minimum.
P EXAM-STHLE QUESTIONS
3 An open rectangular box has its length double its width. The
:  total surface area of the box is 150 cm?. in terms of » only.
The width of the box is x cm, and its height is & cm, Express the iv Find the dimensions of the tin that minimize the total surface area
total surface area of the box in terms of x and 4. gl Cue i
Use this expression (constraint) to find the volume of the box in v Tind the value of this minimum area.
terms of x only.

iii Find an expression for 4, the total surface area of a cylinder,

e e ] S

Hence, find the greatest possible volume of the box, and the 12 ;r(})l goci)ianglzr aﬁl ;::,gsbae r;icvtia(liriuilgrhiz;da:;t:l:g fi ;ejegfin

width, length and height of the box required to give this volume. The most efficient way to enclose the area is to construct the fencing
so that the total length of the fence is minimized.

If the length (L) of the field is 200m, what is the width?

b Find the total length of the fencing in this case.

¢ Use the fixed area to write down the problem constraint algebraically.
d TFind the dimensions of the field that make the length of fencing a

4 A piece of wire 24 cm long is to be bent to form a rectangle with |
Just one side duplicated for extra strength. Find the dimensions | 2
of the rectangle that give the maximum area.

5 A long strip of metal 120 cm wide is bent to form the base and \

two sides of a chute with a rectangular cross-section. minimum
Find the Wldth of the base that makes the area of the Find the petimeter of the field in this case
Cross-section a maximum. ‘ |
. 13 A second rectangular field is identical to that in question 12.
6 The sum of the height and t i i | '
The sum of the maiimum ng radlu; c},lf the base of a cone is The cost of the fencing around the perimeter is $3 per metre.
i ume of the cone and the Values of ‘ The cost Of the leldlng fence iS $5 per metre. The most efﬁCient

the height and the radius required to give this volume. way to enclose the area minimizes the total cost of the fence.

a Find the total cost of the fencing when the length (L) is 200 m.

b Use the fixed area to write down the problem constraint algebraically.
¢ Find the dimensions of the field that make the cost of the fencing

a minimum. Find the cost in this case.

7 A closed box with a square base is to be made out of 600 cm? '
of metal. Find the dimensions of the box so that its volume is a |
maximum. Find the value of this maximum volume.

Introducing differential calculus | "
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14 The page of a mathematics book is designed to have a printable |
area of 144 cm? plus margins of 2 cm along each side and 3cm A ] ' . )
at the top and the bottom. The diagram for his is shown with T Calculating the gradient of a curve at a given point
the printable area shaded. :. .
a If the width of the printable area () is 9 cm, find its height (7). | | o
Using these values, find the area of the page. ,
b If the width of the printable area is 14 cm, calculate the area ; :

of the page. (4 oy |
1 The tangent and the normal to a curve !

e You can use the gradient function to determine the exact value of the gradient i
at any specific point on the curve.

e At alocal maximum or minimum, f*(x) = 0 (% = O)

¢ Write down an expression for the printable area in terms of w and 4.

d Write down an expression for P, the area of the page in terms of w and 4.
864

o The tangent to the curve at any point P is the straight line which passes through
P with gradient equal to the gradient of the curve at P.

1t — . )

e Use the results of ¢ and d to show that P =168+4/+ - | e To find the equation of the tangent to the curve at P(g, b):

f Find the dimensions of the page that minimize the page area. ‘ 1 Calculate b, the y-coordinate of P, using the equation of the curve.
| dy

15 A fish tank is to be made in the shape of a cuboid with a rectangular base, with 5 2 Find the gradient function T

a length twice the width. The volume of the tank is fixed at 225 litres. The tank | 3 Substitute g, the x-coordinate of P, into Y 1o calculate, m, the value of the
is to be made so that the total length of steel used to make the frame is minimized. gradient at P. & |
a i It;l the lc}alngth O;f1 .the base h1s 11100 flm, what is its width? ] 4 Use the equation of a straight line (y — b) = m (x - a).

ii Show that in this case, the height of the tank is 45 cm. -

Wi Find the total length of the steel frame. T ] e The normal is Iierpendicular to the tangent so its gradient, ', is found using the
b If the width of the tank is x, find an expression for the volume | Flegt formula ' = —, where m is the gradient of the tangent.

of the tank in terms of x and J, the height of the tank. S "

. =% Rates of change

c Show that L, the total length of the steel frame, can be
450000

2 .

o For the graph y = f(x), the gradient function 69 f’ (x) gives the rate of change
of y with respect to x. 65

written as L =6x +

d Find the dimensions of the tank that minimize the length of
the steel frame. Find also the length of the frame in this case. ' Local maximum and minimum points (turning points)

e At alocal maximum, the curve stops increasing and changes direction so that it
‘turns’ and starts decreasing. So, as x increases, the three gradients occur in the
order: positive, zero, negative. Where the gradient is zero is the maximum point:

CHAPTER 6 SUMMARY e At alocal minimum, the curve stops decreasing and changes direction; it ‘turns’ and
- - o, - starts increasing. So, as x increases, the three gradients occur in the order: ne ative,
Introduction to differentiation 5 a, S ol ree sradict . =
. . _ . zero, positive. Where the gradient is zero is the minimum point.
o If P is the point (¢,6) and Q is (¢, d) then the - T e At any stationary or turning point — either local maximum or local minimum — f”(x)
gradient, m, of the straight line PQ is m = . ti=b | is zero.
c—a
The gradient function Plablec-a— | Using differentiation in modeling: optimization

% 1 ¢ In optimization problems, use differentiation to find an optimal value

o To differentiate a function, find the gradient function:
' (either the maximum or the minimum) of a function as two variables interact.

| _ Function ‘ Gradient function
= ax"
y X d_y — naXn—:L
dx
f(x) = ax” ‘ f'(x) = nax"t |

The process is valid for all values of 7, both positive and negative.

@

Continued on next page
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Theory of knowledge

Mathematics -

or discovery?

» The invention of the Hubble Telescope, which has been orbiting the Earth
since 1990, has allowed astronomers to discover quasars, the existence

of dark energy and the age of the universe.

m Write down
® 3 ‘things’ that have been invented
® 3 ‘things’ that have been discovered.

Maybe under ‘inventions’ you have included
such things as the wheel, the electric motor,
the mp3 player. In ‘discoveries’ you could
have included friction, electricity, magnetism,
the fanged frog, the source of the Nile.

From these lists it appears that inventions
are generally objects we can touch and
feel, whereas discoveries are generally
naturally occurring phenomena. People
create inventions with their hands and with
machinery. They seek new discoveries
(often using new inventions to do so).

The laws of nature are but the
mathematical thoughts of God.
Euclid

Theory of knowledge: Mathematics - invention or discovery?

invention

This brings us to one of the big
questions in TOK about mathematics:

m Is mathematics invented — just
made-up,'agreed-upon-conventions -
or is it something humans somehow
discover about the outside world?

We can use mathematics successfully to
model real-world processes.

If mathematics is simply an invention of
the human mind how can there be such
wonderful applications in the outside
world?

m Is this because we create
mathematics to mirror the world?

m Or is the world intrinsically
mathematical?

V¥ In chapter 7 TOK you can see how the
chambers of a nautilus shell relate to
Fibonacci spirals.

Euclid formalized the rules of geometric
shapes on flat planes. He began with a set
of basic assumptions — his axioms and
postulates — that seemed to come naturally
from the observed world. For example,

‘A straight line can be drawn between any
two points’. Building upon these foundations,
he proved properties of shapes, such as
Pythagoras’ Theorem and that interior angles
in a triangle sum to 180°,

Other interesting geometrical properties are
unknowable through Euclidean geometry.

Axiomatic systems

You can create a system of axioms, but if
they match the fundamental truths of the
natural universe then the rules and laws
arising from them are also bound by these
fundamental principles. The conclusions
(like Pythagoras’ Theorem) already exist —
whether you discover them or not. And if
your system is consistent, no other
conclusions are possible.

From Euclidean to non-Euclidean geometry

For example, the angles of a triangle
drawn with straight lines on the flat, 2-D
surface of a sphere add up to more than
180°. Thus, non-Euclidean geometry was
born, with different systems relying on new
axioms.

m Does this suggest that mathematics is
an invention?

m Can anyone start with any set of (non-
contradictory) axioms that they want and
create their very own mathematical
system of rules, laws and theorems?

m Does this suggest that mathematics is a
discovery?

Axiomatic systems can be thought of as
inventions, but they also reveal new
truths about the nature of numbers
— and that part is the discovery.

» An invention like the internal
combustion engine is bound
by the law of conservation
of energy.

Newton vs. Leibniz

The development of calculus was truly
a culmination of centuries of work by
mathematicians all over the world.

The 17th century mathematicians Isaac
Newton (English) and Gottfried
Wilhelm Leibniz (German) are
recognized for the actual development
of calculus. One of the most famous
conflicts in mathematical history is the
argument over which one of them
invented or discovered calculus first
and whether any plagiarism was
involved.

Today it is generally believed that
Newton and Leibniz did develop
calculus independently of one another.

e —

Modern-day calculus emerged in the
19th century, due to the efforts of

mathematicians such as Augustin-
Louis Cauchy (French), Bernhard
Riemann (German), Karl Weierstrass
(German), and others.

What are some consequences when
people seek personal acclaim for
their work?

Suppose that Newton and Leibniz
did develop calculus independently
of one another. Would this offer
support to the idea that calculus
was discovered?

Did the work of these

mathematicians arise from the need
to solve certain real-world problems
or purely from intellectual curiosity?
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