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1 ““. CHAPTER OBJECTIVES:
I .;'_ f 5.1 Gradient; intercept; equation of a line in two dimensions; point
) of intersection of two lines; parallel lines; perpendicular lines

o7 /7 5.2 Use of sine, cosine and tangent ratios to find the sides and angles
e of a right-angled triangle; angles of depression and elevation

[y 5.3 Use of the sine rule and the cosine rule; use of area of a

triangle; construction of labeled diagrams from verbal statements

Befo.re you Sta rt When a lighthouse is desi i - '
. : esigned, distances and angles are involved A - |
You should know how to: Skills check The lighthouse needs to be tall enough for the light to be f . /L7€s ol
i ) i . . séen rrom ouse, in Ti del
1 Use Pythagoras’ theorem, e.g. 1 a Find the height % of triangle ABC. a dls'tance, Also, if a boat comes close into shore, could it still see Fuego, Arg;?,rtr;i ale l|
Find the length of side AC if AB = 2cm the light? is near Ushuaia, the |
— . ) southernmost city i '
and BC = 5cm. 2 . In a manned lighthouse, if the keeper lowers his eyes and looks the world. It hacs' g;gn
B AB +AC" =BC QOWH to a boat, he can use this angle and the height of the guiding sailors since
B 22 4 AC? = 52 lighthouse to calculate how far out the boat is. Problems like this o0
x\\\ AC?=25_4 c.an be solved using trigonometry — the part of mathematics that ﬁ —
uy ~ AR=rlBi links the angles and lengths of a triangle. Using trigonomet This lighthouse is
A 2em C =+/21cm . . . can calculate | gonometry you y
b Find the side length of a square if the ; culate lengths that cannot be measured directly, such as the el |
=4.58cm (3 sf) length of its diagonal is 10 cm. distance from a boat to the base of the lighthouse, the ,hei ht of ehiligussdt the i |
‘ . _ _ tree or a building, the width of a river, etc. ’ ® : of the World, as in the |
‘ 2 Find the midpoint of a line and the 2 a Aisthepoint (-3, 5)and Bis This chapter will sh Jules Verne novel. |
| distance between two given points, e.g. the point (3, 7). ypes of p 1 Im show you 1'10w to draw diagrams to represent these However, the writer |
i . If A is (-3, 4) and B is (1, 2): i Find the midpoint of AB. P problem, and use trigonometry to solve them. was inspired by the |
; T : lighthouse San Jua '
. . (=3+1 4+2 ii Find the distance AB. P & |
[ | a Midpoint of AB is ( = ] b The midpoint between C(2, p) and S;Z?ev::ryl CIc:}a(me before trigonometry. In Egypt, after the flood seasons, de \j.zlva.mento, on
| =(-1,3) , D(g,~4) is M(2.5, 1), measuyrin;)’u . n?w the borders of their lands so geo-metry, the art of ‘earth- m
I Find the values of p and g. » Was invented. Geometry and trigonometry complement each

other and are used extensively in a number of fie|

| b Distance AB is
physics, engineering, mechanics and havigation.

| JA-(3)) +(2 -4y =& +2

=20
=4.47(3 sf)

ds such as astronomy,
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3.1 Gradient of a line

Line C has a negative gradient; it slopes downwards -

from left to right. Each hour there is
40kg less bread to

vertical step be made.

| A bread factory has two bread-making machines, A and B.
' Both machines make 400kg of bread per day at a constant rate.
' Machine A makes 400kg in 10 hours.

Gradient of line C =

horizontal step

-400

Machine B makes the 400kg in 8 hours. _ —400

For each machine, these graphs show the number of kilograms of 10 "
=-40

bread made, y, in x hours. For example, in 2 hours machine A makes

80 kilograms of bread and machine B makes 100 kilograms of bread.
9 . . .
Machine A Machine B If A(x,, y,) and B(x,, y,) are two points that lie on line L, the
A A gra-tentof Lism= 22"
T T T T T X=X
@ 3204 17 @ 3201 // —
B 2404 T _.7/.__.. ) 2 240+ Vil Note that the suffix order 2, then 1 in \
P I I 7 = e AL the gradient formula is the same in
2 —-| 7/ i g / R — | both the numerator and denominator.
804—1A 1 =h=d. 30-_/ L
AT . AT .
0 1234567891011% 0 1234567 8091011% Example 1
Time (hours) Time (hours)
. - — i = R Find the gradient of the line L that passes through the points
| This graph shows that machine A This graph shows that machine B a A(1,5)and B(2, 8)
makes 40 kg of bread per hour. makes 50 kg of bread per hour. b A0, 4) and B(3, -2) Y
L e — —— — — ’ ’ 3
' ¢ A(2,6)and B(-1, 6) T3
The next graph shows the number of kilograms of bread o SE— - d 4(1,5)and B(1,-2) AL
made by both machines. - i A I I S SRR b =ik
_ ' ' _ . = 30041 /-’}/—- Answers 7 T
The line for machine B is steeper than the line for machine A. 5, 177" | /A4 1 a x=1 ST ' | 12
. . . ] S S 0 e 2
The gradient of a line tells you how steep it is. The B \ o | 525 L g VI REEL
f D 0 . . <] L S . o I (N | 1 — s
gradient of line B is greater than the gradient of line A. = 10T 1T _fL v =2 =m :%
. Al 2= 554
The gradient of a line = M 01234567 8091011% y,=8 Gradient = 3 B
horizontal step Time (hours) _8-5_ For each 1 unit that x increases '
iy —1 =3 . 3 y Y "
: / & increases 3 units. 8-
. : vertical ste _ = — : }
Gradient of line A = _E._I_S_p_ " laoo — ) sl 6
horizontal step | The gradient tells you the rate at b x=0 Substitute into the gradient formula. AA
400 | which the machine is working: y, =4 ; Lunit
= 10 = 40 10 ¥ | A's rate = 40 kg per hour and xz ) —m=22"N Gradient = =2 z_unus 3
\ B's rate = 50 kg per hour 2 ) A For each 1 unit that x increases, 2 ‘120 : B' 4%
— — Y == d -
) . tical st y decreases by 2 units. 4
Gradient of line B = M_ -2-4 g —
horizontal step 400 N =<2 -
400 e NI i )
= =50 g 3004 -\x; N = c x=2 T ‘:
qg; § I EREANT . b= X Substf'tute into the gradient formula. Bl , A
g ] i \\ i v =—1 e o Gradient =0 .
This graph shows the number of kilograms of bread still & T ANEE ; —6 " For each I unit that x increases, -
. T ) = : g U
to be made by machine A. At the beginning of the day the REEEER R i ~6-6_, y remains constant. The line is = &
machine has 400kg to make, after 1 hour the machine has imemousy R i -1-2 horizontal. “d

_ | 360 kg to make, and so on.

P Continued on next page
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-------------------------------------------------------- ) Example 2
8 i - . ~
| | 0 a Draw a line that pas-es through the point A(1,4) with gradient —1. Road gradients
= . , : - . . . { . ft i
I Vi =0"N Substitute into the gradient formula == e [ ‘ b Draw a line that passes through the point A(0,-2) with gradient 2 AR .
' i =MIT = | o | S 3 percentages or ratios.
a 2 1 m=i ool o v Y I 0 N PR T T A Oy S St e e e e R st o e '
e . i » How do road signs
y,=-2 Remember that division by zero is Bol 1 3 ¥ Answers oW e Ii B
2-5_ -7 t defined therefore the gradient £ ‘=9'_‘IB"“ T ) g y
e not ag, IS ) I R ) a y“ Plot the point A(1, 4). country?
T 1-1 0 of this line is not defined. The | ) 3 N ,
line is vertical. N6 s The gradient is —{iq,
l_ 8 11 m:-]:i:{j"S{eP\
 NNeE 1 N\gestep
Exercise 3A 3 i so every time that x increases by
1 Plot the points A2,7), B(0,9), C(0, ~9) and D(2,~7) on a graph. T Qg iy Lans
i dients of the lines >
Fmi]';he gra b AC A E O SO RS R
= 1 4 CD b % Plot the point A(0,~2).
2 TFor each of these lines ' _ _ — ? P The gradient is % 50,
i write down the coordinates of the points A and B (The scales on the ' il
ii find the gradient. x-axis and y-axis are 2 O__H.. A3 X m= 2_y-stey
b \ not always the same. "f iele 3 x-step
N = - PAEIEEN so every time that x increases by
. 3 units, y increases by 2 units.
Exercise 3B
1 a Draw a line with gradient % that passes through the point A(0, 3).
b Draw a line with gradient —3 that passes through the point B(1, 2).
c 5 d ¢ Draw a line with gradient 2 that passes through the point C(3,-1).
"\'l 4 " ’_ T T 2 For each of these lines, points A, B and C lie on the same line.
Tl i find the gradient of line AB.
] o A o ii find the second coordinate of point C:
i a A2,5), B(3,7) and C(4, p) |
BHh h 0 i1 3 3 4 : b A(0,2), B(1,6) and ((2,?) ' You may use a graph
F g — { ¢ A(0,0), B(1,-5) and C(2,9) or the gradient \
| B NS N B y. ¥,
| ] d A(0,-1), B(1,0) and C(4,5) o o e L .
e e A(-5,1), B(-6,4) and ((—4,7) X, =X,

P EXAM-STHLE QUESTIONS

: 3 The gradient of the line passing through points P (-1, 5) and

: Qa, 10) is 4.
a Write down an expression in terms of a for the gradient of PQ.
b Find the value of 4.

4 Inline MN, every time that x increases by 1 unit, y increases by
0.5 units. Point M is (2, 6) and point N is (-3, ).
a Write down the gradient of MN.

b Write down an expression for the gradient of MN in terms of £,
¢ Find the value of ¢

Chapter 3
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3 Complete these statements to make them true.
a Any horizontal line is parallel to the ___ -axis.
b Any vertical line is parallel to the _ -axis.
¢ Any horizontal line has gradient equal to

Parallel lines

- Parallel lines have the same gradient. This means that .
e if two lines are parallel then they have the same gradient
e if two lines have the same gradient then they are parallel.

4 PQ is parallel to the x-axis. The coordinates of P and Q are (5, 3)
and (8, a) respectively. Write down the value of a.

-t

4 le ft 5 MN is parallel to the y-axis. The coordinates of M and N are
2 . .
5 A i respectively (m, 24) and (-5, 2). Write down the value of m.
3 / | The symbols, L, || L, ‘ Note tha_t, although 1% y ( ) ( )
ol A e mean ‘L, is parallel ‘ the gradlent.of a . .
—1 / == T | i [Eeiicallizstanot Perpendicular lines
- | - - ‘ defined, two vertical
+ 29 214 ¢ 8* lines are parallel. - Two lines are perpendicular if, and only if, they make an
s 2 | ' angle of 90°.
24 I . | This means that The xaxis and the y-axis |
3 e if two lines are perpendicular then they make an angle of 90° are perpendicular.
Example 3 e if two lines make an angle of 90° then they are '
Line L, passes through the points A(0,-3) and B(-7,4). perpendicular.
a Find the gradient of L,. b Draw and label L. N ) ) g _
¢ Draw and label a second line L, passing through the origin and The nez‘F example shows you.the nurnerlcal relatlonshlp.between Any vertical line is
s e e the gra 1ents of two perpendicular lines that are not horizontal and e o
_______________________ ] vertical. | horizontal line.
Answers
a m=— =GRl Substitute into the gradient formula. Example 4
70 . - ’
b and ¢ For L,, plot A and B and join them. [ Remember that the | The diagram shows two perpendicular . o
N For L,, draw a line through the origin is the point | lines L, and L,. ' |5 [ ] s E T ]
= 5 origin parallel to L. 0(0,0), the point a Find the gradients of L, and L, ~- | ot —ihe
5 4 ] where the x-axis and b Show that the product of their gradients N
HIN 5 | the y-axis meet. is equal to 1. L Eb L9 It\; W
- 1 = f/,: ~ ; | Note that the gradient '
87 -6-5-0 -85\ 1.0 2 _Ii‘;x ‘--5‘3- e of L, is positive and
- ] (] ! 1 R (NN 0 BN o iag g e | the gradient of L, is
= i A N Answers negative. |
! == - 4 N a Letm, be the gradient of L, Use the diagram to find m, and m.,
' R el and m, the gradient of L,. ; : ;
1 A In general, if the
m, =2and m,=— 4 gradient of a line is
[ e 2 3]
| Exercise 3C | 5 pedbn 1 5 = m, the gradient of a
\ 1 Line L passes through the points A(2, 5) and B(0, —4). 2 SAHVE perpendicular line 1
a Find the gradientof L,. b Draw a'md label L,. . B ) L .
¢ Draw and label a second line L, passing through the point INEET N ERL | i
C(0,2) and parallel to L. ——2
) =g . :
2 Decide whether each line is parallel to the y-axis, the x-axis ¥ i andbb a;e reciprocal
: ' IT axobo=1ora=-—
or nelther. . . 7 and (12, 7) . - i ' For example:
a the line passing through the points P(1, 7) and Q(12, => Two lines are perpendicular if the product of their gradients S e
b the line passing through the points P(1, 7) and T(1,-3) el and 2. = and 2
¢ the line passing through the points P(1, 7) and M(Z, 5).

. Ch
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Exercise 3D
1 Which of these pairs of numbers are negative reciprocals?

1 4 d —landl

3 1
o | i d =
a 2and 5 b 3and4 c 3an 3

2 Which of these pairs of gradients are of perpendicular lines?

b 5 4 3
= 2 — and——
a = and b a 4

c —3and—l d land-1
2 3 3

3 Find the gradient of lines that are perpendicular to a line with
gradient
2 1 1
a -3 b = c —= d 1 e
3 4
4 Find the gradient of any line perpendicular to the line passing
through the points

a A(C2,6)andB(1,-1) b A(510)and B(0,-2)

5 FEach diagram shows a line and a point A.
i Write down the gradient of the line.
ii Write down the gradient of any line that is perpendicular
to this line.

iii Copy the diagram and draw a line perpendicular to the red
line passing through the point A.
b ¥ c Y
a
- — - ———— g— __4 p—
u TR N
— B — I3_ // > N
i T L g
’ 0 ‘;x
i HO o
2__ ML — - i— 4 = S R
INNHEE . / 3
(Ll N L 0 I | Lol LA L)

P EXAM-STHLE QUESTIONS

: 6 Line L, passes through the points P (0, 3) and Q(-2,4).

:  a Find an expression for the gradient of L, in terms of a.
' L, is perpendicular to line L,. The gradient of L,is 2.

b Write down the gradient of L,.
¢ Find the value of 4.

7 The points A(3,5) and B(5,-8) lie on the line L,.
: a Find the gradient of L,.

A second line, L,, is perpendicular to ;.

b Write down the gradient of L,.

L, passes through the points P(5,0) and Q(Z, 2).
¢ Find the value of £.

Geometry and trigonometry 1

3.2 Equations of lines

The coordinates x and y of any point on a line L are linked by
an equation, called the equation of the line.

This means that:

e If a point Qlies on a line L then the coordinates of Q satisfy the
equation of L.

@ If the coordinates of any point Q satisfy the equation of a line L,
then the point Q lies on L.

=> The equation of a straight line can be written in the form
y = mx + ¢, where
® mis the gradient
® cis the y-intercept (y-coordinate of the point where the
line crosses the y-axis).

y = mx + cis the gradient-intercept form of the straight line equation.

Example 5

The line L passes through the point A(1, 7) and has gradient 5.
Find the equation of L.
Give your answer in the form y = mx +c.

Answer
Let P(x, ¥) be any point on L.
The gradient of Lis 5
%=1
n=17 Nl [P Use the gradient formula with
X, = x-1 A and P, and equate to 5.
W=y
y=7=5x-1) Multiply both sides by (x — 1)
y—7=5x-5 Expand brackets.
y=5x+2 Add 7 to both sides.
y =mx +cwherem =5 and
c=2
Use A(7, 1) to check: Check that
7=5x1+2 ®  the coordinates of the point A(1, 7)
satisfy the equation of the line.

Values for variables

The equation
y=mx+ cisinthe
Formula booklet.
You will revisit this
equation again in
Chapter 4.

|
’ |
Aswellasy =mx + ¢, i
some people express

x and y are said to
satisfy an equation
if, when the variables
are replaced by the
respective values,
the two sides of the
equation are equal.

the equation of a line
asy=ax+bor
y=mx+b

' Note that in the ‘

equation y = 5x + 2

® 5 multiplies x, and
the gradient of the
lineism=5

® Putting x = 0 in the
equation of L,
y= 5x0+2=2

Therefore the point

(0, 2) lieson L.

Chapter 3
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Example 6

al The line L has gradient % and passes through A (2, -1).

a Find the equation of L. Give your answer in the form y =mx +c.
b Write down the point of intersection of L with the y-axis.
¢ Find the point of intersection of L with the x-axis.

d Draw the line L showing clearly the information found in b and c.

Answers .
1 Substitute m = 3 in the equation
2 = S y=mx+c
-1==%x2+¢ Substitute the coordinates of point
A(2,~1) in the equation of the line.
-1= 2 +c
3
c= 3 Make ¢ the subject of the equation.
3
_ 5 Substitute ¢ in the equation of the
y=_x—=
3 3 line.
5 The line crosses the y-axis at the
b (O’_EJ point (0, ¢).
c 0= B x— Z Any point on the x-axis has the form
=h (& 0)
1 x = 2 Substitute y = 0 in the equation
5 3 of L.
x=35

Therefore L intersects the
x-axis at the point (5, 0).

d A\

¥

L L=
A

Exercise 3E

1 Find the equation of a line with
a gradient 3 that passes through the point A(l, 4)

b gradient % that passes through the point A (4, 8)

- ¢ gradient -2 that passes through the point A(-3,0)
Give your answers in the form y = mx + c.

Geometry and trigonometry 1

Note that you could
| find the equation

of L using the
same method as in

Example 5.
|

2 For each of these lines write down
i the gradient
ii the point of intersection with the y-axis
ili the point of intersection with the x-axis.

a y=2x+1 b y=-3x+2 ¢ y=—-x+3 d y=—§x—1 ’
! EXAM-STHLE QUESTIONS

: 3 A line has equation y = 2E0)

a Write the equation in the form y = mx + c.
b Write down the gradient of the line.

¢ Write down the y-intercept.

d Find the point of intersection of the line with the x-axis.

4 The line AB joins the points A(2,—4) and B(1, 1).
a Find the gradient of AB.
b Find the equation of AB in the form y = mx + ¢

: 5 The line PQ joins the points P(1,3) and Q(2, 5).
. a Find the gradient of PQ.
b Find the equation of PQ in the form y = mx + ¢
¢ Find the gradient of all lines perpendicular to PQ.
d Find the equation of a line perpendicular to PQ that passes
through A (0, 2).

6 Line L, has gradient 3 and is perpendicular to line L,.
i a Write down the gradient of L,.

Line L, passes through the point P(5, 1).
b Find the equation of L,. Give your answer in the form y = mx + ¢
¢ Find the x-coordinate of the point where L, meets the x-axis.

7 Find the equations of these lines, in the form y = mx + ¢

a i b A c N
— 4 i 2 4 S
T T LI T IA o I [ ] L,
2 A 1 2 ; 24
LN < T
L E 570 [ b To N % L0 I
b3 940 1234 2 -3 D - 34 EEEVEEED
o] o N
- 4 -
d N e A f A
] 4 / 4 i
3 3 = 3 — =
2 . — % T T 2 /,/
1
3 I_,_ 8 ] — B S N
> ™~ L | <
4 -3940 > 3 4ax L B b Tod 3 x LB b o ) x
L EEERSCED 150 1971 2 3
_ﬂ \ _2
= - =1
= —— o ,/ .
|| ﬁ_ LUl [ ] ¥
=4 =t
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E le7 Exercise 3F ‘
xample

|

|

|

1 Find the equations of these lines. Give your answers in the form
ax +by + c =0 wherea, b, c e Z.
a A line with gradient —4 that passes through the point A (5, 0).

The equation
ax+by+d=0is
called the general

a Line L joins the points A(-3, 5) and B(1, 2).
Find the equation of line L.

. . = , b ce Z : . 5 . g
Give your ansv;/er in the form ax + by + ¢ =0whereq, b, ¢ form and is also in b A line with gradient % that passes through the point A (2, 3).
: 9 i lue of ¢. R — .
bt Q(E’ t) lison ISRt the Formula booklet. ¢ The line joining the points A(3,-2) and B(-1, 3).
------------------------------------------- ' d The line joining the points A(0, 5) and B(-5,0).
Answers . . .
a The gradient of L is Use the gradient formula with the 2 Rewrite each of these equations in the form y = mx + c. o
N ; 3x+y=0 b x+y+1=0 c 2x+y-1=0 USRI
_2-5 __3 coordinates of A and B. a ey Y Y
m= S _ _ I the formula |
1-(-3) 4 d 2x-4y=0 e 6x+3y-9=0 = |
Let P(x, y‘) be any Point on L. Use the gradient formula with A and 3 The line L has equation 3x— 6y + 6 = 0.
The gradient of L is also P (or B and P) a Write down the equation of L in the form y = mx + ¢,
% ==3 b Write down the x-intercept. I
W= e DD ¢ Write down the y-intercept. |
= —(=3
%=X S 4 The equation of a lineis y = 2x— 6 |
Y2 = ;’ \ a Which of these points lie on this line?
y-5 _ ,
P Eggate gradicnss A(3,0), B(0,3), C(1,-4), D(4,2), E(10,12), F(5,) ._;
4(y —5) =-3(x + 3) Cross multiply. | Note that any multiple | i ;Ee pom: (‘72’ 7)11.1es ontthh'lsll.lne. §1n§ tile Vallue Off “ |
Ez%@ W o e i c e point (7, £) lies on this line. Find the value of ¢ ll
- o Expand brackets also be correct as | 5 The equation of a line is —6x + 2y -2 =0 |
A;y :_240 B le_—o R:Z S — t.z'on to form | long as ‘ a Which of these points lie on this line? ‘
x+4y—11=
ax+by +d =0 P #.3 A(1,4), B(©,1), C(1,0), D(2,6), E(-=, 0), F(-1,2)
=3b=4d=-11 TR En S CICES) . . e el
aCh ¢’:k th:-;t voth points A and B | 6x+8y-22=0 \ b The point (g, 3) lies on this line. Find the value of a.
san;jz the equationif the line. ' = ¢ The point (10, £) lies on this line. Find the value of ¢
: 5 ¢ ——————— 6 The table has four equations and four pairs of conditions. Match
b Thepoint Q| -, ¢ |lieson L : . ) 1 ) np ! .
_ A3 . Discuss: How many each equation with the pair of conditions that satisfies that line.
SO its coo.rdmates must satisfy points do we need to : =
the equation of L. Substitute the coordinates of Q in the determine a line? Equation Conditions
3x+4y-11=0 equation of L. Investigate: the A 6x—-3y+15=0 | E | The x-intercept is 2.5 and the y-intercept is 5
5 i |
| 3><§+4><t—11 =0 melalnlng ofvtvhhe \?/c;::l B y=2x-5 F | The gradient is —2 and the line passes through the point (1,-7) |
‘collinear’. Whe:
| 5+4¢-11=0 Solve for t we say that three C | 10x+5y+25=0 | G | The line passes through the points (0, —5) and (2.5,0) |
4-6=0 or more points are D y=-2x+5 H | The y-intercept is (0,5) and the gradient is 2
=6 Bollinear? J
t=1.5 ¢ EHAM-STHLE QUESTION
: 7 The line L, has equation 2x—y + 6 = 0
> The equation of a straight line can be written in the form : @ Write down the gradient of L,.

b Write down the y-intercept of L.
: ¢ Thepoint A(c, 1.5) lies on L,. Find the value of c.
where a, band c e Z. d The point B(5, ¢) lies on L . Find the value of ¢. |

Line L, is parallel to L.
e Write down the gradient of L,.
f Find the equation of L, if it passes through C(0,4).

ax+by+c=0

| Chapter 3
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: EXAM-STYLE QUESTION
. . > e T 0 o ; i
: 8 The line L, joins the points A(1, 2) and B(-1, 6). W}kllf:rc;eqll: ?:1: 2 & ilnytvertlcal s el T s
Find the equation of L,. i onsignt.
3 _ _ 4 : ® The equation of any horizontal line is of the form y = &
C is the point (10, —16). where % is a constant.
b Decide whether A, B and C are collinear, giving a reason for |
out answer. . ) . '
y Intersection of lines in two dimensions
=> If two lines are parallel then they h i
. " . y have the same grad
Vertical and horizontal lines T — gladlcatand

Vertical lines are parallel to the y-axis.

Horizontal lines are parallel to the x-axis. Parallel lines L, and L, can be:

®  (Coincident lines (the same line) ®  Different lines
Investigation - vertical and horizontal lines e.g 2x+y=3and e 2x+y=3and
g.4x+ty=5an
The diagram shows two vertical lines, L, and L, 6x+3y=9 . 2+ y=-1 |
- A 7
1 a Write down the coordinates of at least five points lying on L,. L, = L, therefore L and L have L L 4 |
b What do you notice about the coordinates of the points from a? A they have the same \ tﬁe Samezgradient \ |
What do their coordinates have in common? Wi —"[-‘4 = = gradient and the but different
¢ What is the condition for a point to lie on L,? i i G same y-intercept. -intercept II
Write down this condition in the form x = k where k takes a T _1_ i There is an infinite J’i‘her P |
. L T [ 2 = & = e € 1S no >
particular value. L — 'I i number of points 1 X point of pl X ‘
n B _D . X ) R
2 a Write down the coordinates of at least five points lying on L,.. A2 -ia:i— = of intersection. intersection |
b What do you notice about the coordinates of the points from a? ‘ . A T ' ,
What do their coordinates have in common? (SIS Ii_ il I = If two lines L, and L, are not parallel then they intersect at just one point I|
¢ What is the condition for a point to lie on L,? § A D ‘
Write down this condition in the form x = k where k takes a !
particular value. ¥ L |
A 1 |
3  What is the equation of a vertical line passing through ’ i :"_l ‘__ point of intersection // |
the point (1,-3)? NEHEEED — \0~ > |
_______ Lot 2
The diagram shows two horizontal lines, L and L,. l 1 : \
4 a Write down the coordinates of at least five points lying on L. FEL 4o ] > b
. b What do you notice about the coordinates of the points froma? [~ 1 X0 1 1 | :
. What do their coordinates have in common? [ Ly To find the point of intersection write m,x, + ¢, = m,x, + ¢, and solve for x
i i 2 2 i

¢ What is the condition for a point to lie on L,? 1 ___i: |
Write down this condition in the form y = k where k takes

Example 8

a particular value.
5 a Write down the coordinates of at least five points lying on L,. »-F.}I.lfl_t}l _e_g?{rlt_?f .}r_l‘fe_rf?(_:t_ls)?_?f_ E}_le.li.n.e_s_)_) =2x+land x-y+4=0.
b What do you notice about the coordinates of the points e e Y e e
from a? What do their coordinates have in common? Algebraically Write both equations in the
¢ What is the condition for a point to lie on L,? y=2x+landy=-x+4 gradient—intercept form
Write down this condition in the form y = k where k takes 2x+1=—x+4 Equate expressions for '
a particular value. ' 3x=3 ‘ Solve for x. &
6 What is the equation of a horizontal line passing through x=1 '
the point (1, -3)? soy=2x1+1 Substitute for x in one of the
=3 equations to find y.
The point of intersection is (1, 3).

Geometry and trigonometry 1 P Continued on next page Chapter 3




Using GDC Method 1
\|1.1 i/ Geo and tng w ﬂﬂ
T izt .
Rearrange both equations into the
(1.3) gradient—intercept form.
If %
10 i 10
2(x)=-x+4
X
12 ~6.67
Using GDC Method 2
i Geoandiig > an Solve the pair of simultaneous
llnSolve({)_/:iiZl:O ,{x,y}) { 13} ‘ equatz'ons
. _‘ {—2x+y=1
-_— —_— = .—4
X ‘ x-y
1/9:]

Exercise 3G

1 Write down the equations of these lines.

Y
a 4}'(“ b R 4“ -
| Jal 11 — 3
5 = 2
B I P t
4 -3 -p iy 4 4op 2 40 1 g
2 - e
3 — a1
i I 1 P 4

2 Find the point of intersection of each pair of lines.
a y=3x—-6andy=-x+2
b —x+5y:0and%x+y—2=0
y=3andx=-7
y=15x+4andy=1
—x+2y+6=0andx+y-3=0
y-axis and y = 4

= 0O QA O

3 Show that the lines L with equation —5x + y +1=0and

L,with equation 10x -2y + 4 = 0 are parallel.

Geometry and trigonometry 1

[ For help with drawing

graphs on your
GDC, see Chapter 12,
Section 3.4, ‘

Example 18.

For help with solving
simultaneous
equations on your
GDC, see Chapter 12,
Section 1.1, Example 1.

GDC help on CD; Alternative
demonstrations forithe TI-84 £ |
Plus and. Casio FX-98606GiI
GDCs are on the CO. o

4 State, with reasons, whether each pair of lines neet at
i onlyonepoint i an infinite number of points
iii no point.

a y=3(x-15) andx—%y+6=0

—_

b 27 =-landy=—x+1

[0

R

c y=4x-8and4x-2y=0
d x-y+3=0and3x-3y+9=0

¢ EXAM-STHLE QUESTION
: 5 Line L, has gradient 5 and intersects line L, at the point

A(l,0).
a Find the equation of L .

Line L, is perpendicular to L,.
b Find the equation of L,.

' Point A lies on both
lines.

3.3 The sine, cosine and tangent ratios

Trigonometry is the study of lengths and angles in triangles.
This section looks at trigonometry in right-angled triangles.

In a right-angled triangle the side opposite the right angle is the
hypotenuse, which is the longest side.

® AC is the hypotenuse
® AB is adjacent to angle A (A)
® BC is opposite A

Investigation - right-angled triangles

Draw a diagram of two triangles like this.

1 Measure the angles at E and C. What do you notice? 2

2 Measure the lengths AB and AD. Calculate the ratio Ay
AB

3 Measure the lengths AE and AC. Calculate the ratio SE;
AC

D
4 Measure the lengths DE and BC. Calculate the ratio D_g
B

What do you notice about your answers to questions 2 to 4?

In the diagram the right-angled triangles ABC and ADE have the
same angles, and corresponding sides are in the same ratio.

The ratios ﬁ, i) and i) in triangle ABC are respectively
AC AC AB
DE

equal to the ratios ﬂ, —— and L2} in triangle ADE.
AE  AE AD

rSome textbooks

use ‘right triangle’
instead of right-angled
triangle.

\/potenuse
Opposite

e

B Adjacent

( Two triangles with
the same angles and
corresponding sides
in the same ratio
are called similar
triangles.

Chapter 3
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Therefore Example 10
AB _AD _Adjacentto A Note that both AB and AD are Some textbooks call
; AC AE  Hypotenuse adjacent to A, and AC and AE UIHSTT SIGIER sides For each of these right-angled triangles find the value of
are the hypotenuses. of a right-angled i sina il cosa ili tana
triangle the ‘legs’ of a , b ’
BC _DE _ Opposite A Note that both BC and DE are the triangle. D
AC AE Hypotenuse opposite A, and both AC and AE - \
are the hypotenuses. a4
BC DE  Opposite A Note that both BC and DE are |
AB_ AD Adjacent to A opposite A, and both AB and AD ’ ]
are adjacent to A. ¢ 4 8
In any triangle similar to triangle ABC these ratios will remain the
came. T I [[Seee  R P S  S e L
. - . Answers T
- Three trigonometric ratios in a right-angled triangle are | ais the Greek letter -
d g g g g ‘ ' a AB=3+4 First find the hypotenuse.
efined as alpha’. AB=5 :
ite si e ‘sina’ is read Use Pythagoras.
1 Opposite side @
MO ao Hypotenuse O flge e Now
Hypotenuse Opposite ) i sing= BC .
angle & @ ‘cosa’lis read SIne =y sinog =22
—— Adjacent side . a ‘cosine of o' yp
Hypotenuse Adjacent to o @ ‘tana’ is read sino = %
* Opposite side ‘tangent of &’ | e ’
tano = ———— il cosa="= adj
Adjacent side : AB cos o = 5 |
You can use the 3
acronym SOHCAHTOA cosa= 3
Example 9 to help you remember BC |
which ratio is which. ‘ i tano = e tano =22
For each triangle, write down the three trigonometric ratios for the 0 4 adj
angle 6 in terms of the sides of the triangle. SOH as Sin o= H ‘ tana = 3
a cC b A A
CAH as Cos o= o ‘ b DE’+4.8 =6 First find DE.
. - DE =3.6
TOA as Tan a=—
| | A ' i sina= 1DIE_ S
| = DF 6
sina=0.6
u ii cosa= EF _48
DF 6
B A
L S e SRR A, cosa=0.8
Answers iii tano = [DE 10
EF 438
a sinf= é]i, cosf = B—C, tan @ = oE)
AC AC BC tana = 0.75
|
b sinf= E, cos = ;AE, tan 6 = LY
AC AC AB

Geometry and trigonometry 1
Chapter 3
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Exercise 3H

1 Copy and complete this table.

Triangle

Hypotenuse

Side opposite o

Side adjacent to o

R

2 Write down the three trigonometric ratios for the angle 0 in terms
of the sides of the triangle.

a A

b r

Find the exact value of

i sina

ii cosa

Geometry and trigonometry 1

iii tana.

[

10

4 For each triangle write down a trigonometric equatior to link

a b

angle B and the side marked x.

X C

12

Finding the sides of a right-angled triangle

If you know the size of one of the acute angles and the length of
one side in a right-angled triangle you can find

o the lengths of the other sides using trigonometric ratios
® the third angle using the sum of the interior angles of a triangle,

Example 11
Find the length of the g
unknown sides in o
triangle ABC.
Give your answer to 3sf. : 30°)
c =5
Answetr
A
To find BC:
hyp
op
1 30°:|l"
c adj B
cos 30° = B—SC Cosine links the unknown side BC
(adjacent to the 30° angle) and the known
BC = 8cos 30° side AB (the hypotenuse).

BC =6.93 cm (to 3sf)

Use the GDC to solve for BC.

;I (G5 Geoand kg w a8

-

8 <cosl30) 69282 ||
k

|

P Continued on next page

Label the sides
opposite, adjacent
and hypotenuse so
you can identify which
ones you know.

' Remember to

set your GDC in
degrees. To change

to degree mode
press @&} 0n and
choose 5:Settings &
Status | 2:Settings | |
1:General

Display Dighs: | Fiaste |,

Angle: | Legree o
Fdian

Exponentiat Format
Real of CompIoK: | Gaaaian b
Calculstion Made:

ko =
~ Vactor Format | Fectaosulyt vli s “
[l o o)

Use the tab| key to
move to Angle and
select Degree. Press

enter| and then select
4:Current to return to
the document.

GDC help on CD: Alternative.
demonstrations for the T|-84
Plus and Casio FX-9860GlI
GDCs are on the CD.
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To find AC: A x = ] —
Method 1 In triangle DEF, E = 90°, F= 50° and DE = 7m The astronomer
o hyp a Represent this information in a clear labeled diagram. Aryabhata, born in
N b Find the size of D. India is about 476 CE,
R ] dj3° s ¢ Find EF. believed that the
300 = A€ Sine links the k d the unknown (o = d . Find DFE. Sun, Dl.anets and
sin30° = — ine links the RnOWn an You could also use | Give your answers to 3sf. stars circled the |
sides. tangent asyou know | S | CoieitcntemCeesmmees e m e mmmremeee e me e ————————————— e ] Earth in different |
AC = 8sin 30° Solve for AC. Use the GDC: the angle and the Answers orbits. He began to |
Wi H ‘ adjacent. a p opp 7m E Draw a diagram. Label the triangle invent trigonometry |
! \ in alphabetical order clockwise. in order to calculate '
the distances from
planets to the Earth.
= hyp ad) .
Method 2 Use Pythagoras as you already know two g8 D E
AC? + BC2= AB? sides of the triangle. :
AC? + (8cos 30°) = 8 Solve for AC. Use the GDC: .
AC =/8 —(8cos 30°) o st _?_l? I D+ 90° + 50° = 180° The sum of the interior angles of a ! y
=4cm | — D = 40° triangle is 180°. | =
. | D can also be )
¢ tan50°= E_7F Tangent links the known described as EDF or
7] . and the unknown sides. <FDE. Make sure you '
= " Use the GDC to solve for EF. | i EllilesE
tan 50 | notations.
@ Exercise 3l =5.87m
Find the lengths of the sides marked with letters. Give your answers d sin50°= é Sine links the brown and the
correct to two decimal places. unknown sides.
1 2 6cm 3 DF =— =914m Use the GDC to solve for DF.
sin50°
h - X
Exercise 3J
/fcm | 1 In triangle PQR, R = 90°, P=21°, PR = 15cm. | TR
: a Represent this 1nformat19n in a clear and labeled diagram. alphabetical order
b Write down the size of Q. el
| ¢ Find QR.
2 Intriangle STU, T = 90°, U= 55°, SU = 35cm.
4 5 6 a Represent this information in a clear and labeled diagram.
A b Write down the size of S.
[ ¢ Find TU.
9cm ( 3 In triangle ZWYV, V= 90°, W= 15°, WV = 30cm.
a Represent this information in a clear and labeled diagram.
b Write down the size of Z.
- ¢ Find VZ.
100m
Chapter 3
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EXAM-STHLE QUESTIONS

4 Tn triangle LMN, N = 90°, L = 33°, LN = 58cm.
a Represent this information in a clear and labeled diagram.
b Write down the size of M.

¢ Find LM.
5 Inrectangle ABCD, DC = 12cm and the diagonal A B
*  BD makes an angle of 30° with DC.

a TFind the length of BC. o

b Find the perimeter of the rectangle ABCD. D 12cm o

¢ Find the area of the rectangle ABCD.

6 When the sun makes an angle of 46° with the horizon
:  atreecastsa shadow of 7m.
' :  Find the height of the tree.

7 A ladder 7 metres long leans against a wall, touching a window
sill, and makes an angle of 50° with the ground.
a Represent this information in a clear and labeled diagram.
b Find the height of the window sill above the ground.
¢ Find how far the foot of the ladder is from the foot of the wall.

Finding the angles of a right-angled triangle

If you know the lengths of two sides in a right-angled triangle, you

can find

e the length of the other side by using Pythagoras

e the size of the two acute angles by using the appropriate
trigonometric ratios.

Example 13
( Find the sizes of the two acute angles in this triangle.
A )
|
cos™ 19 }is read
15 | 15
. . 10’
‘inverse cosine of T
|
|
c 10 B
Answer I
Angle B Cosine links adjacent and
~ hypot ]
cosB— 10 ypotenuse
15
10
~ ¢ =4 il K ¢ '
B cos i_Oj cos [15 ) means ‘the angle with a
, 10,
cosine of —".
f 15

» Continued on next page

Geometry and trigonometry 1

Therefore Use-t;l; -G-Z-D-C-' -------------------
B = 48.2o I 11 l Geo and trig w .n
cos..(l_") 48.1897 [
15
|
|
X
o
109
Arigle {X i Use the angle sum of a triangle.
gg + 4B8+1A = 189° Using the GDC:
)0° +48.18... + A=180° [

A= 41‘80 NARNE Geo and lrig w .u
cos..(ﬂ) 48 1897 1
180~90-48. 189685104221 418103 ||

I
k
2]
Example 14

Find the angle marked 0 in each triangle.
Give your answers correct to the nearest degree.
a 5 b

8
Answers
a tanfd= L it I
- Use tangent; it links the adjacent and
the opposite.
6 =tan[ 2 9= tan'[ 3]
- 6 =tan EJ means ‘the angle
with a tangent of % g
9=58° Use the GDC:
iT] Gou ned big ¥ fri]x]
ml(%) 579946
|
k
=

P Continued on next page




--------------------------------------------------------- 6 In triangle EFG, G = 90°, FG = 56m, EF = 82m.
3 Use sine; it links the opposite and the a Represent this information in a clear and labeled diagram.
b sind=— hypotenuse. b Find the size of F-
: . _3_ 5 4h I R
(3 e (6.5] it i 7 In triangle HIJ, f = 90°, 17 = 18m, HI = 25m.
¢ =sm (Ej T L a Represent this information in a clear and labeled diagram.
T b Find the size of FL.
0=27° Use the GDC: <6 8 In rectangle ABCD, BC = 5cm and DC = 10 cm.
g F Geo and tng w o
m3 27 4864 || A .
sln“(g) |
— | 5cm
| k | |
‘: D 10cm C
| Find the size of the angle that the diagonal BD makes with the
%9 side DC.
. K 9 The length and width of a rectangle are 20cm and 13¢cm
Exercise 3 respectively.
Give your answers correct to 3 sf. Find the angle between a diagonal and the shorter side
1 Explain the meaning of of the rectangle.
. 41 a2
a sin! (0.6) b tan (5) ¢ cOos (3 ) 10 A ladder 8 m long leans against a vertical wall.
2 Calculate 1 (2 The base of the ladder is 3 m away from the wall.
a sin (0.6) b tan” [_] € Cos 31 Calculate the angle between the wall and the ladder. |
' 2
3 Find the acute angle o if ERAM-STHLE = UESTIO H‘::; _
a sino=0.2 b cosa== c tano=1. : 11 a On a pair of Cartesian axes plot the points A(3,0) and B(0, 4).
3 _ _ : Use the same scale on both axes.
4 TFind the sizes of the two acute angles in these triangles. b Draw the line AB.

c Find the size of the acute angle that the line AB makes with
the x-axis.

0km

] a c b ¢ €
gem 12.5km
9.5m -
P 6em R Q
|
- B m A
d Y e | fo ]
- 7.2¢m J !
2.6cm
150m 200m K
|
X Z

5 In triangle BCD, D = 90°, BD = 54 cm, DC = 42cm.
a Represent this information in a clear and labeled diagram.
b Find the size of C.

12a On a pair of Cartesian axes plot the points A(—1,0) and B(1,4).

: Use the same scale on both axes.

b Draw the line AB.

¢ Find the size of the acute angle that the line AB makes with the
X-axis.

TG
Finding right-angled triangles in other shapes

So far you have found unknown sides and angles in right-angled

triangles. Next you will learn how to find unknown sides and angles in
triangles that are not right-angled and in shapes such as rectangles, |
rhombuses and trapeziums.

The technique is to break down the shapes into smaller ones that
contain right-angled triangles.

Chapter 3
Geomelry and trigonometry 1




Where are the right-angled
triangles?

Isosceles or ;

equilateral x

triangles |
Rectangles or .
squares

— 7 i

Circle Y

Name of shape | Shape

Investigation - 2-D shapes

How can you break these shapes into smaller shapes so that
at least one of them is a right-angled triangle?

To do this you need to know the properties of 2-D shapes.

1 Rhombus
What is the property of the diagonals of a rhombus?
Make an accurate drawing of a rhombus on squared paper.
Draw the diagonals. How many right-angled triangles do you
obtain? Are they congruent? Why?
Comment on your findings.

2 Kite
What is the property of the diagonals of a kite?
Make an accurate drawing of a kite on squared paper.
Draw the diagonals. How many right-angled triangles do you obtain?
Are they congruent? Why? Comment on your findings.

3 Parallelogram
Draw a paralielogram like this one on squared paper.
There is a rectangle that has the same base and height as this
parallelogram. Draw dotted lines where you would cut the
parallelogram and rearrange it to make a rectangle.
How many shapes do you obtain? How many of them are
right-angled triangles? Comment on your findings.

4 Triangle
Draw a triangle like this one.
Every triangle has three heights, one for each base (or side).
Draw the height relative to AC (this is the line segment drawn from
B to AC and perpendicular to AC). You will get two right-angled
triangles that make up the triangle ABC. Under what conditions would
these triangles be congruent? Comment on your findings.

Geometry and trigonometry 1
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Continued on next page
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5 Trapezium

Draw a trapezium like this one.

A B

Draw a line from D perpendicular to AB and a line from
C perpendicular to AB. You will get two right-angled triangles.
What is the condition for these triangles to be congruent?

6 Regular polygon

Here are a regular hexagon and a regular pentagon.

3

0 is the center of each polygon.

For each polygon:

A regular polygon
has all sides equal
lengths and all angles
equal.

What type of triangle is ABO? Why? Draw a line from O perpendicular to the
side AB to form two right-angled triangles. These two triangles are congruent.

Explain why.

Example 15

b Find the length of AC.”

Answers
a B
10cm 10¢m
)\ 40° 40°;
A C
b B
IOCH/ 10cm
40° |
A 3 C
AP
cos 40°=—

AP = 10cos 40°
AC =2 x 10cos40°

AC=153em
¢ Perimeter = AB + BC + CA
=1532...+2x10

= 35.3cm (to 3sf)

Triangle ABC is isosceles. The two equal sides AB and BC are 10 cm
long and each makes an angle of 40° with AC.
a Represent this information in a clear and labeled diagram.

¢ Find the perimeter of triangle ABC.

In an isosceles triangle the
perpendicular from the apex to
the base bisects the base,
making two right-angled
triangles.

ady
cos = =

hyp

Make AP the subject of the
equation.
Use the fact that AC = 2 x AP,

| Bisect means ‘cut in
| half’.

Chapter 3




—— » — N aae————— —— 1

i

2 The diagonals of a rhombus are 12cm and 7cm. Find the size of

Example 16 the smaller angle of the rhombus.
The diagonals of a rhombus are 10cm and 5cm. Find the size of the 3 The size of the larger angle of a thombus is 120° and the longer
larger angle of the thombus. | diagonal is 7 cm.
-------------------------------------------------- | a Represent this information in a clear and labeled diagram.
Draw a diagram, showing the The diagonals of the b Find the length of the shorter diagonal.
diagonals | rhombus bisect each : EXAM-STHLE QUESTIONS
D 15 om | other at right angles. : 4 In the diagram ABCD is a trapezium where AD || BC, D E A
CD =BA =6m, BC = 12m and DA = 16m \'
a Show that DE = 2m.
b Find the size of D. ¢ B
Let O be the point where the 5 In the diagram PQRS is a trapezium, PQA|| SR, P 7cm Q
QQ - diagonals meet. : PQ=7cm,RS=10cm, QR = 5cm and S = 90° \
. : : : . d
) ¢ a Find the height, PS, of the trapezium. \:m
. : b Find the area of the trapezium. S 10cm R
tan angle OAB = LN In triangle ABO, angle OAB is ‘Angle OAB" and I : ¢ Find the size of angle SRQ.
2.5 it g OAB are alternative I - . .
3 than angle OfA gt ) - e | : 6 The length of the shorter side of a rectangular park is 400 m.
oppostte tg‘? latger side). So fin = . The park has a straight path 600 m longjeining two opposite
angle OAB. corners.
Angle OAB = tan™ ( % j fan = % a Represent this information in a clear and labeled diagram.
: : J P — b Find the size of the angle that the path makes with the longer
Angle BAD =2 x OAB Angle BAD (or BCD) is the larger side of the park.
5 angle of the rhombus. . . . )
=2 x tan™ [—2—5) 7 a Onapair of Cartesian axes, plot the points A(3, 2), C(-1, —4),
and D (-1, 2). Use the same scale on both axes.
Angle BAD = 127° (to 3sf) B is a point such that ABCD is a rectangle.

b i Plot B on your diagram.
i 'Write down the coordinates of the point B.

Investigation —rhombus ¢ Write down the length of
1 Use a ruler and a pair of compasses to construct a rhombus with a side length of 6em. i AB i BC.
2 Construct another rhombus with a side length of 6cm that is not congruent to the one d Hence find the size of the angle that a diagonal of
you drew in 1. the rectangle makes with one of the shorter sides.
: 3 How many different rnombuses with a side length of 6cm could you construct?
In what ways do they differ? Angles of elevation and depression
I '._-
‘ ' Exercise 3L - The angle of elevation is C(E "

the angle you lift your eyes E\ 3
through to look at something A
above.

' P

a is the angle of
elevation.

1 Triangle ABC is isosceles. The two equal sides AC and BC are
@ 7 cm long and they each make an angle of 65° with AB.
a Represent this information in a clear and labeled diagram.
b Find the length of AB.
¢ Find the perimeter of triangle ABC (give your answer correct
to the nearest centimetre).

Horizontal

Horizontal

> The angle of depression is
the angle you lower your
eyes through to look at
something below.

| Bis the angle of \
depression.

j Ch
Geometry and trigonometry 1 apter 3
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i Exercise 3M
Notice that both the angle of elevation and the angle of depression | |
are measured from the horizontal. 1 Find the angle of elevation of the top of a tree 13m high from

. Draw a diagram for
a point 25m away on level ground. .

each question.

| Example 17 2 A church spire 81 metres high casts a shadow 63 metres long.
From a yacht, 150 metres out at sea, the angle of elevation of the tolp of a cliff . Find the angle of elevation of the sun.
is 17°. The an’gle of elevation to the top of a lighthouse on the cliff is 20°. . ‘ .
- il : di 3 The angle of depression from the top of a cliff to a ship
This information is shown in the diagram. : ° S10:
a Find the height of the cliff. at sea is 14°. The ship is 500 metres from shore.
b Hence find the height of the lighthouse. Find the height of the cliff. |
e 4 Find the angle of depression from the top of a cliff 145 metres '
1 . . .
ST 15:)— > high to a ship at sea 1.2 kilometres from the shore. |
= m
___________________________________________ ] PR CEm e dan e C e e 5 A man whose eye is 1.5 metres above ground level
PO stands 20 metres frgm the base of a tree. o~
a Let x be the height of the cliff X The angle of elevation to the top of the tree is 45°.
tan 170 == 1175(; Calculate the height of the tree.
150 "
x=45.9m (to 3 sf) 6 The height of a tree is 61.7 metres and the angle of
b Let y be the distance from the top of the elevation to the top of the tree from ground level is 62.4°.
lighthouse to the sea. e i Calculate the distance from the tree to the point at which
tan 20° = 2 150m the angle was measured.
150 .
’ 50 5. Use the um’ounded value ofx to - EXAM-STYLE QUESTION
heigh'f) of thé 1ight£ouse =y-x findy —x. J : 7 The angle of depression of town B from town A is 12°. /& 2km
= 8.74m (to 3sf)

a Find the angle of elevation of town A from town B. 120
The horizontal distance between the towns is 2km. Res.

b Find the vertical distance between the towns. *

Example 18 Give your answer correct to the nearest metre.
_A_ boy standing on a hill at X can see a boat on a lake at Y as shown }
] § i i X to Y is 60m and the . .
in the diagram. The vertical distance from 3.4 The sine and cosine rules
horizontal distance is 100 m. _ _
Find: The sine and cosine rules are formulae
a the shortest distance between X : 6 that will help you to find unknown sides : -
' the boy and the boat Ny I 5 and angles in a triangle. They enable you . Thf" side opposite |
. b the angle of depression of the . % to use trigonomentry in triangles that - e a dll
boat from the boy. 10 T SRR S are not right-angled. ‘éhe Z'de Clpipeis
----------------------------- | (e is b.
Answers . The formula and notation are simpler if you & ® The side opposite
a XY2=100%+ 60° Use Pythagoras. | The shortest label triangles like this. = A Sis c.
XY = 117m (to 3sf) Toom | distance is the . > M metee s ‘
b tanp _ 60 o B [ | length XY. The sine rule 8 ®. Ais between sides
100 g : Lhdicon ;,g]_- 60m If you have this information about a triangle: b and c. :
The angle of depression . Bis between sides |
| = 31.0° (to 3sf) o ® two angles and one side, or i

® two sides and a non-included angle, i

a and b. ‘

then you can find the other sides and angles
of the triangle.

Chapter 3
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Exercise 3N
- Sinerule . .
In any triangle ABC with angles A, B and C, and opposite 1 Find the sides marked with letters.
sides a, b and c respectively: €5
a b _ ¢ -a A
sinA sinB sinC : -
sin A = sin B = sinC B : The sine rule is in the X
a b c Formula booklet.
= e ——=—— =
Example 19
) S
In triangle ABC, b = 16cm, ¢ = 10cm and B = 135°. 2 In triangle ABC, AC = 12cm, A =30°and ]§: 46°.
a Represent the given information in a labeled diagram. Find the length of BC.
b Find the size of angle C. In tri . Sz .
¢ Hence find the size of angle A. 3 In triangle ABC, A = 15°, B= 63° and AB = 10cm. Find the
---------------------------------------------------------------- length of BC.
Answers . N A
4 In triangle PQR, PR = 15km, P=25° and Q = 60°. Find the
10em length of QR.
A
— ¢ 5 In each triangle, find the angle indicated.
b —E— = .10» Substitute in the sine rule. e _ a C g c Y
sin 135° sin C ( =2,
2 || Cross multiply. | 10m 67
16sin'C = 10sin 135° Cross multivhy. a ¢ ,
.~ _ 10sin135° i jvy |5 =g o — 3 10k |
sin C = 16 Make sin C the subject of the (B — i i
R ormula. . R |
C=26.2° (to 3sf) steyour aDC. 6 In triangle ABC, BC = 98m, AB = 67m and A = 85°. &
c A+B+é: 180° Find the size of C. Z
)} + 135°°+ 26.227... = 180° Use your GDC. 7 In triangle PQR,PQ = 5cm, OR = 6.5cm and 13 — 70°,
A =188 (to 3sf) Find the size of R.
@ [ Ptolemy (c. 90-168 cEﬂ : 8 In the diagram, A = 90°, CX = 10m, ACB = 30°and X = 10° B
In triangle PQR, find the length of RQ. Give your answer correct to o 13-\./o|ume work' : a Write down the size of angle BCX. m ;2;\
| 2 9 0 ; ] —
. two significant ﬁgupres. s T i b F%nd the length of BC. A sss L 10m X
10Km values for angles form ¢ Find the length of AB.
I 120° 82y 0° to 90°. He also
R Q included theorems The cosine rule
-;\n—swer f:lr;"ar R If you have this information about a triangle:
p=78 RQ is opposite angle P so first find ® two sides and the included angle, or
the size of angle P. ® the three sides,
'RQ = 10 - Substitute in the sine rule. then you can find the other side and angles
sin 78°  sin 82 of the triangle.
RQ = @%—;ﬁ Make RQ the subject of the formula.
sin §2°
=9.9km(to 2sf) Use your GDC.

L
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=> Cosine rule B
In any triangle ABC with angles A,BandC,
and opposite sides a, b and cArespectively:

@ =0+ E—2bccos A
This formula can be rearranged to

B +ct—d

2bc A i b

COSA =

Example 21

These formulae are in

the Formula booklet.
The first version of
the formula is useful
when you need to find
a side. The second
version of the formula
is useful when you
need to find an angle.

In triangle ABC, AC = 8.6m, AB = 6.3m and A =50°.
Find the length of BC.

Answer Sketch the triangle.
BC2=8.6"+6.32-2x 8.6 6.3 xcos 50° Usead®? =0+ ¢
BC?2=43.9975... c — 2bccos A

BC =6.63m (to 3sf)

Example 22
X, Y and Z are three towns. X is 20km due north of Z.
Y is to the east of line XZ. The distance from Y to X is 16km and the
distance from Z to Y is 8km.
a Represent this information in a clear and labeled diagram.
b Find the size of anglex.
Answers
a X Remember:
N
16km W E
20km
Y s
8km R 2.2 2
Use cos X =2 M e
e 2yz
= _——202 = 162 i 82 KR Geo and ig v L] x]

b cosX= 2x20%16 {:{Lzmz_,:) 225316 :’:i

2 202+162'-—82 21630 .

— -1
O ( 2%20x16 ] i‘
=22.3 (to 3sf) X

Geometry and trigonometry 1

f .
The cosine rule

applies to any
triangle. For a right-
angled triangle

A = 90°. What does
the formula look like?
Do you recognize it?
Is the cosine rule

a generalization of
Pythagoras' theorem?

fzxercise 30

1 Find the sides marked with letters.

a y b p 6m o c B
& ¢
12km " g6.5° \ 7km / o
10cm D A 51°,
8.7m C
X y z
R

2 Find the angles marked with letters.

L

a B.\\ b ) c
\X 16m 17.2¢cm y 100 km
8m 12.6¢cm
A" 1om C E z

153em g 123km

3 In triangle ABC, CB = 120m, AB = 115m and B = 110°.

Find the length of side AC.

4 In triangle POR, RQ = 6.9cm, PR = 8.7cm and R = 53°,

Find the length of side PQ.

5 Intriangle XYZ, XZ =12m, XY =8m, YZ = 10m.

Find the size of angle X.

EMAM-STHLE QUESTIONS
' 6

X, Y and Z are three towns. X is 30km due south from Y.
Z is to the east of the line joining XY.

The dlstaahce from Y to Z is 25km and the distance from X to Z is 18 km.

a Represent this information in a clear and labeled diagram.
b Find the size of angle Z.

7 Alison, Jane and Stephen are together at point A. Jane
:  walks 12m due south from A and reaches point J. Stephen looks

at Jane, turns through 110°, walks 8m from A and reaches
point S.

a Represent this information in a clear and labeled diagram.
b Find how far Stephen is from Jane.

¢ Find how far north Stephen is from Alison.

: 8 The diagram shows a circle of radius 3cm and center O,

A and B are two points on the circumference.
The length AB is 5cm.

A triangle AOB is drawn inside the circle.
Calculate the size of angle AOB.

a ~112km

Chapter 3
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EXAM-STYLE QUESTION

9 The diagram shows a crane POR that carries a flat box W.
PQ is vertical, and the floor PM is horizontal.
Given that PQ = 8.2m, QR = 12.3m, PQR 100° and
RW = 7.8m, calculate
a PR

b the size of angle PRQ
¢ the height, 4, of W above the floor, PM.

Area of a triangle

If you know one side of a triangle, the base b and the corresponding
height 4, you can calculate the area of the triangle using the formula

1 —
A= (bxh)
If you do not know the
height, you can still calculate
the area of the triangle as
in the next example. ‘

Extension material on CD:
Worksheet 3 - Cosine and
sine rule proofs

T

}@

‘ Remember that a triangle has three heights, one height per side. ‘

Example 23
Calculate the area of triangle ABC. B
7cm
(42°
A 10em c
Answer
Use the formula

A= %(b x h) with AC as the base,

b=10
Draw the height, h, the
perpendicular to AC from B.

| d2°
A 10¢m c

sin 42° = 7 = h =7sin 42°

Substitute in the formula for the area

Area = Ly bxh
2 of a triangle.

=2 (10xTsin42°)

= 23.4cm? (to 3sf)

You can use the same method for any triangle.

Geometry and trigonometry 1

- In any triangle ABC with angles A, Band &, 4
and opposite sides a, b and c respectively, ¢
this rule applies: ;

Area of triangle = %ab sin C a 1

Example 24

rCalcuIate the area of the triangle ABC.

Substitute in the formula

Area of triangle ABC =
Area = Ziab sinC

% X 8.6 X 6.3 X 5in 50°
= 20.8 m? (to 3sf)

Exercise 3P
1 Calculate the area of each triangle.
a A b B

g82°
12km e

2 Here is triangle ABC.
a Find the size of angle B.
b Calculate the area of triangle ABC.

/

20km

3 Here is triangle ABC. 8
a Write down the size of angle C.
b Find the area of triangle ABC.

4 Calculate the area of triangle XYZ.

| This formula is in the

Formula booklet.

In the first century
CE, Hero (or Heron) of
Alexandria developed
a different method

for finding the area

of a triangle using

the lengths of the
triangle’s sides.

First find the size of
one of the angles.

Chapter 3




| : EMAM-STYLE BUESTIONS

i 5 The diagram shows a triangular field XYZ.
'- ' X7 is50m, YZ is 100m and angle X is 100°.
| : a Find angle Z.
! b Find the area of the field. Give your answer correct to the nearest 10m?. &
6 The area of an isosceles triangle ABC is 4cm?. Angle B
is 30° and AB = BC = xcm. .
a Write down, in terms of x, an expression for the area of the triangle.
: b Find the value of x.
7 In the diagram, AB = 5cm, AD = 6cm, BAD = 90°,
i BCD = 30°, BDC =70°
a Find the length of DB.

¢ Find the area of triangle BCD.
d Find the area of the quadrilateral ABCD.

b Find the length of DC.

Review exercise

Paper 1 style questions

! EXAM-STHLE QUESTIONS

: Give answers correct to 3 sf.

: 1 Line L, passes through the points A(1,3) and B(5, 1).

:  a Find the gradient of the line AB.
Line L,is parallel to line L, and passes through the point (0,4).
b Find the equation of the line L,.

2 Line L, passes through the points A(0, 6) and B(6,0).

! a Find the gradient of the line L.

b Write down the gradient of all lines perpendicular to L.
¢ Find the equation of a line L, perpendicular to L, and
passing through 0(0,0).

3 Consider the line L with equation y = 2x + 3.
' : a Write down the coordinates of the point where
i L meets the x-axis ii L meets the y-axis.
b Draw L on a grid like this one. ' .
¢ Find the size of the acute angle that L makes with the x-axis.

' ' 4 Consider the line L, with equation y = —2x + 6.
i a The point (a,4) lieson L,. Find the value of a.
. ! b The point (12.5,5) lies on L,. Find the value of b.
:  Line L has equation 3x—y+1=0.
¢ Find the point of intersection between L and L,

| : 5 The height of a vertical cliff is 450 m. The angle of elevation from a ship to
© the top of the cliff is 31°. The ship is x metres from the bottom of the cliff.

a Draw a diagram to show this information.
b Calculate the value of x.

Geometry and trigonometry 1

P ERAM-STHLE GQUESTIONS
: 6 Inthe diagram, triangle ABC is isosceles.
:  AB=AC, CB = 20cm and angle ACB is 32°. -
Find a the size of angle CAB .
b the length of AB L\ 3

c the area of triangle ABC.

: 7 A gardener pegs out a rope, 20 metres long, to form a triangular
. flower bed as shown in this diagram.

a Write down the length of AC.

b Find the size of the angle BAC.

¢ Find the area of the flower bed.

¢ 20cm B

8 The diagram shows a circle with diameter 10cm and center O.
Points A and B lie on the circumference and the length of
ABis 7.5cm. A triangle AOB is drawn inside the circle.

a Find the size of angle AOB.

b Find the area of triangle AOB.

¢ Find the shaded area.

: Paper 2 style questions
EAAM-STHLE QUESTIONS
1 a On a pair of axes plot the points A(-2, 5), B(2,2) and C(8, 10).
: Use the same scale on both axes.
The quadrilateral ABCD is a rectangle.
b i Plot D on the pair of axes used in a.
ii Write down the coordinates of D.
Find the gradient of line BC.
Hence write down the gradient of line DC.
Find the equation of line DC in the form ax + by + d = 0 where q, b, d € Z.
Find the length of i DC ii BC. '
Find the size of the angle DBC.

m 0o Q 0

2 The diagram shows a ladder AB. The ladder rests on the horizontal

ground AC. The ladder is touching the top of a vertical telephone pole CB.
The angle of elevation of the top of the pole from the foot of the -
ladder is 60°. The distance from the foot of the ladder to the foot & //Qk
of the pole is 2m.

a Calculate the length of the ladder.

The ladder is moved in the same vertical plane so that its foot
remains on the ground and its top touches the pole at a point P
which is 1.5m below the top of the pole.
¢ Write down the length of CP.
d Find the new distance from the foot of the ladder to the foot of the pole.
e Find the size of the new angle of elevation of the top of
the pole from the foot of the ladder.

7.5¢cm 74 B

b Calculate the height of the pole. -

Chapter 3
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P EXAM-STHLE QUESTION
3 The diagram shows a cross-country running COUrse. D_400m _C The sine, cosine, and tangent ratios
- *  Runners start and finish at point A. 1080 |300m ] _ - .
' a Find the length of BD. @ Three trigonometric ratios in a right-angled triangle
: b Find the size of angle BDC, giving 1200m ° are defined as
: your answer correct to two decimal places. i LIRS
¢ Write down the size of angle ADB. Hypotenuse Opposite HYDOtenuse
d Find the length of AB. Adjacent side angle ot =S
e i Find the perimeter of the course. €08 & = potenuse . o) |
ii Rafael runs at a constant speed of 3.8 ms™. A . S Adjacent to o
Find the time it takes Rafael to complete the course. tan o = ﬁﬁ—zd—e
Give your answer correct to the nearest minute. e Th 1 ! ? ) '
f Find the area of the quadrilateral ABCD enclosed by the course. S e OOEEED t'he angle you lift your eyes
Give your answer in km?. through to look at sometllung above.
® The angle of depression is the angle you lower your eyes
through to look at something below.
|
CHAPTER 3 SUMMARY The sine and cosine rules [
Gradient of a line e Inany tria'ngle' ABC with angles A, B and C, S
and opposite sides ¢, b and ¢ respectively: a &
e If A(x, y,) and B(x,, y,) are two points that lie on line L, a b _ /}
the gradient of Lis m = Bembiy sinA sinB sinC B
e Parallel lines have the saxrile gradient. This means that ,
m if two lines are parallel then they have the same gradient ¢ Inany trlapgle ABC with angles A, B and C, B
® if two lines have the same gradient then they are parallel. and opposite sides a, b and c respectively:
e Two lines are perpendicular if, and only if, they make @ =0+ - 2bccos A . )
an angle of 90°. This means that This formula can be rearranged to |
m if two lines are perpendicular then they make an angle of 90° A B+ct— g / ,
m if two lines make an angle of 90° then they are perpendicular. 2bc
® Two lines are perpendicular if the product of their gradients is —1. ® Inany triangle ABC with angles A, B and C, and . ’ > |
Equa tions of lines opposite sides a, b and ¢ respectively, this rule applies: A ;
e The equation of a straight line can be written in the form Area of triangle = %ab sin C b \
i y=mx+ c, where m is the gradient and c is the y-intercept / 8
(the y-coordinate of the point where the line crosses the y-axis). c
iil gx+by+d=0whereq,bandde Z.
e The equation of any vertical line is of the form x = k& N
where kis a constant.
® The equation of any horizontal line is of the form \ / L
y = kwhere k1is a constant. point of intersEcon S
e If two lines are parallel then they have the same gradient \0 >
and do not intersect. \
e If two lines L, and L, are not parallel then they L

intersect at just one point. To find the point of intersection
write m,x, + ¢, = m,x, + ¢, and solve for x.

Geametry and trigonometry 1 Continued onnext page Chapter 3
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Theory of knowledge

Making connections

m List the different fields of mathematics you can think of.

Mathematics is often separated into different topics, or fields of knowledge.

' ® Why do humans feel the need to categorize and compartmentalize knowledge?

® Does this help or hinder the search for more knowledge?

3 Algebra and geometry

| Algebra and geometry are both mathematical disciplines with a
very long history.

| algebra — generalizes arithmetical operations and
relationships by using letters to represent unknown
numbers. Possibly originated in solving equations, which
goes back (at least) to Babylonian mathematics.

geometry — studies the properties, measurement, and
relationships of points, lines, planes, surfaces, angles,
and solids. Origins in the very beginning of mathematics.

' There was no common ground between algebra and geometry
until René Descartes, the French philosopher and
mathematician (1596-1650) showed that equations could be
represented by lines on a graph, giving people an insight into
what these equations mean, and where
their solutions are found. Cartesian
Geometry — representing equations for
given values of x and y on a system of
orthogonal {perpendicular) axes, is

named after him. /

A

y=2x+1

Y

{ It is said

(although the story is probably a
myth) that Descartes came up
with the idea for his coordinate
system while lying in bed and
watching a fly crawl on the ceiling
of his room.

Theary of knowledge: Making connections

are central to
mathematics and
school mathematics
curricula around the
world. Some schools
run entirely separate
courses on geometry
and algebra, while
others alternate
mathematical topics
throughout a course.

Algebra and geometry

Algebra and geometry are both useful in their own right but }
historically it is the interaction of these two areas that has led to |
many major mathematical developments and insights in the natural
sciences, economics and of course other areas of mathematics. ‘

As long as algebra and geometry have been separated, their progress have been slow and
their uses limited, but when these two sciences have been united, they have lent each
mutual forces, and have marched together towards perfection.

Joseph Louis Lagrange, 1736-1813, French mathematician

Fermat’s Last Theorem

Fermat's Last Theorem states that no three positive
integers a, b, and ¢ can satisfy the equation a” + b” = ¢" I
for any integer value of n greater than 2. This theorem I-
was first conjectured by Pierre de Fermat in 1637, in a
note in a copy of Arithmetica, where he claimed he had '
a proof that was too large to fit in the margin. His proof,
if it existed, was never found. It was not solved until
1995, when Andrew Wiles published a proof that he
had been working on in secret for seven years.

V¥ Andrew Wiles
(1953-), British |
mathematician. [

Wiles’s complex proof uses the link between what were
thought to be two separate areas of mathematics —
modular forms and elliptic curves. Don’t worry, these
are not on the Mathematical Studies syllabus!

Many of the most
famous proofs have
needed input from
different aveas of
mathematics.

AHCCCLULiiituuayayaye
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