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CHAPTER OBJECTIVES:

Introduci
different
calculus

7.1 Concept of the derivative as a rate of change; tangent to a curve

7.2 The principle that f(x) = ax” = f’(x) = anx"1; the derivative of functions
of the form f(x) = ax” + bx™1+ ..., where all exponents are integers

7.3 Gradients of curves for given values of x; values of x where f’(x) is given;
equation of the tangent at a given point; equation of the line
perpendicular to the tangent at a given point (normal)

7.4 Values of x where the gradient of a curve is zero; solution of f(x) = O; stationary
points; local maximum and minimum points

7.5 Optimization problems

| Before you start
You should know how to:

Use function notation, e.g. If f(x) = 3x + 7
whatis f(2)? f(2)=3x2+7=13
Rearrange formulae, e.g. Make x the
subject of the formula:

y=3x+7

y—7=3x= yT_7 =x
Use index notation, e.g. Write without

powers
1 1
S i=1= =
5 25
Use the laws of indices, e.g. Simplify:
52 x §4 = §52+4 = 56
54 = 56 = §46 = 52
Find the equation of a straight line given
its gradient and a point, e.g. The line
passing through the point (2, 13) with
gradient 3

y—-13)=3(x-2)
y-13=3x-6
y=3x+7

Introducing differential calculus

Skills check

1 a f(2) =3 -2z evaluate f(5) and f(-5)
b f(s) =3¢+ 5, evaluate £(2) and f(-3)
c g(y) =) evaluate g(5) and g(%j
d g(z)= %

e f(z)= ﬁ evaluate f(4) and f(-3)

evaluate g(2) and g(15)

2 Make r the subject of the formula:

a C=2mr b A=nr c A=4nr
2 3
d y="t oyt 0224
"
3 Write these without powers.
1 4
a 4 b 23 ¢ (E]
4 Write each expression in the form x”:
1 1 3 2 233
a—-— b 5 c>= d x_s e (x )
X x x x 5%
5 Find the equation of the line that passes

through
a the point (5, —3) with gradient 2
b the point (4, 2) with gradient —3.

The invention of the differential calculus, in the 17th century, was a
milestone in the development of mathematics.

At its simplest it is a method of finding the gradient of a tangent to
a curve. The gradient of the tangent is a measure of how quickly the
function is changing as the x-coordinate changes.

All things move, for example, the hands on a clock, the sprinter in a
100m race, the molecules in a chemical reaction, the share values
on the stock market. Mathematics can be used to model all of these
situations. Since each situation is dynamic, the models will involve
differential calculus.

In this chapter, you will investigate certain functions to discover for
yourself the method of finding the gradient of a tangent to a curve, and
check that this method can be applied to all similar curves. You will
apply this technique in a variety of situations, to solve problems about
graphs and to use mathematical models in ‘real-world’ problems.

In the photograph, all the cans have the same basic cylindrical
shape. However, they are all different sizes. By the end of this
chapter you will be able to determine the optimal design of a
cylindrical can — one that uses the smallest amount of metal to hold
a given capacity.

For more on the
history of calculus,
see pages 292-3.
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6.1 Introduction to differentiation

You have already met the concept of the gradient of a straight line.
Differentiation is the branch of mathematics that deals with
gradient functions of curves.

The gradient measures how fast y is increasing compared to the rate
of increase of x.

The gradient of a straight line is constant, which means its direction
never changes. The y-values increase at a constant rate.

=> If P is the point (a, b) and Q is (c, d) "
then the gradient, m, of the straight line
PQism=2"0 d-b ’
c—a

Q(ca)

P@blec-a—

=¥

To calculate the gradient of a curve at a particular point you
need to draw a tangent at that point. A tangent is a line that just
touches the curve.

Here is the curve y = 4 — 4x +7.

) i ) i [ The three tangents to
It is a quadratic function. Its vertex is at the point (2, 3).

the curve are shown

in blue.
105'\ y=x’-A&x+7 '
At the point (1,4), the curve is
decreasing, the gradient of the curve is 8+ —T — 1 Atth int (4.7) th - .
negative and the tangent to the curve P N i, htt e Z(-)mt ( ; h),t & curve is !qcreasg]g,
has a negative gradient. iy | the gradient of the curve is posmvg an
a4 R AR the tangent to the curve has a positive
E/ gradient.
24 b— -
Of 1 213 4 s5x
At the point (2, 3), the gradient of the
curve is zero, and the tangent to the
curve is horizontal.
The direction of a tangent to the curve changes as the x-coordinate
changes. Therefore the gradient of the curve is not constant.
So, for any curve y = f(x) which is not a straight line, its gradient
changes for different values of x. The gradient can be expressed as a
gradient function.
. T . . Extension material on CD;
> lefetrentlatwr_l 1s a method used to find the equation of the Worksheet 6 - More abialt
gradient function for a given function, y = f(x). functions !

Introducing differential calculus

Investigation - tangents and the gradient function

The tangent to a graph at a given point is the straight line with its
gradient equal to that of the curve at that point. If you find
the gradient of the tangent, then you have also found the

gradient of the curve at that point. Repeating this for ;’_ﬁlse inst(r;Lbcéic;nstaretfor t}:rer

. : . -Nspire . Instructions for = —
different points, we can use the data obtained to the T1-84 Plus and Casio ©
determine the gradient function for the curve. FX-9860GI! GDCs, and using.a:

graph plotter, are on the CD.

1 Plot the curve y = x2on your GDC

Open a new document and add ST *Catoulus w

GDC instructions on CD:

a Graphs page. et

Save the document as ‘Calculus’.

Enter x? into the function f1(x). i A

Press  entef) u_eg;

@ pldm X

To get a better view of the curve, you should
pan the axes in order to see more of it. RERNE *Cateulus ¥

3y
Click down on the touchpad in an area away e
from the axes, function or any labels.

The w will change to {7. 7

!

Move the grasping hand with the touchpad. &% ]

B

The window view will pan with it. 2%

Click the touchpad when the window is in il aleus =

B

10.88 Tr
the required position. i

2 Add a tangent to the curve graph 1

Press (meny) 7:Points & Lines | 7:Tangent

Press | entgf). 1o T

» —2.45

Move the » with the touchpad towards the a —
curve. It will change to a {t’) and = WXL
the curve will be highlighted. ' fritdag?

Click the touchpad. ‘;mlnlon

Choose a point on the curve by clicking

the tOUChpad. 57 J.!

3 -2.45

Now you have a tangent drawn at a point

on the curve that you can move round to SIRE Xouokis ]

10.88 7y

any point on the curve. To get some more
information about the tangent, you need
the coordinates of the point and the
equation of the tangent.

11x)exc?
point on

10 !
o ~2.45

©

Continued on next page
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° Move the » with the touchpad towards the point. O
It will change to a 1 and you will see ‘point on us,". 7 Look for a simple formula that gives the gradient of the tangent
Press | cui) ‘menuj and select 7: Coordinates and Equations. Press /. for any value of x Jl
3 Find the equation of the tangent. MR “Caleulus v Lilx ] Write this formula in the bottom right cell in your copy of the table. |
L - 10.98 ¥ 1l Is this formula valid for all values of x? Try positive, negative and
the arrow at the end of the tangent. Yot 330-4.68 fractional values.
It will change to a €1 and you (2.16,4.8) 8 Repeat Steps 1-7 for the curve y = 2x*
will see ‘line [ wnf’. A Draw the curve, then the tangents and complete this table.
Press ‘\ctrl; mena| and select 7:Coordinates B 20 i y=2x2 |
ShGRduatiosgRress ~ ot x-coordinate —2|-1|0J1]2]3]4 |x Worksheet on CD: This table I
You should now have the coordinates e ey is Worksheet 6.1 on the CD. @
. : Gradient of tangent I e e
of the point and the equation of
|
the tangent Iabeled. ’Jm Cateius v ae Again, look for a simple formula that gives the gradient of the tangent |
10.88 . q
4 Edit the x-coordinate so that the for any value of x. Write it down. |
point moves to (1, 1) |
Move the w with the touchpad towards You can repeat this process for other curves, but there is an approach that will |
the arrow at the x-coordinate of the { save time. The formulae you found in the investigation are called the gradient
point. It will change to a £ 1and you [/ 245 - functions of the curves. The gradient function can be written in several ways:
will see the numbers lighten and the dy d ,
word ‘text’ appears. ; dx’ dx(f(x)), or f'(x).
If you move the x very slightly with the = T ag . You can use your GDC to draw a graph of the gradient function for any curve.
touchpad it will change to a J. When F’_\ fo.88 1y 1{x)ex ‘ This is quite tricky | |
it does, click the touchpad. and may take a bit . e - b
Sl riosor ||t i fisons @ Investigation - GDC and the gradient function
The x-f:gordmate Is now ready (bad ses) not work, press (e 1 Use the GDC to draw the gradient
| for editing. * . ‘ and start again. _ function of y = 4x kI [ PO T 4a
- r3 - 6.67 (¥
Use the 4 key to delete(ﬁﬁe current 5 2| ! Add a new Graphs page i e SR
A B SRR T o cewe  am to your document. ; e o )
o7 |y T2 - y . ) - % the TI-84 Plus and Casio !
You have drawn the tangent to the o - Remember: Enter 4x into the function f2(x). ¢ ! “ FX.9860G! GOCs and using a. |
curve y = x2 at the point (1, 1) . In the equation of Progs (08 graph plotter, are on the CD. .
i enters. A |
| Its equation isy =2x -1, so (1.1) a straight line D o fhxlde L Iz .
gradient of the tangent is 2. i y=mx+c¢, mis the ‘ 2 Enter the gradient function in F3(x)
5 Record this information in a table. _',.rf 245 ] n? gradient | C||Ck the ’\L’é symbol using the UEES 53 *Caloulus w AR ¢ 12 “Caloulus w ﬁg
touchpad to open the entry line at i
y=x the bottom of the work area. l)etox |
: 5 ) ! i
. x-coordinate -2 ~1]0|1]2|3 (4|x Worksheet on CD: This table @ Press ‘“L@ and use the P av keys to -10 i 7] i
Gradient of tangent 2 is Worksheet 6.1 on the CD. A select the %,D template. ‘
p = & 6(x)=i(12(x:3) 1 =
6 Complete the table Press | enw - & k |
Go back to the graph and edit the x-coordinate again. Change it to 2. Enter x and 2 (x) in the template as shown.
Write the gradient of the tangent at the point where the x-coordinate is Press | ene).
2 in your table. Repeat this until you have completed the table for all )
Continued on next page
values of x between -3 and 4. o

Continued on next page




functions for these curves.

|
° You should have this diagram, with a horizontal line across 1
! m *Calculus w 'E . - — — _ s - _1
the graph. T ,/ mbd--di{fz{:ﬁ] Curve y=-35xly=2x+4|y=5|y=3 - x|y 3b|y=2 > X
The graph plotter gives you a picture of the o Gradient
gradient function — you have to find the - ! :2"'“ 3 function
equation of this function. 5
A 102 |
The GDC drew the line y = 4. I A Curve y=3@ |y=4e |y=-x|y=-2x| ¥ = > |
The gradient of the line y = 4x is ‘4", Pl e ag Gradient '
¥ d .
3 Repeat for other functions e / 13l 7-{rztx) function
| Click the ®» symbol using the touchpad 1 |f bl 6 Extend your results Worksheet on CD: This table
i' to open the entry line at the bottom of 1o i L Complete this table for the curve y = x*> + 3x using is Worksheet 6.2 on the Cl?{ i@)-
| ‘ the work area. the method from the first Investigation, on page 257. J
iz : : = x2
Use the a key to select f2(x). © Bdessd & y=Xx+3x
g i -3|-2|-1(0(1]2(3 |4
rl'l Enter a new function to replace 4x. x-coordinate 3
Gradient of tangent
In this way find the gradient functions for these straight lines. £
S T K ih What is the algebraic rule that connects the answers for the
g i & f Cire totquh © . gradient to the x-coordinates? |
b y=2x+4 ey oenerhe—lnl . . : L . !
-3.5x and the (3 key Check that your answer is correct by entering x2 + 3x in f2(x) in the graphs .
c y=5 ‘ to enter the - in page (Step 2 of this investigation) so that the GDC draws the gradient function.
d y=3-x L= 335 What is the equation of this straight line? | These should be the | ‘
e y=-35 Is its equation the same as the rule you found? same! If they are | |
f y=2- i, Use your GDC to find the gradient functions for the not, check with your
§ (i) rcu v i} curves below. Look for a pattern developing. . teacher. |
4 Change the function to y = x2 1 —
: 4 e ) a y=x>+3x b y=x>->5x c y=2x*-3x d y=3x2-x
' A straight line will appear on your screen as )
' in the diagram on the right ) - e y=D5x—2x? f y=2x-x? g y=x>+4 h y=x2-2 i
i wld ! ;;
H = — x2 i = x2 — =22— +3 l =3X—X2+1
| Write down the equation of this new straight line. . i y=3-x J y=x+x-2 k y=2x-x y |
The GDC drew the line y = 2x. 5 oy Compare each curve to its gradient function and so determine the |
. formula for the gradient function for the general quadratic curve |
The gradient function of the curve y = x2 is ‘2x'. |
y=ax’+bx+c
| This is the same result that you found by observation in the previous ) . . ; :
investigation. Write down the gradient functions of the following curves without
using the GDC.
( Repeat for the curves y = 2x2 and y = 3x2 and write down the gradient !
1 y=5x2+7x+3 '

y=5x+7x2-4 Do not proceed until |
you have answered |
these questions

y=4—-1.5x%+ 8x . correctly.

5 Tabulate your results A

| You are now building up a set of results that you can use to '
' generalize. To help with this, summarize your findings in a table. ‘
You should be able to see patterns in the results. °

2
3 y=3+0.5x2—-6x
4

Continued on next page




Investigation - the gradient function @ Investigation - the gradient function of any curve
of a cubic curve GDC instructions on CD: In this investigation you find the gradient function of any curve.
These instructions are for the
i i i = & TI-Nspire GOC. Instructions far &, i i
Now consider the simplest cubic curve y = x. o ;{_’g’: i ag;’c“a‘ﬂ:_"s o) Again, take a systematic approach. GDC instructions on CD:
g _ . FX-98606I GDCs, and using ' . . These instructions are'for the
Change the function to y = x3 using the GDC. e mph A/a s 1 Find the gradient function of y = x* T'-N;ﬂgrz g;::c. .'n;:?_mons for (15
. : . i — y5 the lus and Casio |
To enter x3, press % 44 2 b, i o an 2 Find the gradient function of y = x . _ FX-9860GI! GDCs, and usinglal
. T 3 Generalize these results to find the gradient function of y = x" graph plotter, are on the CD. ,
(You will need to press the » key to get back to fabd=2-{r2lx))
the base line from the exponent.) a Up to this point, all the powers in your curve have been positive.
2lc)x? ; 1 T S
This time a curve appears, instead of a straight line. 10 1 10 Considerthe eurves = XY= Y= x_"' R ( '
' 1 b s Remember |
Find the equation of the curve. x To enter , on your GDC use the i4s key and select # from - a4
= , , i the template menu. L
This is the gradient function of y = x3. 7 & '.Ch - A X
f . = ec IS result wi
Once you have the equation of the curve, find the Have a guess at the equation of et E your teacher. Do not . S
. . _ _ ) 2 : . inding this result by |
gradient function of y = 2x%, y = 3x%, ... the o yedheuess foltihe . Function  Gradient function g0 on until you have : t.g tioniis not th |
Write down your answers in the worksheet copy of the table. | 8radient function. Adjust your equation | investigation is not the
| until it fits. Then delete it. _| same as proving it to
= ' be true. How, without
Curve y=3|y=ax |y=-3|y=-2¢ | y = 1.8 The process of finding the gradient function of a curve is known as proof, do we know
2 differentiation. In these investigations, you have learned for that a result arrived at
| Gradient function yourself how to differentiate. by pattern building is
always true?
‘ Extend your investigation so that you can find the :
| gradient function of any cubic. Worksheet on CD: Thisigh St g
l | . 8 . . is Worksheet 6.3 on the CD.
| Be systematic, so try simple cubic curves first... |
6.2 The gradient function ! ; |
' Curve y=x+4 |y=2x-3 | y=x3+5x | y=x3-2x | y=x3+ 2x2 y=2x"+ 1,2 g i W?S discoveredat al_rr.wst |
2 Differentiation is the algebraic process used to i e e by el e Sifs)
Gradient find the gradient function of a given function. MERIEATETEE SR R (N
Nl (1642-1727), and the German
Two forms of notation are used for mathematician Gottfried Leibniz
Then move on to more complicated cubic curves... _ differentiation. The notation that you use will (1646-1716). The controversy over
i 1 i the rival claims lasted for decades.
Curve Y=X+3¢42 | y=x+ A0 43K |y= X+ 5 — dx+ 1 |y =X —x2 — x4 depend on the notation used in the question. e e_d or decades
Gradient
function s =
=> To differentiate a function, find the gradient function: THel /e
| Generalize your results to determine the formula for the gradient function dx
1 for the general cubic curve y = ax® + bx? + cx + d . Function | Gradient function was developed by
| Leibniz. Newton's |
. . ' h |
_ |, You(;m\:{ hfave rgsults fgr thei g;adleht functions of linear functions, y = axr dy _ nax™ notation is now only |
’.. guadratic unc?t|ons and cubic functions. Complete the worksheet copy _ _ dx used in physics.
of the table with these. How i ;
| f(x) = ax" f'(x) = nax™t ow important is
Function Formula Gradient function i ; % k mathematical notation
' e p—p The process is valid for all values of 7, both positive and negative. in enhancing your
' . understanding of a
| Linear y=ax+b>b subject?
Quadratic y=ax>+bx+c
Cubic y=ax+bx>+cx+d
Continued on next page Chapter 6
=
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Given f(x) = 3x— 4x2 + x°, find f "(x).

S) =3x11 -2 X 42t + 3 x 431
f(x)=3-8x+ 32

Differentiate each term separately.

Exercise 6A

., dy
1 Find —=.
ind 7.
a y=4y¥ b y=6x° c y=7+ d y=54
e y=x* f y=>5x g y=x h y=12x
1 1 3
H =9x2 H — = 43 k ) [ 4
LI 4 1y 2x ¥y 2x Ly 4x
2 Differentiate 1 )
a y=7 b y=-3x c y=—Zx4 d y:—§x3
e y=—x f y=- g y=2>5x° h y=-7¢
i = 1 s H = 3. 1 —_g 9 :E
| i vy Ex J oy Zx k y 3x Ly 1
3 Find f'(x).
| a f(x)=3x+ 55 b f(x)=>5x-4x

[ c f(x)=9%-115
Find y’ ]
a y=8—-5x+4x°
c y=Tx+4x-101

d f()=x*+3x+2

b y:9x2—5x+%

d y=x2x+3)

Introducing differential calculus

Example 1
3 = 447 dy
Given y = 4¥7, find =,
dx
Answer
B _7qure y=ax
P d_y =nax"’
& — 28y g
dx a=4n=7
Example 2
Given f(x) = 3x°, find £ '(x).
________________________________________________________________ The f’(x) notation
Answer is from Euler
Sx) =5 x 3y fx) =ax" (1707-83), who was
f(x) = 154* F'(x) =nax! perhaps the greatest
a=3n=>5 | mathematician of all.
Example 3

and that x° = 1.

y’ is another way of
writing d—y.
dx

-3

!

Remember that x* = x ‘

You can use letters other than x and y for the variables. This changes

the notation but not the process.

Example 4
Given v = 3.54, find &.
dr
Answer
ﬂ=8x3_5t8—1 v=aqt”
g LiTs nat"’
& 28 é
dr a=35n=38
Example 5
4
Given f (z) = % find £'(2).
Answer
4
fl=E=2xz f@)=az
10} — -1
Fl2)=4x2 24 i s
a= o =4
f'e=62
Example 6

Answer
fO=32+12t-t-4
f®O=3P+11tr-4
f'@O=6r+11

Given f(#) = (3¢t -1)(¢ + 4), find £'(9).

Multiply out the brackets.

Differentiate each term separately.

Exercise 6B

1 Find H4.
dr
a A=419-7)
c A=£Ft-5)
e A=0G-H3+2p
g A=F+3)(r-1)

2 Find f'(7).
a f()= %(r +3)(2r - 6)

c f(n=Qr-3y
e f()=3(r+5)

A=6(2t+)5)
A=(@+2)2t-3)
A= (6r+ T7)(3t-5)
A=30+3)(-4)

> ™ a o

b f(r)=(+3)?

f(=0G-2)
f(@#)=5T -7}

=h Q
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You can also differentiate functions which have powers of x in the
denominator of a fraction. First you must write these terms using
negative indices.

Example 7
dy
Given y = —, find —=.
dx

Answer
y=4x iz =4y V]Vrz'te tfzze Sfunction in index form:

X . —

2
dy _ =] *
) s a=4andn=-2
dy 8y Remember the rules for multiplying
dx negative numbers.
] _—83 Rewrite in the original form.
dx x
Example 8

Given f(x) find f '(x)
Answer

2.1 12 4 Write the function in index form.
flx)="x=== 2

3 @ 5 a== andn =-3

f(x)=-=3x% %2 x ! Be very careful with minus signs.

fix)= %36 xx* Simplify.

f

Rewrite in the original form.

Exercise 6C
Differentiate the following with respect to x.

3 2
1 Vs 2 f(x):—4 3 y=
X x

7
X
2
4 f=5 5 y=—> 6 9

RN

7 f)=Tx + = 8 y=T-dx+>
X 2x

3 1 x* 3
10 y=4x-> 11 g(x)=5¢—— 12 y=2 2
o x 2(x) x? Y 2 44"
x* 5 3 5 3
13 y="+3x*+—— 14 g(x)=2x"-x"+2-—" 15 A(x)=x" -2 +
Y 8 6x* 8(x)=2; 2x2 (*) 2% 4x°

9 g(x)=x’ +%
X

Remember to use the |
same notation as the
question.

6.3 Calculating the gradient of a curve
at a given point

=> You can use the gradient function to determine the exact value
of the gradient at any specific point on the curve.

Here is the curve y = 2x° — x? — 4x + 5 with domain -2 < x < 2. The
curve intersects the y-axis at (0, 5).

At x = -2 the function has a negative value.
It increases to a point A, then decreases to a point B and after x = 1
it increases again.

The gradient function of the curve will be negative between points
A and B and positive elsewhere.

Differentiating, the gradient function is jx—y =6x"-2x—4.
At the y-intercept (0, 5) the x-coordinate is 0. Substituting

this value into 2: at x = 0, ¥ = 6(0) —2(0)—4 = _4
= dx

E 1] G
107y -4 is the gradlent

L at the point (0, 5).

/ﬁ . Move the point along

the curve to find the
._ » .

gradient at other
You can use this algebraic method to find the %

L

points.

gradient of the curve at other points. For example, iS’ T _/ |
81—
d .
atx=-1, =2=6(-17-2(-1)-4 &
dx / _4_\ I
b _, it
dx >
2440 7 X
This result agrees with what can be seen from 7! =2 - J
the graph. i

Exercise 6D

These questions can be answered using the algebraic method or
using a GDC. Make sure you can do both.

1 Ify=x2—3x,ﬁndj—ywhenx:4.
X
d
2 Ify=6x—2+4, ﬁndéwhenx=0.

3 Ify=11-2+-3, ﬁndjx_ywhen_x:—a,

i
| 1

F H

No
¥

Will the gradient ‘|

function be positive
or negative at point A |
and at point B?

You can check this

on your GDC. See
Chapter 12, Section
6.1, Example 33. ‘

e

GDC help on CD: Alte
demonstrations fo
Plus and Casio FX-
GDCs are on the €D,

'. The gradient of the

curveatx=-1is 4

andatx=0itis -4
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4 If y = 2x(5x + 4), find the value of :x—y when x = —1.

5 Find the gradient of the curve y = x> — 5x at the point where x = 6.

6 Find the gradient of the curve y = 10— %x“ at the point where x = -2.

7 Find the gradient of the curve y = 3x (7 — 4x2) at the point (1, 9).

8 Find the gradient of the curve y = 342 — 5x + 6 at the point (-2, 28).

9 s=40r- 57 10 s=1£35+60)

. . ds d
Flndawhen t=20. Findé when ¢ = 3.
11 v =80+ 7 12 y=0.7t-11.9

v
Find ~ when t = 4, Find < when £ = 0.7,
t dr

13 4 = 14 14 =725

. .dd4 2 L dw
Find a when 4 = 3" FlndTp—atp—f—Z.

15 V=4rz+%. 16 A=5r+§2
4

Findc;—l7 atr= 3.

Find £4 atr =4,
r dr ;

17 V:7r’—§ 18 Aszzfz—”
r r
Findd—Vatr=2. Find%at;f:l
dr dr '
15
19V =6r+-—= 20 C=4Sr+2
2r 7’

Findd—Vatr=5. Findd—catr=l.
dr d

v

By working backwards you can find the coordinates of a specific
point on a curve with a particular gradient.

Example 9

Point A lies on the curve y = 5x— x2 and the gradient of the curve
at A is 1. Find the coordinates of A.

Answer [ --------------

T g o First find @
dx ’ dx
at A ay =1s0o5-2x=1 Solve the equation to find x.
x=2
y=52)-(2¥ =6 Substitute x = 2 into the equation of
Ais (2, 6) the curve to find y.

B Introducing differential calculus
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Exercise 6E

Point P lies on the curve y = x2 + 3x — 4. The gradient of the curve at
P is equal to 7.

a Find the gradient function of the curve.

b Find the x-coordinate of P.

¢ Find the y-coordinate of P.

Point Q lies on the curve y = 2x? — x + 1. The gradient of the curve at
Q is equal to 9.

a Find the gradient function of the curve.

b Find the x-coordinate of Q.

c¢ Find the y-coordinate of Q.

Point R lies on the curve y = 4 + 3x — x> and the gradient of the curve
at R is equal to —3.

a Find the gradient function of the curve.

b The coordinates of R are (a, ), find the value of ¢ and of &.

¢ ERAM-STHLE GUESTIONS

Point R lies on the curve y = x2 — 6x and the gradient of the curve at
R is equal to 6.

Find the gradient function of the curve.

The coordinates of R are (a, b)

Find the value of g and of A.

Find the coordinates of the point on the curve y = 35> + x— 5 at
which the gradient of the curve is 4.

Find the coordinates of the point on the curve y = 5x— 25> — 3 at
which the gradient of the curve is 9.

There are two points on the curve y = x* + 3x + 4 at which
the gradient of the curve is 6.
Find the coordinates of these two points.

There are two points on the curve y = x> — 6x + 1 at which the
gradient of the curve is —3.

Find the coordinates of these two points.

Find the equation of the straight line that passes through these two
points.

¢ EAAM-STHLE QUESTION

There are two points on the curve y = x* — 12x + 5 at which

the gradient of the curve is zero.

Find the coordinates of these two points.

Find the equation of the straight line that passes through these two
points.
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6.4 The tangent and the normal to a curve

Here is a curve y = f(x) with a point, P, on the curve,

y=Ffx

>

P EXAM-STHLE GUESTIONS
:10 Point P (1, b) lies on the curve y = 2 — 4x + 1.
: a Find the value of 5.
b Find the gradient function of the curve.
¢ Show that at P the gradient of the curve is also equal to .
d Q (¢, d) is the point on the curve at which the gradient of the
| : curve is equal to 2. Show that d = 2.
| : The normal to the curve at P is the straight line which

: 11 Point P (5, b) lies on the curve y = 42— 3x — 3.
: a Find the value of 5. passes through P that is perpendicular to the tangent.

Tangent
atP

-> The tangent to the curve at any point P is the straight line Normal at P
which passes through P with gradient equal to the gradient of

the curve at P. 90 degrees

=Y

The tangent and the curve are closely related because, at P:

: b Find the gradient function of the curve.
!: : (Sghow thgt flt P ﬂ.le grad;lent of the cur ve is also qual to b. e the x-coordinate of the tangent is equal to the x-coordinate
| (c, d) ist elpom; on the curve at which the gradient of the of the curve
{ | : curve 18 equa} to 3. o the y-coordinate of the tangent is equal to the y-coordinate of the
‘ : Show that d is also equal to —3. curve

|I 12 Consider the function f(x) = 4x— x> — 1. ¢ the gradient of the tangent is equal to the gradient of the curve.

a Write down f'(x).

b Show thatatx =15, f(x) = f'(x).

¢ Find the coordinates of a second point on the curve y = f)
for which f(x) = f'(x).

You can use differentiation to find the equation of the tangent to
any curve at a point, P(q, b), provided that you know both the
equation of the curve and the x-coordinate, a, of the point P.

: -> To find the equation of the tangent to the curve at P(q, b):
| :13 Consider the function f(x) = 2% —x + 1.
|| a Write down f'(x).
: b Show thatatx =2, f(x) = f'(x).
¢ Find the coordinates of a second point on the curve y = f (x)

1 Calculate b, the y-coordinate of P, using the equation of
the curve.

2 Find the gradient function %

: for which £ (x) = f'(x). 3 Substitute @, the x-coordinate of P, into Y 10 calculate, m, " For more on the
| : 14 Consider the function f(x) = 3x—x*— 1. f the value of the gradient at P. e Meilety o e
' a Write down f’(x). 4 Use the equation of a straight line (y — b) = m (x— a). ' line, see Chapter 3.

b Show thatatx =1, f(x) = f'(x).
¢ Find the coordinates of a second point on the curve y = f)
for which £ (x) = f"(x).

©15  Consider the function f(x) = 2:¢ - x~ 1.

Example 10

Point P has an x-coordinate 2. Find the equation of the tangent to the

curve y=x>—3 at P.
Give your answer in the form y = mx + c.

a Wrtedownf'(x). I el i
b Find the coordinates of the points on the curve y = f(x) for Answer
: which f(x) = f'(x). Atx=2,y=(2)-3=5 Usey = x° — 3 to calculate the
| :16 Consider the function f(x) = 2 + 5x— 5. . et P
2 =3y Find the gradient function dy

li a Write down f7(x). ar | dr’
|

b Find the coordinates of the points on the curve y = f(x) for

which £(x) = f/(%).

Arx=2,Y -302=-12
dx
m=12

Substitute 2, the x-coordinate at F,

into SX to calculate m, the value of
X

| : 17 Consider the function f(x) = x* + 4x + 5.
| : Find the coordinates of the point on the curve y = f(x) for the gradient at E ; =
which f(x) = f'(x). AtP (2,5) Use the equation You can check the ‘
-5)=12(x-2) (v—b)=m(x—a) equation of the
y—5=12x-24 witha=2,b=5m=12 tangent using your
y=12x-19 Simplify. GDC.
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Exercise6F B e ;
i i Atx=—-4 2 — Substitute the value of x into AP
1 Find the equation of the tangent to the given curve at Tdr  (-4) 4 il the value of
the stated point, P. Give your answers in the form y=mx+c The gradient of the tangent, e 12
a y=x%P(3,9) b y=2x%P(1,2) a3
c y=6x—x%P(2,8) d y=3x-10; P(1,-7) 4 . ' S
e y=24-5x+4;P(3,7) f y=10x -2+ 5;P(2,17) Hence, the grzdient of the The normal is perpendicular to the | The grao!ient of a line
g y=11-24P(3,-7) h y=5-%+6x; P(2,13) normal, m’ = i Larecrt perpe;dlculart(;). a s
i i S li se gradient is
i y=4x- %% P(4,0) j y=5x-3x P(-1,-8) i he normal to Use the equation of a straight line e : %
The equation of t .
k y=6x"-2x% P(2,8) U y=60x-5x"+7; P(2,107) y—zatP(—4 3is & —b) =mx —a) witha = —4, mis -—.
m y=%x"—7;P(4,121) n y=17-3x+ 52 P(0,17) o b p=—gm=? — =
= . 15 . (-3 =z=-4) TR SR
o y=2x(5-x); P(0,0) P y=—x"-4x; P(2,-6) ¢ . Ly You cannot find the
3 ;1 1 1 e S g R b 0 tion of a normal
q —x +3; P(-2,6 r =Zx'+ ;P -1—= 3y+9=4dx+ 16 Rearrange to the form ax + bx +c¢ =0, efqua
y= (-2,6) 5 3 & 3 ( 3) 41 —3y+7=0 wherea, b ce 7 _ directly from the GDC.
‘l [ 2 B
| y——x —7x* +5; P(-2,-25)

Exercise 6G
2 Find the equation of the tangent to the given curve at the stated

point. Grve your answers in the form ax + by +c=0 Find the equation of the normal to the given curve at the stated

point P. Give your answers in the form ax + by + ¢ =0
‘ ) y_ s ° y_5+?’(1’“) 1 y=22P(1,2) 2 y=3+45 P05, 3.5)
6
— = 4t P
! c y= 6x 2.( 2 14) d y=x +x3:( 1,5) ; yzg_xz; P(Z,_3) . y_sjzc e P( 24)
| —_—

e y=5x—;;(4,18) 5 y=@+2)(5-2;P0,10) 6 y=(x+2)%P0,4

| 6
7 y=2.702,2 8 y=?;P(—1,6)
To find the equation of the normal to a curve at a given point you ‘ x
need to do one extra step. | 9 y= 6x+§; P(1,14) 10 y=x'-=;P(-1,4)
X
=> The normal is perpendicular to thle tangent so its gradient, m’, ‘ 1 p4_og L P0.5,1) 12 y=5x __; P(3,13.5)
is found using the formula m' = ==, where m is the gradient of yERTeXT L 2x
the tangent. i |
' Example 12
Example 11 .
= | The gradient of the tangent to the curve y = ax* at the point P (3, b)

Point P has -coordinate —4. 12 oy Ilgarned about is 30. Find the values of a and b.

Find the equation of the normal to the curve ¥ = — at P. grad|ent_of YT e

Give your answer in the form ¥ perpendicular line in Answer ,

ax+by+c=0,whereaq, b, ce 7Z. _ Chapter i - | dy _ A As the gradéent of the tangent is
'"A" "s" '; """""""""""""""" [ """"""""""""""""""""" Y , given, find ﬁ

2ape 12 12 2a(3) = &y
Atx=—4,y=m=—-3 Use y = — to calculate the - Whenx=3%=3o
_ > ;
dy 12 Y-coordinate of P The equation of the curve is .
dr 2 Find the gradient function Q y =52 '
| (Remember; y = 12x7,) & b=53)2=b=45 Substitute x = 3 to find b.

P Continued on next page
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Exercise 6H

1  Find the equation of the tangent to the curve ¥ = (x—4)? at the
point where x = 5.

: EAAM-STHLE QUESTIONS
2  Find the equation of the tangent to the curve y=x(x*—3)at
: the point where x = -2,

3 Find the equation of the normal to the curve y=x +é at the
: point where x = 4. *

: 4 Find the equation of the normal to the curve y = x2 —iz at the
: point where x = 1. *

5 Find the equations of the tangents to the curve y = 352 — 2x at
the points where y = 8.

6 Find the equations of the tangents to the curve y=2x(3 - x)at
the points where y = —20.

7  Find the equation of the normal to the curve y=7-5x—2x°at
the point where it intersects the x-axis.

8 Find the equation of the normal to the curve y = x* + 3x — 2 at
the point where y = 6.

9 a Find the value of x for which the gradient of the tangent to
the curve y = (4x — 3)%is zero.
b Find the equation of the tangent at this point.

10 a Find the value of x for which the gradient of the tangent to

s EXAM-ETHLE QUESTION

16 .
the curve y = x> +— is zero.

X
b Find the equation of the tangent at this point.

11 a Find the value g)f x for which the gradient of the tangent to
the curve y =%+x—3 is 5.
b Find the equation of the tangent at this point.
12 a Find the value of x for which the gradient of the tangent to
the curve y = x* + 3x — 3 is 3.

b IFind the equation of the tangent at this point.
¢ Find the equation of the normal at this point.

13 a Find the value of x for which the gradient of the tangent to

the curve y = 4x+i4 is 16.
X

b Find the equation of the tangent at this point.
¢ Find the equation of the normal at this point.

S .

14 There are two points on the curve y = 2x° + 9x* — 24x + 5
at which the gradient of the curve is equal to 36. Find the
equations of the tangents to the curve at these points.

PEXAM-STHLE QUESTION
15 The gradient of the tangent to the curve y = x> + kx at the point

P(3,b)is7.
Find the value of %k and the value of .

16 The gradient of the tangent to the curve y = x>+ kx at the point
P(-2,b)is 1.
Find the value of #and that of b.

17 The gradient of the tangent to the curve y = kx*— 2x + 3 at the
point P (4, b) is 2.
Find the value of #and that of b.

18 The gradient of the tangent to the curve y = 4 + kx — &’ at the
point P (-2, b) is -5.
Find the value of kand that of 5.

19 The gradient of the tangent to the curve y = px* + gx at the
point P (2, 5)is 7.
Find the value of p and that of g.

20 The gradient of the tangent to the curve y = px*+ gx — 5 at the
point P (-3, 13) is 6.
Find the value of p and that of ¢.

6.5 Rates of change

The gradient function, f’(x), of a function f(x) is a measure of how
f(x) changes as x increases. We say that /’(x) measures the

rate of change of f with respect to x. | : In general, the rate ‘

dy of change of one |
- For the graph y = f(x), the gradient function -~ J7 (%) gives variable with respect
the rate of change of y with respect to x. to another is the

| gradient function.

Other variables can also be used, for example:

if A=f(r), then . f’(¢) measures the rate of change of A with
dr

respect to t.

If the variable ¢ represents time, then the gradient function measures
the rate of change with respect to the time that passes.

This is an important concept. If you measure how a variable
changes as time is passing then you are applying mathematics to
situations that are dynamic — to situations that are moving.
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For example, if Crepresents the value of
| a car (measured on a
day-to- day basis) we can say that Cis a function of time: C = f@. ' Exanplel i

A company mines copper, where the mass of copper, x, is measured in thousands of tonnes.

Then —= f'(t ( ) represents the rate at which the value of the ;
I e Ch The company’s profit, P, measured in millions of dollars, depends on the amount of copper '
- anglng — it measures the rate of change of C with respect to mined. The profit is given by the function P(x) = 2.3x — 0.05x* — 12
t, the rate of inflation or deflation of the price of the car. a Find P(0) and P(6) and interpret these results. vl
Similarly, if s represents the distance measured from a fixed ) _ b Find 5. What does %P represent? Youcangraphany
point to a moving obJect then s is a function of time: s = g R I: thetveloaity,of = dP uetion|ogghelan e |
an object, what does i == = = i i
and E =g'(r) measures the rate of change of this distance, s, v ¢ Find the value of Pand — when x = 20 and when x = 25. This COL'JId_glve-you
h i represent? d Interpret the answers to © further insight into the |
with respect to /. : ’
i pectto | e Find the value of x for which % = 0. BlEbC
4; measures the velocity of the object at time ¢. ' I f Determine P for this value of x, and interpret this value. |
e
Example 13 | Answers ‘
a P(0)=-12; aloss of 12 million dollars. Substitute x = 0 in to P(x).
. ) j P(6) = 0; there is no profit and no loss,
The volume of water in a container, ¥ cm?, is given by the formula this is the break-even point.
V=300 + 2¢ — £, where ¢ is the time measured in seconds. 4P
dv b —=-01x+23
a What does g represent? dx P
dP dp .
b What units are used for d_V? e represents the rate of change of the , Tmeasures the rate of change of P with
. av u profit as the amount of copper mined respect to X.
Find the value of w when ¢ = 3, increases.
d What does the answer to ¢ tell vou? dP '
________________________________ y“._“_“" ¢ Atx=20,P=14and d_P=0_3 Substitute x = 20 and x = 25 into P(x) and ——.
Answers [ """""""""""""""" dx dx |
= Atx=25P=1425and € - _
4 . dx
a 4 represents the rate of The rate at which the water is d At both points the company is profitable.
cha £ entering (or leaving) th tainer. ; .
ng? Qhibe Voh%me of 8 ( Bl At x =20, @ > 0 so a further increase in At x = 20, P(x) is increasing.
water in the container. |
b dv . production will make the company more
e, 1 3
g '8 measured in cm?’ per The volume is measured in cm® and BECHILELLSY
second (cm?s). time is measured in seconds,
o ( ) Atx =25, jf: At x =25, P(x) is decreasing. |
cC — == . .
dr et ) production will make the company less !
Atr=3, How would you ] profitable. o
dv dv decide by considerin ar = = : Set — equal to 0. ‘
o 220)=+4 15 megative, s0 LA . i, 0.1x+2.3 =0 & 1
q @ ' - d_tw ether the 0.1x=2.3 Solveforx. ‘
ince this .value 18 negative, the volume is decreasing. water was entering xX= B 23 |
the water is leaving the or leaving the o1 |
container at 4 cm? per second. container? | 23000 tonnes of copper needs to be . x is measured in thousands of tonnes. |
mined to maximize the company’s profit.
f P(23)=14.45 Substitute x = 23 into P (x).

14.45 million dollars is the maximum
profit that the company can make.
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@ 5 Water is flowing out of a tank. The depth of the water,

I

Exercise 61

s EXAM-STHLE QUESTION

: 1 The volume of water in a container, ¥ cm?, is given by the formula
. V=100 + 2t + £, where ¢ is the time measured in seconds.

How much water is there in the container initially?

How much water is there in the container when 7 = 3?

oo

(2]

What does %Iti represent?

[-%

Find the value of ‘ji_V when £ = 3,
r

e Use your answers to b and d to explain what is happening to
the volume of water in the tank.

2 The area, 4, of a pool of water forming under a leaking pipe is
A =4t + 2 cm? after £ seconds.
a What is the area of the pool initially?

b What is the area of the pool when ¢ = 57
¢ What does i—A represent?
t

d Find the value of E? when ¢ = 5.

dr
e Use your answers to b and d to explain what is happening to
the area of the pool.

3 The weight of oil in a storage tank, W, varies according to

640
the formula W =52+ re +40 where W is measured in tonnes

and ¢ is the time measured in hours, 1 < £ < 10.

a Find the weight of oil in the tank at £ = 1.

b F1nddd—W

t
¢ Find the rate of change of the weight of the oil in the tank
when
i r=3 il r=5.
d What does your answer to c tell you?
e Find the value of ¢ for which ‘E—W = 0.
t
f Interpret your answer to e.
4 The volume of water, ¥, measured in m?, in a swimming pool
after t minutes, where > 0, is V=10 + 6¢ + 2.
a Find the rate at which the volume is increasing when ¢ = 1.
b Find the rate at which the volume is increasing when there
are 65 m’ of water in the pool.

¥ cm, at time ¢ seconds is given by y = 500 — 4t — £,

a Find the rate at which the depth is decreasing at
2 seconds and at 3 seconds.

b Find the time at which the tank is empty.

Initially t =0

382t

The area, A cm?, of a blot of ink is growing so that, after ¢ seconds, 4= T+E'

6
@ a Find the rate at which the area is increasing after 2 seconds.

b Find the rate at which the area is increasing when the area of the blot is 30 cm?

7 The weight of oil in a storage tank, ¥, varies according to

the formula |/ =10f + —== 135 +4 where W is measured in tonnes

and ¢ is the time measured in hours, 1 << 10.
a Find the rate at which the weight is changing after 2 hours.

domain x < 0.

As x increases, the curve increases to the point P. After point P,

the curve decreases. P is said to be a local maximum point.

] ) ; f
You can determine that P is a local maximum )

1,
B is undefined; it has
no value.

point because just before P (for example, at A)
the gradient of the curve is positive, and just
after P (for example, at B) the gradient of
the curve is negative.

At P itself, most importantly, the gradient of
the curve is zero.

¥

Chapter6 ¢

b Find the value of ¢ for which d—dVK =0.
t
The angle turned through by a rotating body, 0 degrees, in time ¢ seconds
is given by the relation 6 = 4 — %,
a Find the rate of increase of 8 when ¢ = 2.
b Find the value of ¢ at which the body changes direction.
9 A small company’s profit, P, depends on the amount x of ‘product’ it makes.
This profit can be modeled by the function P(x) = —10x° + 40x* + 10x — 15.
Pis measured in thousands of dollars and x is measured in tonnes.
a Find P(0) and P(5) and interpret these results.
b Find 3.
. dp
¢ Find the value of Pand o when i x=2 ii x=3.
d Interpret your answers to c. aP
e Find the value of x and of P for which FTo 0. What is the importance of this point?
= = = - fx),
6.6 Local maximum and minimum points — 101 \
(turning points) M| 1
Here is the graph of the function NERIEE
) 2 2 |
=4x+—, #0 »
f(x)=4x o ¥ § EEEE i
The graph has two branches, because the function is not BNy
defined at the point x = 0. =i i 6. 4
First, look at the left-hand branch of the graph, for the i _:; 0—— BREE




s ™

= Atalocal maximum, the curve stops increasing and changes ) — ' i i L4 and 2,4 [Naliommesceaue
direction so that it ‘turns’ and starts decreasing. So, as x & \?3. So, the coordinates of the furning points are | 3, | and | 75 Vit (8 RS ARt .
increases, the three gradients occur in the order: positive, zero, & % To determine which is the local maximum and which is the local and which is the |
negative. Where the gradient is zero is t i ' \ I 1 . e
8 10 is the maximum point. f minimum, look at the graph of the function: (—, 4) is the by looking at the -
Now look at the right-hand branch of the graph, with the ini E . Soopaes
B om0 local minimum and (_E’ = 4) the local maximum. L —
As x increases, the curve decreases to the poi | i i
h . Py oriep o! n-t Q. After Q, 0 - To find turning points, first set the gradient function equal to |
the curve increases. Q is said to be a local minimum point. 8 C i i is gi 1
. . zero and solve this equation. This gives the x-coordinate of the
You can determine that Q is a local minimum point because °] 2 turning point. ‘
just before Q (for example, at C) the gradient of the curve is negative ] Q
and just after Q (for example, at D) the gradient of the curve is positive. > | @ EXCICISg'oD d ‘
At Q itself, the gradient of the curve is zero, ) : ‘; Find the values of x for which é =0. Verify your answers by |
using your GDC.
=> At alocal minimum, the curve stops decreasing and changes \ / 1 = 2 o= Ly 2
direction; it ‘turns’ and starts increasing. So, as x increases, .,z“é g 3 y=++10x 4 s B
the th i i : i iti %
ree gradleTlts occur n the ordfer: negatlvg, ZEro, positive, ® & 5 y=x-27x 6 y=24x-2¢
Where the gradient is zero is the minimum point, Zero
; 1 ro 7 y:4x3—3x 8 )):396—1696‘3
ocal maximum and 1 ini i
! ! an oca.l mlnl-murn points are known as 9 y=22-9x+12x-7 10 y=5+ 9%+ 627 + %
stationary points or turning points.
| 11 y=x- 32 —45¢+ 11 12 y=1222+x° + 36x— 8
> I&t alny stationary or tu.rning point — either local maximum or At a stationary point, if | 13 y=2x-6x+7 14 y=17+30%" - 5x°
ocal minimum - |
f'(x) is zero. y=fgthenY =0, | 1 i
To find the coordinates of P (the local maximum) and of ' 9 ¥ ’ 1
Q (the local minimum) for the function f(x) = 4x + 1, | g =it 8y
X
use the fact that at each of these points £7(x) i | 1
: ) p f'(x) is zero. 19 y=27x+i2 20 y=x+—
f(x)=4x+-, so f'(x)=4~— . =
X

X | 1 "i
Rememb = B ' : : E
embegihat X x1, Once you have found the x-coordinate of any turning point, you can

Setf"(x) = 0 which gives 4 _iz =0 ' ‘ then calculate the y-coordinate of the point and decide if it is a
Adding iz x4 _1 ! maximum or minimum.
X xZ

Multiplying by % 4 =1 Example 15 - —

Dividing by 4: ¥t = 1 Find the coordinates of the turning poi‘nts of the curve | ‘Determine the nature’ means |
4 y =32 — 8x° — 30x% + 72x + 5. Determine the nature | decide whether the point is a local |

Taklag square oot « = or = = .- R | Lo RS SRS

. . 2 INellcanktindllcca el @ HWIEB @ @ EBSsaeas s 0
Substitute each x-value into f(¥) to find the y-coordinate of each | maximum and local | Answer

turning point. y=3x— 8%~ 302+ 72x+ 5

‘ minimum points '
2 | using differentiation.

; o d
| See O A, : 9 123 — 2442 — 60x+ 72 =0 At each turnzngpoznté =10).
| Section 6.3. ‘ i dx

1 . A
Atx=2, f[%} 4 (l J+ (% _4 e T e ! Y 12 - 242 - 605+ 72 Differentiate.
; i

)

P Continued on next page
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x=-2,x=1,x=3

Atx=-2,

¥ =23(=2)" — 8(=2)* -~ 30(-2)* + 72(-2) + 5=-95

s0 (=2, —95) is a turning point.

Atx=1,y=3(1)" - 8(1) = 30(1)2 + 72(1) + 5 = 42
so (1, 42) is a turning point.

Atx=3,y=3(3)" - 8(3) - 303 + 72(3) + 5 = =22
s0 (3, —22) is a turning point.

x-coordinate -2 1
Gradient 0 0 0
x=-10 forx<-2  f/(-10) =-12268
x=0 for-2<x<1 f(0)=72
x=2 forl<x<3 f(2y=-48
x=5 forx>3 £(5) =672
1 x-coordinate | -10 -2 0 ' 1 2 '3 5 I
| Gradient f 12268 | 0 | 72 [ 0|-48|0| 672

Gradient is zero

3

x=1
?‘?ﬁ x=2 §’ Local maximum % x=3 g’
%\ Gradientis zero | & 2\ Gradientis zero | &€

Local minimum Local minimum

(-2, -95) is a local minimum.

(1, 42) is a local maximum.

(3, —-22) is also a local minimum.

GDC.

Substitute the three values of x to
Jind the y-coordinates.

1o decide if points are maximum
or minimum (without using the
GDC) find the gradient at points
on each side of the turning points.
First, fill in the information on
the turning points.

Now choose x-coordinates of
potnts on each side of the turning
points. Calculate the gradient at
each point and enter them in the
table.

| Choose points close
to the stationary

| point.

Sketch the pattern of the

gradients from the table.

As the curve moves through
(=2, —95), the gradient changes
negative — zero — positive.

As the curve moves through
(1, 42), the gradient changes
positive — zero — negative.

As the curve moves through
(3, —22), the gradient changes

negative — zero — positive.

Exercise 6K

Determine the coordinates of any turning points on the given curves.

For each, decide if it is a maximum or minimum.
Check your answers by using your GDC.
1 y=2 -9+ 24x-20 2 y=x+6x2+9x+5

3 y=x(9+3x—x) 4 y=x*-322+5

Introducing differential calculus

5 y=x(27-%) 6 y=x(9-x) '.I‘f:xe’isreadas‘f
1 9 such that x maps to’
7 f(x)=x+- 8 f(x)=x+; and means the same
¥ | as 'f(x) ="
x 8 :2 = .
o f(r)=3+- 10 f(x)=~+5
]
16 . - -
11 f;x-):xz—— 12 f.x—%—9x+6x2

You can sometimes determine the nature of a turning point
without checking points on either side.

Example 16

Find the coordinates of any turning points of the curve
y = 9x — 3x* + 8 and determine their nature.

Answer
At turning points:
%=9—6x=0 Solve for x.
x=1.5
y=9(1.5) - 3(1.572 + 8 Substitute x = 1.5 into = |
=14.75 ySE=dp Quadratic graphs with '

Quadratic graphs with a negative
coefficient of x? ave this shape:

Exercise 6L

Find the coordinates of the local maximum or local minimum point

for each quadratic curve.
State the nature of this point.

1 y=x>—-4x+10 2 y=18x—3¥%+2 3 y=x+x-3
4 y=8-5x+%° 6 y=20-6x— 15x
7 y=@-3)x-7) 9 y=x(x+4)

a positive coefficient
of x? are this shape:

The turning point is (1.5, 14.75).

The turning point is a local
maximum.

5 y=3x+11-#
8 y=x(x-18)

6.7 Using differentiation in modeling: optimization

An introductory problem —
In Chapter 4, you used quadratic functions to model various situations. ] -
One of the optimization problems was to maximize the area of a |
rectangular field that bordered a straight canal and was enclosed on Longth

three sides by 120m of fencing.

Width

Chapter 6




A model is a mathematical function that describes the situation.
In this case, we need a model for the area of the field (the rectangle)
for difterent widths.

First, identify the variables in the problem.
These are:

® the width of the field

¢ the length of the field

@ the area of the field.

Second, identify any constraints in the problem. The constraint in
this problem is that 120 m of fencing is used for three sides.

It often helps to try a few numerical examples in order to put the
problem in context and to indicate the method. For example

1 If the width were 20m, then the length would be 120 — 2(20) = 80m
the area would be 20 x 80 = 1600 m?
2 If the width were 50m, then the length would be 120 — 2(50) = 20m

the area would be 50 x 20 = 1000 m?
Setting up the model

The model is for the area of the field and is a function of bot# its
width and its length.

1 Define the variables.
Let 4 be the area of the field, x be the width of the field and y be
the length of the field.
Then A =xy

Canal

2 Write the constraint algebraically.
120=2x+y y

x+x+y=2x+y=120

3 Use the formula for the constraint to write the area function using
just one variable.
Rearrange the constraint: y=120-2x
Substitute in the area function: A4 =xy = x(120 — 2x)

So a model for the area of the field is A(x) = x(120 — 2x), where x is
the width of the field.

To determine the maximum area (the optimum solution) set the
gradient function to zero.

The formula for the area is:  A(x) =x(120 - 2x)

Expand the brackets: A(x) = 120x — 242
Differentiate: 2 4(x)=120-4x
Equate % to zero: 120-4x=0

Solve: 4x=120=x=30

Introducing differential calculus

Note that, although
the length of the
fencing is constant,
the size of the

enclosed area varies.
|

rd

| maximum.

If you define the
variables in a different
way, you obtain a
different function.
Here you could have
defined the length
to be x and the width
as y. The area A(x)
would then have
been a different — but
correct — function.

The quadratic function '

A(x) has a negative
coefficient of x2 so
the turning point is a

. A

The width of the optimum rectangle is 30 m. To find the length
substitute x = 30 into y = 120 — 2x.

120 -2(30) = 60m
The dimensions of the rectangle are width 30 m and length 60m.
To find the maximum area substitute x = 30 into A(x) = x(120 — 2x).
The maximum area is A(30) = (30)(120 — 2(30)) = 1800m?

- In optimization problems, use differentiation to find an
optimal value (either the maximum or the minimum) of a
function as two variables interact.

You need to find an equation for this function in terms of these two
variables and a constraint formula which links the variables. The
constraint formula is used to remove one of the variables.

Example 17

Optimize the function A = 3xy subject to the constraint x + y = 20.

Answer
y=20-x Rearrange the constraint so y is the
subject.

A=3xy=23x(20 — x) Substitute y into the function.
A(x) = 60x — 347 Simplify.

% =60 — 6x Differentiate.

60-6x=0=x=10 Set % to zero and solve for x.
A(10) = 60(10) — 3(10)* = 300

The optimal value of 4 is 300.

Substitute the value of x into A(x) to
find the optimal value of A.

Exercise 6M

1 A = bh, subject to the constraint b—4 =7.
a Use the constraint to express b in terms of 4.
b Express 4 in terms of 4.

2 ¥ =3t subject to the constraint x + ¢ = 10.
a Use the constraint to express x in terms of ¢.
b Express ¥ in terms of ¢.

3 p = xy subject to the constraint 2x +y = 5.
a Use the constraint to express y in terms of x.
b Express p in terms of x.

1 . .
4 R= Enrz subject to the constraint n —r = 25.

a Express R in terms of 7. b Express R in terms of 7.

You can only use |

variable.

[
|

minimum?

differentiation in
functions with one ‘

A(x) is a quadratic
function. Is the value
300 a maximum or a

Choosing which |
variable to eliminate is
an important skill.
A bad choice will make
the function more
complicated.
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At the beginning of this chapter we defined the optimal design of a

5 L =2m(m + x) subject to the constraint %(x + 5m) = 50. can as the one that uses the smallest amount of metal to hold a

. . . inimum surface area for !
a Express L in terms of m. b Express L in terms of x. given capacity. Examgle 13 calenlstes the an ! |
a can holding 330cm’. '
6 V=nrhand2r+h=17 '
a Express Vin terms of 7. b Express Vin terms of 4. Example 18 P
i . Is a drinks can
7 y=5x2+cand 12x-2¢=3 Find the minimum surface area of a cylinder which has a volume of perfectly cylindrical? .
a Express y in terms of x. p ‘ TSI e 330 e N e | What modeling
: fo Y ithout testingthe | b LT e eieiiheseeemyeSessesssses=eemmeese=s .
b Use differentiation to find e L i assumptions do you
| gradient, thatitis a Answer need to make?
¢ Hence find the minimum value of y. ‘ minimum? | Let o
d Find the value of ¢ that corresponds to this minimum value. A be the total surface area of the Define the variables. ————— \
cylinder. . — o2+
8 N=2n(3-xand 12z +10x =15 #be the radius of the base of the | @ cylinder, A = 271 ‘
a Express Nin terms of #. cylinder. | ] ‘i H A ‘
b Use differentiation to find &V h be the height of the cylinder. - i
" he constraint is that the volume o The volume of a
s A=2nr*+2nrh The
c Hence find the minimum value of N. o Th;en_ = the cylinder is 330 e ‘ eylinder, V = mh |
d Find the value of x that corresponds to this minimum value. mrih =3 :
. | . 330 range to make h the subject.
9 Given4 = ELB and 3L - 5B = 18, express 4 in terms of L. h= ) e
Hence ﬁn(j1 ﬂ:e gll%mm.ur.n value (if A and the value of B that A =2m?+2mh Substitute the expression fo ' h irfto
e Vr? 42 7(330] the area function to reduce it to just
: . . =2ar* +2mr\ 5 :
10 Given C = 7fr and » = 30 — 3f, express C in terms of either for 7. r one variable.
Hence find the maximum value of C and the values of fand Y Simplify.
of 7 that correspond to this maximum value. 4 , 1o indices
A =217 + 660r! Write using indices.
11 Given g —b = 10 and X = 24ab, find the minimum value of X. 7 S (~1)6607 Differentiate. I
} . .. d
12 Given x + 2¢ = 12, find the maximum/minimum value of #x and f \ ! —
i ' i | LetA=itx | ( dA 660 Simplify.
determine the nature of this optimum value. : A = —
v
13 Given 3y + x = 30, find the maximum/minimum value of 2xy and agr 890 _ Equate i—A to zero to find the
. 5 2 X
determine its nature. r e
660 MERIMUM.
14 Given 2M - L = 28, find the values of I and M which give 3LM dmr=—7 Solve.
a maximum/minimum value. Find this optimum value, and / Ay = 660
. . nr- =
determine its nature. 660
. I ;/3 -
15 Given ¢ + ¢ = 8, express ¢ + g2 in terms of g only. Hence find the | Let A =2+ g2 ‘ | ar )
minimum value of & + g?subject to the constraint ¢ + g=38. 6 ST 3\/1_6—2 [ You could solve this |
r=—
’ ) T r using a GDC. |
16 The sum of two numbers is 6. Find the values of these numbers l € ;
. . w =N O S e e st
such that the sum of their squares is 2 minioop. | r=37cmtodst ]

p Continued on next page
17 Given that r + & = 6, express 724 in terms of 7 only. Hence find the

maximum value of 72/ subject to the constraint » + /4 = 6.

18 Given that m +n =9, find the maximum/minimum values |
of m’n and distinguish between them.
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PR 1)~ 660 Check that the answer for r gives a 8 Tbe total s.urface‘ area of a clps§d cylindrical 'Fin is to be 6OQ cm?,
" dr W 0 local minimum point by checking Find the dimensions of the tin if the volume is to be a maximum. |
the gradient i = ? — 3 . . . et .
Aty 10 M et 660 _ ] gradient on each side of v = 3.74. N e e \ 9 A square sheet of metal of side 24 cm is to be made into an open tray b === L |:
dr (10)* z o height of the cylinder of depth x cm by cutting out of each corner a square of side x cm and \ '
S i é? with this area by folding up along the dotted lines as shown in the diagram. : i
- e substituting r = 3.74 Show that the volume of the tray is 4x (144 — 24x + x*) cm®. 'i ceea ’»
A=27(3.74) + (B7a) 264 cm? 2ere into h = 332. Find the value of x for this volume to be a maximum.
. zr
iy A, “ ' 10 A rectangular sheet of metal measures 16 cm by 10 cm. Equal squares
Exercise 6N of side x cm are cut out of each corner and the remainder is folded up to
form a tray of depth x cm. Show that the volume of the tray is 4x(8 — x)
1 A gardener wishes to enclose a rectangular plot of land using ( Draw a aiagram first. ) (5 — x) cm?, and find the maximum volume.
a roll of wire-netting that is 40 m long. One side of i : =
t0 be the wall of the garden g of the plot is 11 A tin of soup is made in the shape of a cylinder so that the amount of metal
How should he bend the wire-netting to enclose th . ) used in making the tin is a minimum. The volume of the tin is 350 cm’.
5 € maxumuir area: a If the radius of the base of the tin is 5cm, find the height of the tin.
2 The sum of two pumbers is 20. Let the first number be x. Write b If the radius of the base of the tin is 2cm, find the height of
dgwn an expression for the second number in terms of x. the tin. 2 _
Find the value of x given that twice the square of the first number ¢ i Use the volume of the tin to write down the constraint | The metal used in |
|

between the radius of the tin and its height. making the tin is the
0 surface area of the

ii Show that the constraint can be written as z=—
s cylinder.

added to three times the square of the second number is a minimum.
P EXAM-STHLE QUESTIONS
3 An open rectangular box has its length double its width. The
:  total surface area of the box is 150 cm?. in terms of » only.
The width of the box is x cm, and its height is & cm, Express the iv Find the dimensions of the tin that minimize the total surface area
total surface area of the box in terms of x and 4. gl Cue i
Use this expression (constraint) to find the volume of the box in v Tind the value of this minimum area.
terms of x only.

iii Find an expression for 4, the total surface area of a cylinder,

e e ] S

Hence, find the greatest possible volume of the box, and the 12 ;r(})l goci)ianglzr aﬁl ;::,gsbae r;icvtia(liriuilgrhiz;da:;t:l:g fi ;ejegfin

width, length and height of the box required to give this volume. The most efficient way to enclose the area is to construct the fencing
so that the total length of the fence is minimized.

If the length (L) of the field is 200m, what is the width?

b Find the total length of the fencing in this case.

¢ Use the fixed area to write down the problem constraint algebraically.
d TFind the dimensions of the field that make the length of fencing a

4 A piece of wire 24 cm long is to be bent to form a rectangle with |
Just one side duplicated for extra strength. Find the dimensions | 2
of the rectangle that give the maximum area.

5 A long strip of metal 120 cm wide is bent to form the base and \

two sides of a chute with a rectangular cross-section. minimum
Find the Wldth of the base that makes the area of the Find the petimeter of the field in this case
Cross-section a maximum. ‘ |
. 13 A second rectangular field is identical to that in question 12.
6 The sum of the height and t i i | '
The sum of the maiimum ng radlu; c},lf the base of a cone is The cost of the fencing around the perimeter is $3 per metre.
i ume of the cone and the Values of ‘ The cost Of the leldlng fence iS $5 per metre. The most efﬁCient

the height and the radius required to give this volume. way to enclose the area minimizes the total cost of the fence.

a Find the total cost of the fencing when the length (L) is 200 m.

b Use the fixed area to write down the problem constraint algebraically.
¢ Find the dimensions of the field that make the cost of the fencing

a minimum. Find the cost in this case.

7 A closed box with a square base is to be made out of 600 cm? '
of metal. Find the dimensions of the box so that its volume is a |
maximum. Find the value of this maximum volume.

Introducing differential calculus | "
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14 The page of a mathematics book is designed to have a printable |
area of 144 cm? plus margins of 2 cm along each side and 3cm A ] ' . )
at the top and the bottom. The diagram for his is shown with T Calculating the gradient of a curve at a given point
the printable area shaded. :. .
a If the width of the printable area () is 9 cm, find its height (7). | | o
Using these values, find the area of the page. ,
b If the width of the printable area is 14 cm, calculate the area ; :

of the page. (4 oy |
1 The tangent and the normal to a curve !

e You can use the gradient function to determine the exact value of the gradient i
at any specific point on the curve.

e At alocal maximum or minimum, f*(x) = 0 (% = O)

¢ Write down an expression for the printable area in terms of w and 4.

d Write down an expression for P, the area of the page in terms of w and 4.
864

o The tangent to the curve at any point P is the straight line which passes through
P with gradient equal to the gradient of the curve at P.

1t — . )

e Use the results of ¢ and d to show that P =168+4/+ - | e To find the equation of the tangent to the curve at P(g, b):

f Find the dimensions of the page that minimize the page area. ‘ 1 Calculate b, the y-coordinate of P, using the equation of the curve.
| dy

15 A fish tank is to be made in the shape of a cuboid with a rectangular base, with 5 2 Find the gradient function T

a length twice the width. The volume of the tank is fixed at 225 litres. The tank | 3 Substitute g, the x-coordinate of P, into Y 1o calculate, m, the value of the
is to be made so that the total length of steel used to make the frame is minimized. gradient at P. & |
a i It;l the lc}alngth O;f1 .the base h1s 11100 flm, what is its width? ] 4 Use the equation of a straight line (y — b) = m (x - a).

ii Show that in this case, the height of the tank is 45 cm. -

Wi Find the total length of the steel frame. T ] e The normal is Iierpendicular to the tangent so its gradient, ', is found using the
b If the width of the tank is x, find an expression for the volume | Flegt formula ' = —, where m is the gradient of the tangent.

of the tank in terms of x and J, the height of the tank. S "

. =% Rates of change

c Show that L, the total length of the steel frame, can be
450000

2 .

o For the graph y = f(x), the gradient function 69 f’ (x) gives the rate of change
of y with respect to x. 65

written as L =6x +

d Find the dimensions of the tank that minimize the length of
the steel frame. Find also the length of the frame in this case. ' Local maximum and minimum points (turning points)

e At alocal maximum, the curve stops increasing and changes direction so that it
‘turns’ and starts decreasing. So, as x increases, the three gradients occur in the
order: positive, zero, negative. Where the gradient is zero is the maximum point:

CHAPTER 6 SUMMARY e At alocal minimum, the curve stops decreasing and changes direction; it ‘turns’ and
- - o, - starts increasing. So, as x increases, the three gradients occur in the order: ne ative,
Introduction to differentiation 5 a, S ol ree sradict . =
. . _ . zero, positive. Where the gradient is zero is the minimum point.
o If P is the point (¢,6) and Q is (¢, d) then the - T e At any stationary or turning point — either local maximum or local minimum — f”(x)
gradient, m, of the straight line PQ is m = . ti=b | is zero.
c—a
The gradient function Plablec-a— | Using differentiation in modeling: optimization

% 1 ¢ In optimization problems, use differentiation to find an optimal value

o To differentiate a function, find the gradient function:
' (either the maximum or the minimum) of a function as two variables interact.

| _ Function ‘ Gradient function
= ax"
y X d_y — naXn—:L
dx
f(x) = ax” ‘ f'(x) = nax"t |

The process is valid for all values of 7, both positive and negative.

@

Continued on next page
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Theory of knowledge

Mathematics -

or discovery?

» The invention of the Hubble Telescope, which has been orbiting the Earth
since 1990, has allowed astronomers to discover quasars, the existence

of dark energy and the age of the universe.

m Write down
® 3 ‘things’ that have been invented
® 3 ‘things’ that have been discovered.

Maybe under ‘inventions’ you have included
such things as the wheel, the electric motor,
the mp3 player. In ‘discoveries’ you could
have included friction, electricity, magnetism,
the fanged frog, the source of the Nile.

From these lists it appears that inventions
are generally objects we can touch and
feel, whereas discoveries are generally
naturally occurring phenomena. People
create inventions with their hands and with
machinery. They seek new discoveries
(often using new inventions to do so).

The laws of nature are but the
mathematical thoughts of God.
Euclid

Theory of knowledge: Mathematics - invention or discovery?

invention

This brings us to one of the big
questions in TOK about mathematics:

m Is mathematics invented — just
made-up,'agreed-upon-conventions -
or is it something humans somehow
discover about the outside world?

We can use mathematics successfully to
model real-world processes.

If mathematics is simply an invention of
the human mind how can there be such
wonderful applications in the outside
world?

m Is this because we create
mathematics to mirror the world?

m Or is the world intrinsically
mathematical?

V¥ In chapter 7 TOK you can see how the
chambers of a nautilus shell relate to
Fibonacci spirals.

Euclid formalized the rules of geometric
shapes on flat planes. He began with a set
of basic assumptions — his axioms and
postulates — that seemed to come naturally
from the observed world. For example,

‘A straight line can be drawn between any
two points’. Building upon these foundations,
he proved properties of shapes, such as
Pythagoras’ Theorem and that interior angles
in a triangle sum to 180°,

Other interesting geometrical properties are
unknowable through Euclidean geometry.

Axiomatic systems

You can create a system of axioms, but if
they match the fundamental truths of the
natural universe then the rules and laws
arising from them are also bound by these
fundamental principles. The conclusions
(like Pythagoras’ Theorem) already exist —
whether you discover them or not. And if
your system is consistent, no other
conclusions are possible.

From Euclidean to non-Euclidean geometry

For example, the angles of a triangle
drawn with straight lines on the flat, 2-D
surface of a sphere add up to more than
180°. Thus, non-Euclidean geometry was
born, with different systems relying on new
axioms.

m Does this suggest that mathematics is
an invention?

m Can anyone start with any set of (non-
contradictory) axioms that they want and
create their very own mathematical
system of rules, laws and theorems?

m Does this suggest that mathematics is a
discovery?

Axiomatic systems can be thought of as
inventions, but they also reveal new
truths about the nature of numbers
— and that part is the discovery.

» An invention like the internal
combustion engine is bound
by the law of conservation
of energy.

Newton vs. Leibniz

The development of calculus was truly
a culmination of centuries of work by
mathematicians all over the world.

The 17th century mathematicians Isaac
Newton (English) and Gottfried
Wilhelm Leibniz (German) are
recognized for the actual development
of calculus. One of the most famous
conflicts in mathematical history is the
argument over which one of them
invented or discovered calculus first
and whether any plagiarism was
involved.

Today it is generally believed that
Newton and Leibniz did develop
calculus independently of one another.

e —

Modern-day calculus emerged in the
19th century, due to the efforts of

mathematicians such as Augustin-
Louis Cauchy (French), Bernhard
Riemann (German), Karl Weierstrass
(German), and others.

What are some consequences when
people seek personal acclaim for
their work?

Suppose that Newton and Leibniz
did develop calculus independently
of one another. Would this offer
support to the idea that calculus
was discovered?

Did the work of these

mathematicians arise from the need
to solve certain real-world problems
or purely from intellectual curiosity?
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